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MHD free convection between vertical walls
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ABSTRACT

S teady magnetohydrodynamic free convective flow of a viscous incompressible conducting fluid between vertical walls
heated asymmetrically has been analyzed in the presence of a uniform applied magnetic field. The channel walls are
maintained at different constant temperatures. The velocity field, induced magnetic field and the temperature
distribution have been obtained in a closed form. It is perceived that an increase in Hartmann number leads to an
increase the velocity but decrease the temperature of the channel flow. Asymptotic behavior of the solutions are

analyzed for M < 1.
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1. INTRODUCTION:

The phenomenon of magnetohydrodynamic flow with heat transfer has been a subject of growing interest in view of its
possible applications in many branches of science and technology and also engineering and petroleum industries. Free
convection flow involving heat transfer occurs frequently in an environment where difference between land and air
temperature can give rise to complicated flow patterns. The study of effects of magnetic field on free convection flow is
often found importance in agriculture, liquid metals, electrolytes and ionized gasses. At extremely high temperatures in
some engineering devices, gas, for example, can be ionized and so becomes an electrical conductor. The subject of
magnetohydrodynamics has attracted the attention of a large number of researchers due to its diverse applications in
several problems of technological importance, geophysics and astrophysics. The ionized gas or plasma can be made to
interact with the magnetic field and can frequently alter heat transfer and friction characteristics on the bounding
surface. Magnetohydrodynamics has its own practical applications too. For instance, it may be used to deal with
problems such as cooling of nuclear reactors by liquid sodium and induction flow meter, which depends on the
potential difference in the fluid in the direction perpendicular to the motion and to the magnetic field. In engineering,
the problem assumes greater significance in MHD pumps, MHD journal bearings etc. Recently, it is of great interest to
study the effects of magnetic field and other participating parameters on the temperature distribution and heat transfer
when the fluid is an electrical conductor. Aung [1] analyzed the fully developed laminar convection between vertical
plates heated asymmetrically. Sacheti et al. [2] obtained an exact solution for unsteady magnetohydrodynamics free
convection flow on an impulsively started vertical plate with constant heat flux. Batchelor [3] has studied the heat
transfer by free convection across a closed cavity between vertical boundaries at different temperatures. However, a
literature survey reveals that the natural convection boundary layer flows past a hot vertical wall have been studied by
several authors. An account must be taken to the study of Ghosh and Nandi[4], Sparrow and Cess [5], Riley [6] and
Kuiken [7].

The aim of this paper is to study the laminar fully developed free magnetoconvection in a vertical channel with
asymmetric heating of the walls in the presence of a uniform transverse magnetic field. We discussed the velocity field,
induced magnetic field and temperature distribution for the magnetic parameter and the Grashof number. It is found

that the velocity decreases with increase in either magnetic parameter or the temperature parameter &, whereas it

increases with increase in Grashof number. The critical values of the temperature parameter at the cool wall, for which
the flow reversal occurs near the cool wall have been obtained. It is observed that the critical values of the temperature
parameter increases with increase in either magnetic parameter or Grashof number.
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2. FORMULATION OF THE PROBLEM AND ITS SOLUTIONS:

Consider a two-dimensional natural convective steady hydromagnetic fully developed flow of a viscous incompressible
electrically conducting fluid confined between vertical plates. The plates are at a distance d apart. Choose a cartesian
co-ordinates system with X -axis in the upward direction in the direction of flow and the axis of y is taken

perpendicular to it. A uniform magnetic field of strength H |, is imposed perpendicular to the walls of the vertical
channel. The origin of the axes is such that the channel walls are at positions y = —d/2 and y = d/2. The velocity

components are (u,V) relative to the cartesian frame of reference. We do not model the pressure drop across the end
caps and only consider the fully-developed flow far from the end caps.

Fig.1: Geometry of the problem.

The Boussinesq approximation is assumed to hold and for the evaluation of the gravitational body force, the density is
assumed to depend on the temperature according to the equation of state

P =pl1-BT -T))], (1)
where T, p, ,3 , T, and p, are respectively, the fluid temperature, the fluid density, coefficient of thermal expansion ,

the reference temperature (temperature at y = () and the density in the reference state.

Flow away from the top and bottom ends of the cavity is rectilinear so that # = u(y), v=0. The equation of

1 op”

continuity is satisfied identically. The y -component of the momentum equation gives % _ 0 which implies that

p oy
p" = p"(x). The solenoidal equation V.H =0 gives H = constant = H, everywhere in the flow where

H=(H_H,0).

Using the Boussinesq approximation (1), the momentum, the magnetic induction and the energy equation are

dp* d’u dH
__p_pog+p0g,B(T_To)+;U_2+:UgH0_X:0’ @
dx dy dy
d’H ou
f+ou H,— =0, 3
dy2 ltlz an ()
orf . d°T
u—=k—s, (€]
ox dy

where (L is the coefficient of viscosity, /4, the magnetic permeability, O the conductivity of the fluid.
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The temperature field in the gap may be taken as
T-T,=Nx+(T,-T))6. )
The velocity, magnetic and the temperature boundary conditions are respectively,
d
u=0 and H =0 at y=i5,
d d
T =T +Nx at y=—5 and T =T,+Nx at y=5. (6)

On the use of (5), equation (2) becomes

d2u+,ueHo dH, _1dP

(T,-T)0+v = —_—, @)
$pI T, dy*  p, dy p,dx
where
1
P:p—+gx——gﬁNx2. ®)
o 2
Since left hand side is a function of y only and right hand side is independent of y, therefore, ——— must be a
X
constant.
Introducing the non-dimensional variables
d H T-T
n=2,u =" = = ©)
d 1% ou,VvH, T,-T,
equations(2)-(4) become
d’ dh
M 21 Gro=a, (10)
dn dn
d’h d
>+ 4 0, (11)
dn® dn
d’e
> = Ecul, (12)
dn

g BT, ~T)d’
)

1
where M = H u,d (G / pOV)E is the Hartmann number, Gr = the Grashof number and

Ec = —— the Eckert number and & = >
K(T,—T)) pv

X

Nvd d’ (_ "

j the non-dimensional pressure gradient.

The boundary conditions given by (5) become

1
u,=0 and h=0 at n:iE,

6=-6, at 77:—% and =1-6, at 77:%, 13)
I, -T,

where the temperature parameter 6, = measures the continuous cross-channel variation of the reference

2 T4
temperature 77, .
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The solution of the equations (10)- (12) subject to the boundary conditions (13) are

u (1) = —5—— ——eo—cj+ ; (14)

Gr coshm,n  coshmn (1 1| sinhm,n  sinhmp
M=l cosh ™2 cosh Tt 2 2| sinn™  sinn™
2 2 2

1 m; coshm,n 3 m; coshmn (l —g,- Cj

m —m m m 2
1 2 cosh—2% cosh?1

N 1 m; sinhm, 7 3 m; sinhm,7
2

+c, (15)

sinh e} sinh ™
2 2

h(p) = ———— 5

m; —

Gr sinhm,np  sinhmpn (1_90 _Cj

m. m m
2 || mycosh—=  m, cosh—"
2 2

+l coshmyp — coshmpn || Gry

> ctc, (16)

. om . om
m,sinh—2  m, sinh—
2 2

where for M > > A 4EcGr
11 11
1

1 2 4 o 5 A 11
m=—[M"+(M"—4EcGr)*]1>, m,=—[M " —(M" —4EcGr)*]?,
2 p

\/_
and for M2 < \/4EcGr

m,=a+if,m,=a—ip;

1 1
o= [J4EcGr+M?1?, = %[,/4E0Gr -M’7,

T2
also
tanh”2  tanh 0 1 tanh ™2 tanh 0 2 — m?

c=2 2 ___ 2 (—%j 2 2 2| AR g
m, m 2 m, m M
Gr coth™2  coth ™0

6= 2 2] (18)

2(m; —my)| m, m,

It is seen from the expressions (14) - (16) that the velocity field and induced magnetic field depend on the Grashof
number G7, whereas the temperature distribution is independent of G7 . Further, the solutions given by (14) -(16) are

valid only for either M > > \[4EcGr or M* < \|4EcGr .

3. RESULTS AND ITS DISCUSSIONS:

In order to study the effect of magnetic field, Grashof number Gr and temperature parameter 60 on the velocity field

u,, induce magnetic field 4 and temperature distribution & we have plotted u,, h and @ against 7 for Ec =1 in
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Figs.2-10 for several values of magnetic parameter M ? , Grashof number Gr and temperature parameter «90. Fig.2
depicts that for fixed values of Gr and 6, the velocity component u, decreases at any point with increase in M 2
which is expected since the magnetic field has a retarding influence on the flow field and starting from the state of rest
the asymmetric velocity profiles are developed. It is noticed from Fig.3 that for fixed value of 490 and M 2, the
velocity u, increases with increase in Grashof number G7 . An increase in Gr leads to an increase in velocity, this is
because, increase in G7 means more heating and less density. In Fig.4 velocity profiles are drawn for several values of
6, with M =10 and Gr=2. It is observed that the velocity u, decreases at any point with increase in 6.
Figs.5-7 demonstrate that for fixed value of G¥, the non-dimensional temperature @ decreases at any point with

increase in either M * or Gr or 490. It is observed from Fig.8 that for fixed value of «90 and Gr, the the induced
magnetic field & decreases at any point near the cool wall and it increases near the hot wall with increase in M 2

Fig.9 displays that for fixed value of M * and 90, the the induced magnetic field # decreases at any point with

increase in Gr . Fig.10 reveals that for fixed value of M * and Gr, the induced magnetic field & increases in the
region —0.5 <7 <0.0 and decreases in the region 0.0 <77 <0.5 with increase in 6,. The induced magnetic field

is point symmetric to the centre of the gap.
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Fig.3: Variations of u, for M?*=20, 6,=0.3 and Ec=1.
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Fig.10: Variations of @ for M?*=10, Ec=1and Gr=2.

1 1
The non-dimensional shear stresses at the cool wall (7] = —Ej and hot wall (7] = —j are respectively given by

2
(dul] (dul]
T.=|— and 7, =| — s
bo\dn - 2o \dn )t

2

where )
1
au = % (ml tanh L — m, tanh &J[l -6, - cj + —(ml coth L - m, coth&j ,
dm),_ v mg—m, 2 2 \2 2 2 2 )]
2
(19)
and ~
au = % [mz tanh =2 — m, tanh ﬂ}(l -6, - cj + l(mz coth 22 — m, coth ﬂj . (20)
dn),_v  m—m 2 2 \2 2 2 2 )]
2

1 1
Numerical results of shear stress at the cool wall [7] = _Ej and hot wall (7] = Ej are presented in Table 1 for

various values of Gr with Ec =1 and 6, =0.3. Table 1 shows that the frictional shearing stress at the cool wall
increases with increase in Gr while the frictional shearing stress at the hot wall decrease with increase in Gr for

fixed values of M *. It is observed that both 7 ', and the magnitude of 7 , decreases with increase in M 2

Table: 1
Shear stress at the plates due to the flow for Ec =1, 6, =0.3.

T -7
ol 2
M?*\Gr 1 2 3 | 2 3
15 0.26594 0.26451 0.24665 0.26594 0.26451 0.24665
20 0.28915 0.29228 0.28903 0.28915 0.29226 0.28903
25 0.30527 0.31015 0.31152 0.30527 0.31015 0.31152
30 0.31703 0.32276 0.32623 0.31703 0.32276 0.32623
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The rate of volume flux is given by

Gr 1 J tanh& tanh%
- ) 2n

0= o |(1 g

2 2
m; —m; [\ 2 m, m,

where m, and m, are given by equation (17) and ¢ is given by (18).

Table: 2
Flow rate 107'Q for Ec =1

Gr with 6, =0.2 8, with Gr =10
M> 2 6 10 0.0 0.2 04
3 0.1895 0.5518 0.8933 1.4889 0.8933 0.2978
6 0.1547 0.4530 0.7372 1.2287 0.7372 0.2457
9 0.1308 0.3845 0.6281 1.0468 0.6281 0.2094
12 0.1134 0.3342 0.5475 0.9125 0.5475 0.1825

1
Equation (22) shows that if 490 = E then ¢ =0 and hence the rate of flow Q =0, which means that the cavity is

closed. On the other hand, the maximum rate of flow occurs at 6’0 =0 and is given by

tanh m tanh ™ tanh i} tanh Uil 2 2
__Gr 2 _ 2 ) 2 2| @)
= 2 2 :

2M m, m m, m M

Q

The critical value of 8, for the start of back flow at cool wall of the channel is given by

ny "
M2 m* —m’ tanh ) tanh )
(90)crit1 = 2 2 ) _4
2(m1 - m2 ) M m2 ml
m m tanh "2 tanh " =
m, coth—2* —m, coth—" 2 2 _ 2 |_Mm i
2 2 m, m M

- ; (23)
{mz tanh % —m, tanh n;}

where m, and m, are given by equation(17).

The critical values of 90 at the cool wall have entered in Table 3 for different values of Grashof number Gr and

. 2 . . I L 2 .
magnetic parameter M ~. It is seen that, 6, increases at the cool wall with increase in either Gr or M . This is

expected since the cool wall gains the temperature and hot wall losses the temperature.
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Table: 3
Critical values of 6, at the channel wall for Ec =1, 6, = 0.3.

(eo)crit1 (90 )cril2
M?*\Gr 1 2 3 1 2 3
15 0.678067 0.678250 0.678434 0.321933 0.321750 0.321566
20 0.693656 0.693804 0.693952 0.306344 0.306196 0.306048
25 0.710269 0.710388 0.710507 0.289731 0.289612 0.289493
30 0.726664 0.726760 0.726856 0.273336 0.273240 0.273144

Now, we shall discuss the case when the magnetic field is M 2 < 1. In this case equations (14)-(16) become

ol o)

M? M?
M a6t Lo g 1057 — 2000 +1447°) |, 24
384( n’ n{ oj 5760( 77— 2007 n)} 24)

1 1 1
om=n+|—-6,|-EcG S—48n-+16n") ——6
m=re(1-a)-£e 0] Lis-sur i (L-a)

1
(777 40m° +487° )+M(1+20” + 6407 {——ej

57
M (57— 487" +167°) L -4 (25)
4608 2 )l
1(1 1 1 1
h(n)=Gr|=|—=-86, | =n° —= |—-——(7-1201* + 240
@) {2(2 oLﬂ 4j 288O( 7’ +2401")
13M°2
2517 —40° +161° | —— 6
23040( 7 - 407’ 77{ oj
M? 2 Gr
- 20+ 1207 +n* ) | +| — - i 26
138240( U 77)} (Ec 3600) 20

In limit M — 0, the equations (21) and (22) for the velocity and the temperature yield respectively

Gr(l1l 1
ul(ﬂ)—?(z—ﬂ j[77+3[2 6’0)} Q7

9(77)=77+(l—60j—EcG{ ! (5 48n* +16n {l_gj
384
Tn—40n° +48 )8
{5 o 7 40m ’7)} 28)

The velocity distribution given by (26) coincides with the equation (16) of Weidman et al.[8] in the case of without
magnetic field.

Further, if Ec =0 (in the absence of viscous dissipation), the temperature expression given by equation (27) become

1
o) =n+ (5 - 90} 29)

which is a good harmony with the equation (22) of Weidman [8].
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4. CONCLUSION:

The problem of a free convective steady MHD channel flow of viscous incompressible electrical conducting fluid has
been studied in the presence of a magnetic field applied externally. The flow has been assumed to be parallel and each
of the two boundary walls of the vertical channel have been considered as asymmetric heating. Numerical results are
presented to account the effects of the magnetic field on the leading flow behavior. It is noticed that the fluid velocity
field, induced magnetic field and temperature distribution are significantly influenced by magnetic field parameter. A
limiting consideration of the flow has been verified. We have also obtained the condition for the onset of back flow at
the the channel walls.
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