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ABSTRACT 

The main aim of this paper to give the set of all t-best approximations on fuzzy anti-n-normed linear spaces and prove 

some theorems in the sense of Vaezpour and Karimi [21]. 
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1. INTRODUCTION: 

  

Fuzzy set theory is a useful tool to describe situations in which the data are imprecise or vague. Fuzzy sets handle such 

situation by attributing a degree to which a certain object belongs to a set. The idea of fuzzy norm was initiated by 

Katsaras in [12]. Felbin [6] defined a fuzzy norm on a linear space whose associated fuzzy metric is of Kaleva and 

Seikkala type [11]. Cheng and Mordeson [4] introduced an idea of a fuzzy norm on a linear space whose associated 

metric is Kramosil and Michalek type [13]. 

 

Bag and Samanta in [1] gave a definition of a fuzzy norm in such a manner that the corresponding fuzzy metric is of 

Kramosil and Michalek type [13]. They also studied some properties of the fuzzy norm in [2] and [3]. Bag and Samanta 

discussed the notion of convergent sequence and Cauchy sequence in fuzzy normed linear space in [1]. They also made 

in [3] a comparative study of the fuzzy norms defined by Katsaras [12], Felbin [6], and Bag and Samanta [1]. The 

concept of 2-norm and n-norm on a linear space has been introduced and developed by Gahler in [7,8]. Following 

Misiak [15], Malceski [14] and Gunawan [9] developed the theory of n-normed space. Narayana and Vijayabalaji [16] 

introduced the concept of fuzzy n-normed linear space. Vijayabalaji and Thillaigovindan [22] introduced the notion of  

convergent sequence and Cauchy sequence  in fuzzy n-normed linear space and studied the completeness of the fuzzy 

n-normed linear space. Many authors studied on fuzzy n-normed linear space [5]. Recently, Vaezpour and Karimi [21], 

studied on the set of all t-best approximations on fuzzy normed spaces and proved several theorems pertaining to this 

set. 

 

In [10] Iqbal  H. Jebril and Samanta introduced fuzzy anti-norm on a linear space depending on the idea of fuzzy anti-

norm was introduced by Bag and Samanta [3] and investigated their important properties. In [17,18] Surender Reddy 

introduced the notion of convergent sequence and Cauchy sequence in fuzzy anti-2-normed linear space and fuzzy anti-

n-normed linear spaces. Recently Surender Reddy [19,20] studied on the set of all t-best approximations on fuzzy anti-

normed linear spaces and fuzzy anti-2-normed linear spaces.  

 

In the present paper, we give the set of all t-best approximations on fuzzy anti-n-normed spaces and prove some 

theorems in the sense of Vaezpour and Karimi [21]. 

 

2. PRELIMINARIES: 

 

Definition 2.1:  Let Nn ∈  and let X be a real linear space of dimension n≥ . A real valued function , ,...,• • •  on 

n

n

XXXX =××× �� ��� �� ...  satisfying the following conditions 

1nN : 0,...,, 21 =nxxx  if and only if nxxx ,...,, 21  are linearly dependent, 
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2nN : nxxx ,...,, 21  is invariant under any permutation of nxxx ,...,, 21 , 

3nN : αα =− nn xxxx ,,...,, 121 nn xxxx ,,...,, 121 − , for every R∈α , 

4nN : zxxxyxxxzyxxx nnn ,,...,,,,...,,,,...,, 121121121 −−− +≤+   for all Xxxxzy n ∈−121 ,...,,,, , 

then the function ••• ,...,,  is called an n-norm on X and the pair ),...,,,( •••X  is called  n-normed linear space. 

 

Example 2.2:  A trivial example of an n-normed linear space is 
n

RX =  equipped with the following Euclidean  

n-norm. 

                             

�
�
�
�
�

�

�

�
�
�
�
�

�

�

==

nnnn

n

n

ijEn

xxx

xxx

xxx

absxxxx

...

............

...

...

)det(,...,,

21

22221

11211

21 , 

where 
n

iniii Rxxxx ∈= ),...,,( 21  for each ni ,...,2,1= . 

 

Definition 2.3: Let X be a linear space over a real field F. A fuzzy subset N of  RXXX
n

×××× �� ��� �� ...   is called a fuzzy 

n-norm on X if the following conditions are satisfied for all Xyxxx n ∈,,...,, 21  

)( 1Nn −  For all Rt ∈  with 0≤t , 0),,...,,( 21 =txxxN n , 

)( 2Nn − : For all Rt ∈  with 0>t , 1),,...,,( 21 =txxxN n  if and only if nxxx ,...,, 21  are linearly dependent, 

)( 3Nn − : ),,...,,( 21 txxxN n  is invariant under any permutation of nxxx ,...,, 21 , 

)( 4Nn − : For all Rt ∈  with 0>t ,  ),,,...,,(),,,...,,( 121121
c

t
xxxxNtcxxxxN nnnn −− = , if 0≠c , Fc ∈ , 

)( 5Nn − : For all Rts ∈, ,  ≥++− ),,,...,,( 121 tsyxxxxN nn  

                                                                                               { }),,,...,,(),,,,...,,(min 121121 tyxxxNsxxxxN nnn −− , 

)( 6Nn − : ),,...,,( 21 txxxN n  is a non-decreasing function of Rt ∈  and 1),,...,,(lim 21 =
∞→

txxxN n
t

. 

  

Then the pair ),( NX  is called a fuzzy n-normed linear space (briefly F-n-NLS). 

 

Example 2.4:  Let ),...,,,( •••X  be a n-normed linear space. Define 

                         

n

n
xxxt

t
txxxN

,...,,
),,...,,(

21

21
+

= ,   if  0>t ,  Rt ∈ ,  Xxxx n ∈,...,, 21 , 

                                                          0= , if 0≤t , Rt ∈ , Xxxx n ∈,...,, 21 . 

Then  ),( NX  is a fuzzy n-normed linear space. 

 

Definition 2.5: Let X be a linear space over a real field F. A fuzzy subset N of  RXXX
n

×××× �� ��� �� ...  is called a fuzzy 

anti-n-norm on X if the following conditions are satisfied for all Xyxxx n ∈,,...,, 21 . 

)( 1Nna −−  For all Rt ∈  with 0≤t , 1),,...,,( 21 =txxxN n , 

)( 2Nna −− : For all Rt ∈  with 0>t , 0),,...,,( 21 =txxxN n  if and only if nxxx ,...,, 21  are linearly 

dependent, 

 

)( 3Nna −− : ),,...,,( 21 txxxN n  is invariant under any permutation of nxxx ,...,, 21 , 

)( 4Nna −− : For all Rt ∈  with 0>t ,  ),,,...,,(),,,...,,( 121121
c

t
xxxxNtcxxxxN nnnn −− = , if 0≠c , 

Fc ∈ , 
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)( 5Nna −− : For all Rts ∈, ,  ≤++− ),,,...,,( 121 tsyxxxxN nn  

                                                                                               { }),,,...,,(),,,,...,,(max 121121 tyxxxNsxxxxN nnn −− , 

)( 6Nna −− : ),,...,,( 21 txxxN n  is a non-increasing function of Rt ∈  and 0),,...,,(lim 21 =
∞→

txxxN n
t

.  

Then the pair ),( NX  is called a fuzzy anti-n-normed linear space (briefly Fa-n-NLS). 

 

Remark 2.6:  

                               From )2( 3Na −− , it follows that in Fa-n-NLS, 

)( 4Nna −− : For all Rt ∈  with 0>t ,  =),,...,,...,,( 21 txcxxxN ni  ),,...,,...,,( 21
c

t
xxxxN ni ,  if 0≠c , 

Fc ∈ , 

)( 5Nna −− : For all Rts ∈, ,  ≤+′+ ),,...,,...,,( 21 tsxxxxxN nii   

 

                                                                                          { }),,...,,...,,(),,,...,,...,,(max 2121 txxxxNsxxxxN nini
′ . 

 

Example 2.7:  Let ),...,,,( •••X  be a n-normed linear space. Define 

                  

n

n

n
xxxt

xxx
txxxN

,...,,

,...,,
),,...,,(

21

21

21
+

= ,   if  0>t ,  Rt ∈ ,  Xxxx n ∈,...,, 21 , 

                                                   1= ,  if 0≤t , Rt ∈ , Xxxx n ∈,...,, 21 . 

Then ),( NX  is a fuzzy anti-n-normed linear space. 

 

Definition 2.8: A sequence }{ kx  in a fuzzy anti-n-normed linear space ),( NX  is said to be converges to Xx ∈ if 

given 0>t ,  10 << r , there exists an integer Nn ∈0  such that 

 

                                               rtxxxxxN kn <−− ),,,...,,( 121 ,  ∀  0nk ≥ . 

 

Theorem 2.9: In a fuzzy anti-n-normed linear space ),( NX ,  a sequence }{ kx converges to Xx ∈  if and only 

0),,,...,,(lim 121 =−−
∞→

txxxxxN kn
k

, ∀  0>t . 

 

Definition 2.10: Let ),( NX be a fuzzy anti-n-normed linear space. Let }{ kx  be a sequence in X then }{ kx  is said to 

be a Cauchy sequence if 0),,,...,,(lim 121 =−+−
∞→

txxxxxN kpkn
k

, ∀  0>t  and ,...3,2,1=p . 

 

Definition 2.11: A fuzzy anti-n-normed linear space ),( NX  is said to be complete if every Cauchy sequence in X is 

convergent. 

 

Definition 2.12: A complete fuzzy anti-n-normed linear space ),( NX is called a fuzzy anti-n-Banach space. 

 

3.  MAIN RESULTS: 

 

Definition 3.1: Let ),( NX  be a fuzzy anti-n-normed linear space. The open ball 

),,( trxB  and the closed ball ],,[ trxB  with the center Xx ∈  and radius 10 << r , 0>t  are defined as follows: 

 

                                      }),,,...,,(:{),,( 121 rtyxxxxNXytrxB n <−∈= −  

 

                                      }),,,...,,(:{],,[ 121 rtyxxxxNXytrxB n ≤−∈= −  

 

Definition 3.2: Let ),( NX  be a fuzzy anti-n-normed linear space. A subset A of X is said to be open if there exists 

)1,0(∈r  such that AtrxB ⊂),,(  for all Ax ∈  and 0>t . 
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Definition 3.3: Let ),( NX  be a fuzzy anti-n-normed linear space. A subset A of  X is said to be closed if for any 

sequence }{ kx  in A converges to Ax ∈ .  

 

 i.e.,    0),,,...,,(lim 121 =−−
∞→

txxxxxN kn
k

, for all 0>t  implies that Ax ∈ . 

 

Definition 3.4: Let ),( NX  be a fuzzy anti-n-normed linear space. A subset B of  X  is said to be closure of BA ⊂  if 

for any Bx ∈ ,  there exists a sequence }{ kx  in  A such that 0),,,...,,(lim 121 =−−
∞→

txxxxxN kn
k

, for all 0>t . 

We denote the set B  by  A . 

 

Definition 3.5: Let ),( NX  be a fuzzy anti-n-normed linear space. A subset A of X is said to be compact if for any 

sequence }{ kx  in A has a sequence converging to an element of  A. 

 

Lemma 3.6: If ),( NX be a fuzzy anti-n-normed linear space then 

(i) the function yxyx +→),(  is continuous. 

(ii) the function xx αα →),(  is continuous. 

 

Proof: (i) If xxk →  and yyk →  then as ∞→k ,  

0)}
2

,,,...,,(),
2

,,,...,,(max{)),()(,,...,,( 121121121 →−−≤+−+ −−−

t
yyxxxN

t
xxxxxNtyxyxxxxN knknkkn

 

(ii) If  xxk → , αα →k  and 0≠kα  then  

   )),()(,,...,,(),,,...,,( 121121 txxxxxxNtxxxxxN kkknkkn ααααα −+−=− −−  

                                )}
2

),(,,...,,(),
2

),(,,...,,(max{ 121121

t
xxxxN

t
xxxxxN knkkn ααα −−≤ −−  

                                )}
2

,,,...,,(),
2

,,,...,,(max{ 121121
ααα −

−≤ −−

k

n

k

kn

t
xxxxN

t
xxxxxN 0→  as ∞→k . 

 

Definition 3.7: Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of X.  

Let }:),,,...,,(inf{),,( 121 AytyxxxxNtxAd n ∈−= − , where Xx ∈ ,  0>t . An element Ay ∈0  is said to be 

a t-best approximation of x from A if  ),,(),,,...,,( 0121 txAdtxyxxxN n =−− . 

 

Definition 3.8: Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of X. For Xx ∈ ,  

0>t , we shall denote the set of all elements of  t-best approximation of x from A by )(xP
t

A  and is defined as 

 

                                 )},,,...,,(),,(:{)( 121 txyxxxNtxAdAyxP n

t

A −=∈= − . 

 

If each Xx ∈  has at least (respectively exactly) one t-best approximation in A then A is called a t-proximinal 

(respectively t-chebyshev) set. 

 

Definition 3.9: Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of X. For 0>t , A is 

said to be t-boundedly compact if for each Xx ∈ and 10 << r , AtrxB ∩],,[  is a compact subset of X. 

 

Definition 3.10: Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of X then  

(i) ),,(),,( txAdtyxyAd =++ ,  for all  Xyx ∈, and 0>t , 

(ii) yxPyxP
t

A

t

A +=+ )()( ,  for all Xyx ∈, and 0>t , 

(iii) ),,(),,(
α

αα
t

xAdtxAd = , for all Xx ∈ ,  0>t  and }0{−∈ Rα ,  
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(iv) )()( xPxP
t

A

t

A αα
α

α = , for all Xx ∈ ,  0>t  and }0{−∈ Rα , 

(v)  A is t-proximinal (respectively t-chebyshev) if and only if A+y is t-proximinal (respectively t-chebyshev), for any 

given Xy ∈ , 

(vi)  A is t-proximinal (respectively t-chebyshev) if and only if Aα  is tα -proximinal (respectively tα -chebyshev), 

for any given each }0{−∈ Rα . 

 

Proof: (i) For Xyx ∈, and 0>t ,         

}:)),()(,,...,,(inf{),,( 121 AztyxyzxxxNtyxyAd n ∈+−+=++ −  

                                 ),,(}:),,,...,,(inf{ 121 txAdAztxzxxxN n =∈−= − . 

(ii) On using (i), )(0 yxPy
t

yA +∈ +  if and only if yAy +∈0  and      

),,,...,,(),,( 0121 tyyxxxxNtyxyAd n −+=++ −  if and only if Ayy ∈−0  and 

)),(,,...,,(),,( 0121 tyyxxxxNtxAd n −−= −  if and only if )(0 xPyy
t

A∈−    

i.e., yxPy
t

A +∈ )(0 . 

(iii) We have }:),,,...,,(inf{),,( 121 AztzxxxxNtxAd n ∈−= − αααα  

                                             }:)),(,,...,,(inf{ 121 AztzxxxxN n ∈−= − α  

                                             ),,(}:),,,...,,(inf{ 121
αα

t
xAdAz

t
zxxxxN n =∈−= − . 

(iv) On using (iii), it follows that )(0 xPy
t

A α
α

α∈  if and only if Ay α∈0  and 

),,,...,,(),,( 0121 tyxxxxNtxAd n −= − ααα  if and only if A
y

∈
α

0
 and 

),,(),,,...,,( 0
121 txAdt

y
xxxxN n =−−

α
. However, this is equivalent to )(0 xP

y t

A∈
α

.  

i.e.,  )(0 xPy
t

Aα∈ . 

(v) The proof of (v) is an immediate consequence of (ii). 

(vi) The proof of (vi) follows from (iv). 

 

Corollary 3.11: Let M is a non empty subset of  X  then  

(i) ),,(),,( txMdtyxMd =+ , for all 0>t  Xx ∈ and My ∈ , 

(ii) yxPyxP
t

M

t

M +=+ )()( , for all 0>t  Xx ∈ and My ∈ , 

(iii) ),,(),,( txMdtxMd =αα , for all 0>t , Xx ∈  and }0{−∈ Rα ,  

(iv) )()( xPxP
t

M

t

M αα
α

= , for all 0>t , Xx ∈  and }0{−∈ Rα . 

 

Proof: The proof of (i) and (ii) follows from theorem 2(i) and 2(ii) and the fact that if M is a subspace and My ∈  

then MyM =+ . 

 

The proof of (iii) and (iv) follows from theorem 2(iii) and 2(iv) and the fact that if M is a subspace and 0≠α  then 

MM =α . 

 

Definition 3.12: For Xx ∈ , 10 << r ,  0>t , 

           }),,,...,,(:{],,[ 121 rtyxxxxNXytrxS n =−∈= −  and  ),,()( txAdxe
t

A = . 

 

Theorem 3.13: Let ),( NX be a fuzzy anti-n-normed linear space, XA ⊂ , AXx ∈  and  0>t  then we have 

                          ]),(,[]),(,[)( txexSAtxexBAxP
t

A

t

A

t

A ∩=∩=                                                                            (1) 

 

Proof: This inclusions 

                         ]),(,[]),(,[)( txexBAtxexSAxP
t

A

t

A

t

A ∩⊆∩⊆                                                                            (2) 
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are obvious by the definitions of )(xP
t

A  and )(xe
t

A . 

Conversely, let ]),(,[ txexBAy
t

A∩∈ , then we have Ay ∈  and 

        ),,,...,,(),,()(),,,...,,( 121121 txyxxxNtxAdxetxyxxxN n

t

An −≤=≤− −− .   

Therefore Ay ∈  and  ),,(),,,...,,( 121 txAdtxyxxxN n =−− , which implies that )(xPy
t

A∈ . So, 

)(]),(,[ xPtxexBA
t

A

t

A ⊂∩ . Hence by (2) we have (1) which completes the proof. 

 

Remark 3.14: Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of  X, AXx ∈  and 

0>t  then we have  

                                             Φ=∩ )),(,( txexBA
t

A ,                                                                                                  (3) 

because, if  )),(,(0 txexBAy
t

A∩∈  then ),,(),,,...,,(),,( 0121 txAdtyxxxxNtxAd n <−≤ −  which is 

impossible. 

 

Corollary 3.15: Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of  X, AXx ∈  

with Φ≠)(xP
t

A  and 10 << r  such that,  

                                          ],,[],,[ trxStrxBA ⊆∩≠Φ                                                                                           (4) 

Then we have )(xer
t

A= , and we can write )(],,[ xPtrxBA
t

A=∩ . 

 

Proof:  If )(xer
t

A<  then by the definition of )(xe
t

A  we have Φ=∩ ],,[ trxBA , 

which contradicts (4). If )(xer
t

A> , since Φ≠)(xP
t

A , then by (1) we have 

),,(]),(,[)( trxBAtxexBAxP
t

A

t

A ∩⊆∩=≠Φ , which contradicts (4), and this completes the proof. 

 

Definition 3.16: Let ),( NX  be a fuzzy anti-n-normed linear space, 10 << r  and 0>t . 

We shall say that a set XA ⊂  supports the cell ],,[ trxB , or that A is a support set of the cell  ],,[ trxB , if we have 

1)],,,[,( =ttrxBAd  and Φ=∩ ),,( trxBA . 

 

Theorem 3.17:  Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of  X  and 

AXx ∈ , Aa ∈0  and 0>t . We have )(0 xPa
t

A∈  if and only if the set A supports the cell 

]),,,,...,,(,[ 0121 ttxaxxxNxBB n −= − . 

 

Proof: Assume that )(0 xPa
t

A∈ . Hence ),,(),,,...,,( 0121 txAdtxaxxxN n =−− . Then by (3), we have 

Φ=−∩ − )),,,,...,,(,( 0121 ttxaxxxNxBA n , on the other hand, since 

]),,,,...,,(,[ 01210 ttxaxxxNxBAa n −∩∈ − , we have 1),,( =tBAd . Consequently, the set A supports the cell 

B. Conversely, suppose )(0 xPa
t

A∉ , hence ),,(),,,...,,( 0121 txAdtxaxxxN n >−−  and let 10 << ε  such that 

ε+>−− ),,(),,,...,,( 0121 txAdtxaxxxN n . Then there exists an Aa ∈  such that 

),,,...,,(),,(),,,...,,( 1210121 txaxxxNtxAdtxaxxxN nn −>+>− −− ε , hence 

)),,,,...,,(,( 0121 ttxaxxxNxBa n −∈ − . Consequently, A does not support the cell B. 

 

Remark 3.18: We recall that a set A in a topological space τ  is said to be countably compact, if every countable open 

cover of A has a finite subcover, or, which is equivalent, if for every decreasing sequence ...21 ⊃⊃ AA   of non-void 

closed subset of  A we have Φ≠
∞

=

n

n

A�
1

. 

 

Theorem 3.19: Let ),( NX  be a fuzzy anti-n-normed linear space, τ  be an arbitrary topology on X and 0>t . If  A 

is a nonempty subset of  X such that for ],,[ trxBA ∩  is τ -countably compact, then A is t-proximinal. 
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Proof:  For all  Nn ∈ ,  1
1

),,(
),,(10 <

+
+−<

n

txAd
txAd . Put        

                               ��

	

�

�

+
+−∩= t

n

txAd
txAdxBAA

t

n ,
1

),,(
),,(1, ,   ,...)2,1( =n . 

Since for every  Nn ∈ , ),,(
1

1
1),,( txAd

n
txAd >�

�

�
�
�

�

+
− , obviously ...21 ⊃⊃ tt

AA  and each Φ≠t

nA . Hence 

there exists Aa
t

n ∈  such that   

                               ),,,...,,(
1

1
1),,( 121 txaxxxN

n
txAd

t

nn −>�
�

�
�
�

�

+
− − . 

It follows that 
t

n

t

n Aa ∈ . Now, since each 
t

nA  is τ -countably compact and τ -closed, we conclude that there exists an 

t

n

n

Aa �
∞

=

∈
1

0 . Then we have �
�

�
�
�

�

+
−≤−≤ −

1

1
1),,(),,,...,,(),,( 0121

n
txAdtxaxxxNtxAd n ,  ,...)2,1( =n , 

hence 

)(0 xPa
t

A∈  which completes the proof. 

 

Definition 3.20: Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of  X. An element 

Ay ∈0  is said to be an F-best approximation of Xx ∈  from A if it is a t-best approximation of x from A, for every 

0>t ,    i.e., )(
),0(

0 xPy
t

A

t

�
∞∈

∈ . 

The set of all elements of  F-best approximations of Xx ∈  from A is denoted by )(xFPA  and is defined as 

)()(
),0(

xPxFP
t

A

t

A �
∞∈

= . 

If each Xx ∈  has at least (respectively exactly) one F-best approximation in A then A is called a F-proximinal 

(respectively F-chebyshev) set. 

 

Example 3.21:  Let 
3

RX = . Define ]1,0[),0[: →∞××× XXXN  by  

               

               
t

xxx
txxxN

321

321

,,
),,,( = , if  0>t , Rt ∈ , Xxxx ∈321 ,, , 

                

                                           1= , if  0≤t , Rt ∈ , Xxxx ∈321 ,, , 

where 

=

≤≤
=

3

1
31

321 min,,
j

ij
i

xxxx . Then ),( NX is a fuzzy anti-3-normed linear space.  

 

Let                     ,1:),,{( 223 ≤+∈= baRcbaA  }0 22
bac +≤≤  

and )0,0,1(1 =x , )0,1,0(2 =x , )4,0,0(=x  are in X.  Let )1,1,0(0 −=a  and )1,1,0(1 =a  

are in A, Then for every 0>t , 

                               
t

txxNtxaxxN
1

)),4,0,0()1,1,0(,,(),,,( 21021 =−−=−  

                               
t

txxNtxaxxN
1

)),4,0,0()1,1,0(,,(),,,( 21121 =−=− . 

On the other hand 

 

}:)),4,0,0(,,(inf{)),4,0,0(,(),,( 21 AutuxxNtAdtxAd ∈−==  

                                                  ,1:)),4,0,0(),,(,,(inf{ 22

21 ≤+−= batcbaxxN }0 22
bac +≤≤  
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( )

�
�
�

�
�
� −++++++

=
t

xxxxxxxxx 4,,min
inf

333231232221131211
 

                                                     
t

1
=  

So, for every  0>t , )1,1,0(0 −=a  and )1,1,0(1 =a  are t-best approximations of )4,0,0(  from  A. Hence  

)1,1,0(0 −=a  and )1,1,0(1 =a  are F-best approximations of )4,0,0(=x  from A. Therefore A is not an F-

chebyshev set. 

 

Example 3.22: Let 
3

RX = . Define ]1,0[: →××× RXXXN  by  

               

               

321

321

321
,,

,,
),,,(

xxxt

xxx
txxxN

+
= ,  if  0>t , Rt ∈ , Xxxx ∈321 ,, , 

                

                                           1= , if  0≤t , Rt ∈ , Xxxx ∈321 ,, , 

where 

=

≤≤
=

3

1
31

321 min,,
j

ij
i

xxxx . Then ),( NX is a fuzzy anti-3-normed linear space.  

 

Let                                 }1:),,{( 2223 ≥++∈= zyxRzyxA  . 

Then, for every 
3),,( Rzyxa ∈=  where 1222 <++ zyx , there exists a unique Azyxa ∈= ),,( 0000  

(especially in A∂ ) which is an  F-best approximation of a from A. 

 

So  A  is an F-proximinal set. 

 

Remark 3.23:  For an arbitrary set XA ⊂  we shall denote by A∂  the boundary of A, and  by AΜ  the set of all 

elements of the F-best approximation of the elements Xx ∈  from A. 

 

i.e.,    )(M xFPA

Xx

A �
∈

= . 

 

Theorem 3.24:  Let ),( NX  be a fuzzy anti-n-normed linear space and A  is a non empty subset of  X, and A be a F-

best proximinal set in X  then AA Μ⊂∂ . 

 

Proof: If  Φ=∂A , the proof is obvious. If Φ≠∂A , let Aa ∂∈0 , 10 << ε  and 0>t  be arbitrary. Then there 

exists 10 <′< ε  such that εε <′  and the cell )
2

,,( 0

t
aB ε ′  contains at least one element AXx ∈ . Let 

)()( xFPx AA ∈π  (it exists, since by hypothesis, A is F-proximinal). Then we have, 

 

)}
2

),(,,...,,(),
2

,,,...,,(max{)),(,,...,,( 12101210121

t
xxxxxN

t
xaxxxNtxaxxxN AnnAn ππ −−≤− −−−

 

                                                      )}
2

,,,...,,(),
2

,,,...,,(max{ 1210121

t
xAxxxN

t
xaxxxN nn −−= −−  

                                                      )}
2

,,,...,,(),
2

,,,...,,(max{ 01210121

t
xaxxxN

t
xaxxxN nn −−≤ −−  

                                                      εεεε <′=′′≤ },max{  

 

So, Φ≠Μ∩ AtaB ),,( 0 ε  and since 0>ε  is arbitrary, we obtain Aa Μ∈0   which completes the proof. 
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