
International Journal of Mathematical Archive-2(11), 2011, Page: 1-8 
 Available online through www.ijma.info  �������������	
��

������������	
������	
�
�����������	
��������
�
�����
����
�
����
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ��

 

BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SECOND ORDER  

INTEGRODIFFERENTIAL EQUATION WITH RETARDED ARGUMENT 

 

D. B. DHAIGUDE
1 

& J. V. PATIL
2
* 

 
1Department of Mathematics, Dr.Babasaheb Ambedkar Marathwada,University,  

Aurangabad – 431 004, India 

 

E-mail: dnyanraja@gmail.com 

 
2Department of Mathematics,Vasantrao Naik college, Aurangabad,431 005, India 

 

E-mail: jv.patil29@gmail.com 
 

(Received on: 05-11-11; Accepted on: 18-11-11) 
________________________________________________________________________________________________ 

 

ABSRACT 

The integral inequality with retarded argument is obtained and the qualitative properties such as boundedness and 

asymptotic behavior of solutions of certain class of second order integrodifferential equation with retarded argument is 

studied as an application of this integral inequality. The results are illustrated by suitable examples.  
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INTRODUCTION: 

 

The purpose of the paper is to study the boundedness and asymptotic behavior of solutions of second order 

integrodifferential equations with retarded argument of the form, 
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 by comparing with the solutions of the second order linear differential equation,  
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In equation (1.1) and (1.2) we will assume that ),( RRRICf ××∈  where ),[= 0 TtI  and R  denotes the set of 

real numbers, ),())(,,( RRIICxstk ××∈α  , 0>)(tr , )(tr  and )(ta  are continuous function defined on 

),[= 0 TtI . ( ) ( , )I t I R+∈  be non increasing with 0)(=)( ≥− tlttα  on I . 1<)(' tl , 0=)( 0tl . 

),()( '
IICt ∈α , tt ≤)(α  Boundedness and asymptotic behavior of solution of equations (1.1) and (1.2) with 

1=)(tr , xtbdssxstktxtf
t

t
)(=)))((,,())),((,(

0

αα �  have been previously studied in [2] and [3]. In recent years 

there have been several extensions of the results given in [2] and [3] see for examples [1],[4],[5],[8],[9], and some of the 

references given in.Recenty boundedness of solutions of particular case of integrodifferential equation of (1.1) have been 

studied by Pachpatte in [6].In this paper we study boundedness and asymptotic behaviour of (1.1) by using retarded 

integral inequality. We organize the paper as follows. Section 2 is devoted for linear integral inequality with retarded 

argument.This inequality is successfully applied to study the qualitative behavior such as boundedness and asymptotic 

behavior of solution of integrodifferential equation with retarded argument (1.1) in section 3 .The last section consists of 

illustrative examples .  
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2 NONLINEAR INTEGRAL INEQUALITY WITH RETARDED ARGUMENT: 

 

The integral inequality for p = 1 is establish by Pachpatte in [7,pp-149] Now we prove the following integral inequality 

with retarded argument for p, (0,1)∈p .  

 

Theorem: 2.1 Let )(tu , )(ta  and )(tb  be nonnegative continuous functions defined on I , and ),()( 1
IICt ∈α  

be nondecreasing with tt ≤)(α  on ),[= 0 TtI  and K  be a real constant. suppose that the inequality,  
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 where (0,1)∈p  is a constant . Then  
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 where,  
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proof: Let 0>K    let us assume that )(tz  is right side of (2.1) , )()( tztu ≤   
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Differentiating (2.6) with respective t,we have,  
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solving above inequality by Bernoulli's equation , we have ,  

 

 )())(()()())(()( '1''
ttbtvttatvv

pp αααα ≤− −−
 (2.7) 

 

solving above inequality by Bernoulli's equation , we have , Put,  
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Setting t=s and integrating above inequality from 0t  to t we have,  
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By taking change of variable on right hand side of the above inequality,  
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Taking t = s and integrating from 0t  to t and change of variable , we have  
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As   )()( tztu ≤  , we get desired result. 

 

If 0≥K ,we carry out above procedure with ε+K  instead of K , where 0>ε  is arbitrary small constant , and 

subsequently pass the limit as 0→ε  to obtain desired result. 

 

REMARK: Put 0=)(,=)( 0ttt αα , we get the non linear inequality due to Pachpatte, [see,Theorem 2.7.1 in[5] ] 

 

In this section we discuss the applications of integral inequality obtain in section 2. The boundedness and asymptotic 

behaviour of solution of second order integrodifferential equation with retarded argument is studied.  

 

3  APPLICATIONS: 

 

Theorem: 3.1 . Let the function k and f in (1.1) satisfy the conditions,  

 

 
p

xshxstk ||)(|),,(| ≤  (3.1) 

  

 |)||)(|(|),,(| zxtgzxtf +≤  (3.2) 

 

 where g and h are real valued continuous functions defined on I  
 

and ∞� <)(
0

dssg
t

t
, ∞� <)(

0

dssh
t

t
 and let 

 
)(1

1
max=

'

'

tl
M

It −∈
 

NMM ='2  , let )(=)( tltt −α  , tt ≤)(α  . Let ))((=)( tltNgta +  , ))((=)( tlthtb + . If )(1 tx  and 

)(2 tx are bounded solutions of equation (1.2) then the corresponding solution x(t) of equation (1.1) is bounded on I . 

Proof : Let )(1 tx  and )(2 tx  be solution of (1.2) such that , 
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Suppose that x(t) is any solution of (1.1) then on using variation of constants formula x(t) may be expressed as,  
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change of variable on right hand side of (3.5) we have , 

 



D. B. DHAIGUDE1 & J. V. PATIL2*/ BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SECOND ORDER 

INTEGRODIFFERENTIAL EQUATION WITH RETARDED ARGUMENT / IJMA- 2(11), Nov.-2011, Page: 1-8 

�
�����
�����
�		
�� ��!
��!����"
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 %
 �

dsdxlhslsgMMdssxslsgMMCtx p
s

t

t

t

t

t
)|)(|))(())((('|)(|))(('|)(|

)
0

(

2
)(

)
0

(

)(

)
0

(
σσσσ

α

α

α

α

α
+++++≤ ��� (3.6) 

  dsdxlhsxslsNgCtx
p

s

t

t

t
]|)(|))((|)())[|((|)(|

)
0

(

)(

)
0

(
σσσσ

α

α

α
++++≤ ��  

  dsdxbsxsaCtx p
s

t

t

t
]|)(|)(|)()[|(|)(|

)
0

(

)(

)
0

(
σσσ

α

α

α �� ++≤  (3.7) 

 

 Applying Theorem (2.1) in section 2 to (3.7) 
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for 1<< po  , It ∈  .  

 

Theorem 3.2 : Let the function k and f in (1.1) satisfy the conditions, 
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Making change of variable in above inequality, we have,  

 

 dssxsexpslsexpslsgMMCtxtexp
t

t
|)(|)())((2())(('|)(|)(

)(

)
0

(
ββββ

α

α
++−++≤ �  

 ))()((2())(('
)(

)
0

(
slslsexpslsgMM

t

t
ββ

α

α
++−++ �  

 dsdxexpexplh p
s

t
)|(|)()())((

)
0

(
σσβσβσσσ

α
−+× �  

 

+−−++≤ � dssxsexpslsexpslsNgCtxtexp
t

t
|))((|)())(2())((|)(|)(

)(

)
0

(
αββββ

α

α
 

dsdxexpexplhslsexpslsNg
p

s

t

t

t
)||)(|)()())(())((2())((

)
0

(

)(

)
0

(
σσβσβσσσββ

α

α

α
−+−−+ ��

 
 

))((|))((|)())[(2())((|)(|)(
)

0
(

)(

)
0

(
σσφββββ

α

α

α
lhsxsexpslsexpslsNgCtxtexp

s

t

t

t
+×−−++≤ ��  

  dsdxexpexp
p ]||)(|)()( σσβσβσ−  (3.10) 

  

dsdxexpbtxtexpsxsexpsaCtxtexp
p

s

t

t

t
]|)(|)()(|)(|)(|)()[|()(|)(|)(

)
0

(

)(

)
0

(
σσβσσβββ

α

α

α �� ++≤  (3.11) 

 

Taking |)(|)(=)( txtexptu β  , applying Theorem 1 to inequality (3.11) we have ,  
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for 1<< po  , It ∈  .  

 

4  EXAMPLES: 

 

In this section we discuss some simple examples to illustrate our results . 

 

A :- consider the second order integrodifferential equation with retarded argument,  
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. g and h are continuous functions on I. The equation (4.4) has the solutions 
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Observe that all the conditions of Theorem 3.2 are satisfied.Hence by applying Theorem 3.2 to solution x(t)of (1.1) 

0|)(| →tx  as ∞→t  and the conclusion of theorem is true .  
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