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ABSTRACT 
A Simple, efficient, numerically stable algorithm to the analysis of a finite Capacity Erlang queue is given in terms of 

generalised inverses. Using this algorithm the stationary distribution and mean first passage time distributions are 

obtained. Some performance measures are calculated. Some particular models are also given. 
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1. INTRODUCTION: 

In this paper we consider a single server finite queue of Erlang distributed inter arrival and service time with mean 
λ

1

and 
µ

1
 respectively. An arriving customer passes a series of k independent arrival stages and r independent service 

stages. Each stage is exponentially distributed. The size of the waiting line is N-1. In this paper this model has been 

analysed using the method of group generalised  inverses. Hunter (1969) established that a square matrix G possesses 

group inverse if rank of G is equal to rank of G². Some notable works in this area are Adi-Ben.Israel and 

Greville(1974), Boullion and Odell(1971) and Campbell and Meyer(1979). Meyer (1975) gave a formula for a group 

inverses of an infinitesimal generator of an m state ergodic processes. Using the group inverse he obtained the fixed 

probability vector. Kemney and snell (1960) and Hunter (1969) have obtained the mean first passage time matrix for m 

state ergodic processes. Based on these results the queuing model defined in this section has been analysed by 

proposing an algorithm. In section 2, the mathematical model has been given and the steps of the algorithm have been 

given. In section 3, the model is introduced and analysed by defining the underlying Markov chain and the infinitesimal 

generator. The formula for the probabilities in steady state and the mean first passage time are given in matrix form. 

The operating characteristics (i) mean number of customers in the queue (ii) mean number of customers in the service 

(iii) mean number of customers in the system (iv) effective rate of arrival (v) system effectiveness (vi) Mean waiting 

time in the system (vii) the mean waiting time in the queue and (viii) mean waiting time in the service facility have 

been obtained in section 4.  In section 5, some particular models are presented by assuming particular values to λ and 

µ. In the last section, a conclusion has been given. 

 

2. THE METHOD: 

 

Let ����� ������ ��	
� ��be a Markov process on the state space {(n, j): 0 � n � N, 1 � j � an} with a block tri –diagonal 

infinitesimal generator  
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where B0, B1,….. BN are square matrices of order a0, a1,...,aN respectively. Their diagonal elements are strictly negative; 

all other elements are non -negative.  The matrices An : 0 � n � N-1 and Cn : 1 � n � N are rectangular with appropriate 

dimensions and their entries are non-negative. The row sums of Q are equal to 0. Therefore we have,   

 

                             B0 e + A0 e = 0 

 

                         Ci e + Bi e + Ai e = 0: 1 � i � N-1 

 

                             CN e + BN e = 0 

 

Where e denotes the column vector with unit elements. The variable Yt is to be interpreted as the environment state and 

Xt the state of the process at time t. 

 

For the determination of the stationary probability distribution and moments of first passage time, the following 

realization of Markov process is useful. Observe the process Q during the interval of time spent at level n, before the 

original process enters to level n+1 for the first time. Denote Pn, the realization of the original process. The state of Pn is 

Sn = {{n, j): 1 � j � an} Clearly all Pn, 0 � n � N-1 are transient Markov processes. The  process PN is the realization of 

process Q in the states { (N, j): �
���
���}, it is an ergodic Markov process. Denote Qn as the infinitesimal generator of 

the process Pn, 0 � n � N. The purpose of this paper is to apply the technique of generalised inverses in the above 

defined process. 

 

Using the construction the following algorithm has been proposed for solving the queuing model defined in this paper. 

 

Step:  1 Write Q = �
�
�

�
�
�
�

�

α'
d

cU
    where U is (m-1) × (m-1) matrix. 

Step: 2 Test for rank (Q) = rank (Q2) so that Q#, the group inverse of Q exists. 

       

Step: 3 Calculate h’ = d’ U-1 

 

                  � = 1 – h’j where � is non – zero. 

 

Step:  4 ]1,[
1 ''

hW −=
β

 

Step:  5   QQ# = I – W      where   W = 

'
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Step:  6 Calculate Q# as Q# = QQ#   �
�
�

�
�
�
�

� −

00

01
U

 QQ# 

  

Step:  7 Calculate M (Mean First passage time matrix) 

 

M = [I - Q# + JQ#
dg ] D where D =  ��

�

�
��
�

�
 

W

1

ii

 

 

3. THE MATHEMATICAL MODEL AND ANALYSIS: 

 

Consider the queuing model defined in section 1. Suppose k = r = 2 and N = 2. The Markov process related to the 

model is {X(t)=(N(t), J(t), S(t)): t � 0}where N(t) denotes the number of customers in the system at time t, J(t), the 

arrival stage of customers and S(t), the service stage of the customer who is in service. In steady state, the underlying 

Markov chain has the state space (0, 1, 0),...,(2, 2, 2). Within stages the arrival process is Poisson with mean 2λ and 
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inter service time of the stage is negative exponential with mean
µ

1
. For the stability, we require that, the fraction of 

the service facilities in waiting is 
µ

λ
ρ =   < 1. The infinitesimal generator for the system is 

 

Q = [Q1, Q2 ] where  

Q1 = 
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Let R = - Q and R = [R1, R2] where 

 

R1= -Q1=   
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In order to apply the algorithm of section 2, take R = �
�
�

�
�
�
�

�

α'
d

cU
 

 

The inverse matrix of U is obtained in block form using block triangular decomposition method 

 

Let U = ��
�

�
��
�

�
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    where A and D are invertible. 
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let     U-1 = �
�

�

�

�
�

�

�

−

−
−−−

−−−

111

111

AD

AD

UCUD

BUAU
  

  

Now    U-1 = (ur c) 9x9 is given by  
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Let  

 
12 2 11 3 10 4 9 5 8 6 7 7 6 8

1

5 9 4 10 3 11 2 12 13 14

512 5376 25472 71232 129952 162544 143080

89548 39676 12176 2464 296 16

K µ λ µ λ µ λ µ λ µ λ µ λ µ λ

µ λ µ λ µ λ µ λ µλ λ
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+ + + + + +  
 

14 13 2 12 3 11 4 10 5 9 6 8 7
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7 8 6 9 5 10 4 11 3 12 2 13 14
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16

K µ λ µ λ µ λ µ λ µ λ µ λ

µ λ µ λ µ λ µ λ µ λ µ λ µ λ

λ
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+ + + + + + +

+  

23 5 22 6 21 7 20 8 19 9 18 10 17 11

4

16 12 15 13 14 14 13 15 12 16

11 17 10 18 9 19

2 62 904 8256 53062 255646 960512

2888832 7091706 14406434 24468152 35002784
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K µ λ µ λ µ λ µ λ µ λ µ λ µ λ
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λ
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15

3

8 6 7 7 6 8 5 9 4 10 3 11 2 12

13

1
{1024 11264 54784 157184 298880 399744

388224 277824 146724 56540 15472 2846 316

16 }
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16

3
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 The unique fixed probability vector W’ is given by  

010 020 112 111 122 121 212 211 221 222( , , , , , , , , , )W W W W W W W W W W W=
 

1 2 81 91 1 2 82 92 1 2 83 93 1 2 84 94

2 4 85 95 2 4 86 96 1 4 87 97 1 4 88 98

1 4 89 99 1 2 4

1
[2 ( ), 2 ( ), 2 ( ), 2 ( ),

2 ( ), 2 ( ), 2 ( ), 2 ( ),

2 ( ), ]
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K
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K K u u K K K
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λ µ λ µ λ µ λ µ

λ µ λ µ λ µ λ µ

λ µ
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4. THE MEAN FIRST PASSAGE TIME MATRIX: 

 

1. For 0 < i < 10, 0 < j < 10. 
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2. For i = 10, 0 < j < 10 
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3. For I = 10, j = 10 
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Now we introduce, another notation for the probabilities ie, let 
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 Now we can obtain some performance measures related to this queuing model, they are 

(1) The mean number of customers in the queue �
=

−=
2

0

)1(

n

nq pnL       

(2) The mean number of customers in the service facility 
µ

λ
=sL  

(3) The mean number of customers in the system sq LLL +=  

(4) The effective rate of arrival )1('
Np−= λλ  

(5) The system effectiveness 
λ

λ
α

'

=  

(6) The mean waiting time in the system is 
'λ

L
W =  

(7) The mean waiting time in the queue is 
'λ

q

q

L
W =  

(8) The mean waiting time in the service facility 
'λ

s
s

L
W =  

 

5. SOME PARTICULAR MODELS: 

In this section we analyse three particular models (denoted by Model I, Model II and Model III) related to model 

discussed in section 3 In this study we vary the values of λ  and µ . For model I, λ = 0:5; µ = 0:4, Model II, λ = 0:5;  

µ = 0:3; Model III, λ = 0:6; µ = 0:3. The probability vector W0 and the operating characteristics are calculated, using 

the formulas in the sections 3 and 4. The values are presented in tables 5.1 and table 5.2 for models I - III. The mean 

first passage time matrices are also given for the above three models. 

 

Probabilities Model I Model II Model III 

W010 0.048 0.026 0.017 

W020 0.119 0.070 0.048 

W112 0.060 0.043 0.033 

W111 0.136 0.114 0.010 

W122 0.089 0.074 0.063 

W121 0.125 0.127 0.123 

W212 0.156 0.187 0.203 

W211 0.100 0.130 0.147 

W221 0.111 0.148 0.168 

W222 0.056 0.081 0.098 

 

Table 5.1: Steady state probabilities 
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Operating characteristics Model I Model II Model  III 

Mean number of customers in the queue 0.256 0.450 0.551 

Mean number of customers in the service facility 1.250 1.670 2.000 

Mean number of customers in the system 1.506 2.120 2.551 

The effective rate of arrival 0.289 0.227 0.230 

The system effectiveness 0.577 0.454 0.384 

Mean waiting time in the system 5.220 9.339 11.072 

Mean waiting time in the queue 0.887 1.982 2.392 

Mean waiting time in the service facility 4.333 7.357 8.681 

 

Table 5.2: Operating characteristics 

Model:  I 

 

Mean first passage time matrix [M1, M2] where 
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012.7721.4106.11739.10473.23

750.5891.3275.10651.9643.22

022.7386.4771.10609.10138.23

785.5717.2102.9198.9469.21

457.4108.4492.10968.8860.22

247.11509.2894.8665.5261.21

578.4378.7385.6381.7752.18

479.3839.2602.16147.4367.12

578.5000.1386.7381.8752.19

578.6000.2385.8000.1752.20

1M
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954.17576.2344.3448.2727.3

905.12984.8274.6863.1205.2

630.6637.3974.9915.1946.3

668.13712.3038.7419.6968.2

700.10340.5070.4942.2015.8

537.14219.6907.7975.2837.3

373.13103.7743.6445.4673.2

464.15056.8834.8073.5764.4

373.14103.8743.7445.5673.3

373.15103.9743.8445.6673.4

2M

 

Model: II 

 

Mean first passage time matrix M = [M1, M2] where 
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855.9313.6410.17831.17240.43

235.8148.5245.16377.16076.42

828.9012.6108.17703.17939.42

115.8843.3939.14823.15770.40

767.6658.5754.16632.15585.42

464.13402.3498.14515.10329.40

249.6759.8097.11235.13927.36

718.3501.3356.23572.7831.25

249.7000.1097.12235.14927.37

249.8000.2097.13000.1927.38
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313.12797.2833.2759.2458.4

751.10777.6889.5776.1581.2

862.4475.3696.7350.2585.4

299.11939.2437.6337.5129.3

170.8729.4308.3069.3893.7

017.12151.5155.7601.2847.3

547.10171.6684.5268.4376.2

841.12909.6979.7601.4670.4

547.11171.7684.6268.5376.3

547.12171.8684.7268.6376.4
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Model: III 

 

Mean first passage time matrix M = [M1, M2] where 
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327.3438.3053.30716.9163.35
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196.10545.2191.2547.2231.4

380.8948.5906.4468.1415.2

474.3984.2798.6254.2306.4

754.8195.2281.5922.4789.2

965.5857.3491.2736.2157.8

281.9936.3808.5034.2316.3

836.7918.4362.4602.3871.1

911.9375.5437.6668.3946.3

669.8751.5196.5436.4704.2

503.9585.6029.6269.5537.3

2M  

 

 

6. CONCLUSION: 

 

In section 5, we analyse the model discussed in section 3 and 4 numerically by assigning particular values to λ and µ. 

The stationary distribution W and the expected values of the first passage times from one level to other levels are 

obtained using the formula given in section 5. Our computational experience shows that the analysis in this paper 

provides a practical and computational advantage. 
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