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ABSTRACT

The main aim of this paper to give the set of all t-best approximations on fuzzy anti-n-normed linear spaces and prove
some theorems in the sense of Vaezpour and Karimi [21].
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1. INTRODUCTION:

Fuzzy set theory is a useful tool to describe situations in which the data are imprecise or vague. Fuzzy sets handle such
situation by attributing a degree to which a certain object belongs to a set. The idea of fuzzy norm was initiated by
Katsaras in [12]. Felbin [6] defined a fuzzy norm on a linear space whose associated fuzzy metric is of Kaleva and
Seikkala type [11]. Cheng and Mordeson [4] introduced an idea of a fuzzy norm on a linear space whose associated
metric is Kramosil and Michalek type [13].

Bag and Samanta in [1] gave a definition of a fuzzy norm in such a manner that the corresponding fuzzy metric is of
Kramosil and Michalek type [13]. They also studied some properties of the fuzzy norm in [2] and [3]. Bag and Samanta
discussed the notion of convergent sequence and Cauchy sequence in fuzzy normed linear space in [1]. They also made
in [3] a comparative study of the fuzzy norms defined by Katsaras [12], Felbin [6], and Bag and Samanta [1]. The
concept of 2-norm and n-norm on a linear space has been introduced and developed by Gahler in [7,8]. Following
Misiak [15], Malceski [14] and Gunawan [9] developed the theory of n-normed space. Narayana and Vijayabalaji [16]
introduced the concept of fuzzy n-normed linear space. Vijayabalaji and Thillaigovindan [22] introduced the notion of
convergent sequence and Cauchy sequence in fuzzy n-normed linear space and studied the completeness of the fuzzy
n-normed linear space. Many authors studied on fuzzy n-normed linear space [5]. Recently, Vaezpour and Karimi [21],
studied on the set of all #-best approximations on fuzzy normed spaces and proved several theorems pertaining to this
set.

In [10] Igbal H. Jebril and Samanta introduced fuzzy anti-norm on a linear space depending on the idea of fuzzy anti-
norm was introduced by Bag and Samanta [3] and investigated their important properties. In [17,18] Surender Reddy
introduced the notion of convergent sequence and Cauchy sequence in fuzzy anti-2-normed linear space and fuzzy anti-
n-normed linear spaces. Recently Surender Reddy [19,20] studied on the set of all #-best approximations on fuzzy anti-
normed linear spaces and fuzzy anti-2-normed linear spaces.

In the present paper, we give the set of all #-best approximations on fuzzy anti-n-normed spaces and prove some
theorems in the sense of Vaezpour and Karimi [21].

2. PRELIMINARIES:

Definition 2.1: Let 7€ N and let X be a real linear space of dimension = 7. A real valued function |[®,®, ..., 0" on

X XX X..xX = X" satisfying the following conditions
-

n

nN,: ”)C1 , X, ,...,xn” =0 if and only if X, X,,..., X, are linearly dependent,
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nN,: "x1 ,X5,..., X, || is invariant under any permutation of Xx,, X,,..., X, ,

ni,: ||x1,x2,...,x ox,

= |a| ”xl,xz,...,xn_l,xn ,forevery &€ R,

n-1°

nh,: ||xl,x2,...,x”_1, y+ z” < ||xl,x2,...,x”_1, y|| + ||xl,x2,...,x”_1, K4

| for all y, Zyxl’xz""’xn—l €eX ’

then the function ',',...,'” is called an n-norm on X and the pair (X, "',',...,' ) is called n-normed linear space.

Example 2.2: A trivial example of an n-normed linear space is X = R" equipped with the following Euclidean
n-norm.

X X Xin
X X . X
21 22 2n
||x1,x2,...,xn g = |det(xij )| = abs ,
X, X, o X,

n .
where X; = (X;,X,5,...,X;,) € R" foreach i =1,2,...,n.

Definition 2.3: Let X be a linear space over a real field F. A fuzzy subset Nof X X X X...X X X R is called a fuzzy
- —

n

n-norm on X if the following conditions are satisfied for all X,, x,,...,X,,y € X
(n—N,) Forall t€ R with t <0, N(x,,x,,....,x,,1) =0,
(n—N,):Forall te R with t >0, N(x,,x,,...,x,,t) =1 if and only if X,,X,,..., X, are linearly dependent,

(n—=N;): N(x,,x,,...,x,,t) is invariant under any permutation of X,,X,,..., X

ne

t
(n—=N,):Forall te R with t >0, N(x;,X5,....X,_;,¢X,,1) = N(X;,X5,..0,X,_,X,,7),if c£0, ce F,

>¥n—-12 > n-1*"n
C|

(n—Ng):Forall s,t€ R, N(x;,X,5,..,X,_1,X, +y,5+1) 2

n-1°

min{N (x,, X, 0 X, 12 X,,8), N(X;, Xy ees X, ¥, D)}

(n—Ng): N(x,,x,,...,X,,t) is a non-decreasing function of € R and lim N (x,,x,,...,x,,t) =1.

=300

Then the pair (X, N) is called a fuzzy n-normed linear space (briefly F-n-NLS).

Example 2.4: Let (X, "',',...,'”) be a n-normed linear space. Define
t
t+||x1,x2,...,xn
=0,ifr<0,7e R, x,,x,,....x, € X.

Then (X, N) is a fuzzy n-normed linear space.

N(x;, %y, X,,1) = , if t>0, te R, x,,%,,....,x, € X,

Definition 2.5: Let X be a linear space over a real field F. A fuzzy subset Nof X X X X...X X X R is called a fuzzy
- -

n

anti-n-norm on X if the following conditions are satisfied for all X,, x,,...,X,, Y€ X .
(a—n—N,) Forall te R with t <0, N(x,x,,....,x,,1) =1,

(a—n—N,): For all te R with t>0, N(x,x,,....x,,1) =0 if and only if X,X,,...,X
dependent,

. are linearly

(a—n—N;): N(x,,x,,....,x,,t) is invariant under any permutation of X,,X,,..., X,

n°

t
,—), if ¢#0,

q
ceF,
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(a—n—Ny):Forall s,te R, N(x;,X5,...,X,_,X, +y,s+1) <

n-1?
max{N(x1 3 Xy e Xy X, 5 8), N (X, Xy ey X,y y,0},

(a=n—Ng): N(x,,X,,...,X,,t) is a non-increasing function of € R and limN(x,, x,,...,x,,t) =0.

[—o0

Then the pair (X, N) is called a fuzzy anti-n-normed linear space (briefly Fa-n-NLS).

Remark 2.6:
From (a —2— N,), it follows that in Fa-n-NLS,

t
—), if ¢ #0,

(a—n—N,):Forall te R with t>0, N(x;,x,,....cX; ... X, 1) = N(X, Xy, X500, X c|

n°

celF,
(a—n—NJ):Forall s,t€ R, N(x;,X, 000 X; + X 5oe0s X, § + 1) <

max{N()cl 3 Xy seees Xpyeees X, 5 )y N (X3 Xy ey X, ey X, D}

Example 2.7: Let (X, "0,.,...,0 ) be a n-normed linear space. Define

3 ||x1,x2,...,x

n

N(x;,X5,0.00%,,,1) ,if t>0, teR, x,,%,,....,x,€ X,

t+||xy, Xy x,
=1,ifr<0,teR, x;,%,,....,x,€ X .

Then (X, N) is a fuzzy anti-n-normed linear space.

Definition 2.8: A sequence {x, } in a fuzzy anti-n-normed linear space (X, N) is said to be converges to x€ X if

given t >0, 0<r <1, there exists an integer 1, € N such that
N(X;, Xy peurs X, X, =X, 1) <1, ¥V k2n,.

Theorem 2.9: In a fuzzy anti-n-normed linear space (X,N), a sequence {x, }converges to x€ X if and only

x, —x,1)=0,V t>0.

n-1°

lim N(x,,x,,....,.x
k—>o0

Definition 2.10: Let (X, N) be a fuzzy anti-n-normed linear space. Let {x, } be a sequence in X then {x, } is said to

be a Cauchy sequence if 1imN(x1,xz,...,x,H,pr -x,,t)=0,V t>0and p=123,....
—o0

Definition 2.11: A fuzzy anti-n-normed linear space (X, N) is said to be complete if every Cauchy sequence in X is
convergent.
Definition 2.12: A complete fuzzy anti-n-normed linear space (X, V) is called a fuzzy anti-n-Banach space.

3. MAIN RESULTS:

Definition 3.1: Let (X, N) be a fuzzy anti-n-normed linear space. The open ball
B(x,r,t) and the closed ball B[x,7,t] with the center x€ X and radius 0 <7 <1, £ >0 are defined as follows:

B(x,r,t)={ye X :N(x,x,,.... X, |, x—y,t) <r}
Blx,r,t]={ye X : N(x;,x,,...x,_;, x—y,1) <r}

Definition 3.2: Let (X, N) be a fuzzy anti-n-normed linear space. A subset A of X is said to be open if there exists
re (0,1) such that B(x,r,t) C A forall x€ A and > 0.
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Definition 3.3: Let (X, N) be a fuzzy anti-n-normed linear space. A subset A of X is said to be closed if for any

sequence {X, } in A convergesto x€ A.

ie, ImN(x,x,,..,x,_,,x, —x,t) =0, forall >0 implies that x€ A.
k—yo0

Definition 3.4: Let (X, N) be a fuzzy anti-n-normed linear space. A subset B of X is said to be closure of A C B if
for any x€ B, there exists a sequence {x, } in A such that im N(x,,X,,....x,_,X, —x,) =0, for all >0.
k—oo

We denote the set B by A.

Definition 3.5: Let (X, N) be a fuzzy anti-n-normed linear space. A subset A of X is said to be compact if for any

sequence {X, } in A has a sequence converging to an element of A.

Lemma 3.6: If (X, N) be a fuzzy anti-n-normed linear space then
(i) the function (X, y) —> x4+ y is continuous.
(ii) the function (&, X) — Qx is continuous.
Proof: (i) If x, = x and y, —> y thenas k —> oo,
t t
N(x;, Xy X, (X, + ) = (x+ ), 1) Smax{N(x,, X,,..., X,_;, X; —x,g),N(xl,xZ,...,xn_l, Vi — y,E)} -0
()If x, >x, @ = & and o, #0 then
N(x;, Xy X, 0, X, —00,1) = N (X, Xy 50000 X, O, (X, —X)+X(0, — ), 1)
t t
Smax{N(x,,X,,....x,_,0 (X, — x),a), N(x;, xye X, x(0f, — 0{),5)}

) NG Xy X s Xy )} =50 as k —> oo

RRECE

Definition 3.7: Let (X,N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X.

<max{N(x;,X,,....X,_, X, — X,

s V-1

2

Letd (A, x,t) =inf{N(x,, X,,....,.x,_,x—y,t): y€ A}, where x€ X, t>0. Anelement y,€ A is said to be

a t-best approximation of x from A if N (X, X,,...,X,_, Yo —X,1) =d(A,x,1).

Definition 3.8: Let (X, N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X. For x€ X ,

t >0, we shall denote the set of all elements of #-best approximation of x from A by P/; (x) and is defined as
Pi(x)={ye A:d(A,x,1) = N(X, Xypee0 X, |, Y= X, 1) }.

If each x€ X has at least (respectively exactly) one #-best approximation in A then A is called a f-proximinal
(respectively t-chebyshev) set.

Definition 3.9: Let (X, N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X. For £ >0, A is
said to be t-boundedly compact if for each x€ X and 0 <r <1, B[x,r,t]N A is a compact subset of X.

Definition 3.10: Let (X, N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X then
Od(A+ y,x+ y,t)=d(A,x,t), forall x,ye€ X and >0,
(i) P, (x+y)=P,(x)+y, forall x,ye X and t >0,

(iif) d (A, azx. 1) =d(A,x,ﬁ),forall xe X, t>0and @ R—{0},
(04
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(iV)PD‘:‘r(de) =P, (x),forall xe X, t>0 and € R—{0},
(v) A is t-proximinal (respectively t-chebyshev) if and only if A+y is #-proximinal (respectively #-chebyshev), for any
givenye X,

(vi) A is t-proximinal (respectively t-chebyshev) if and only if QA is |0(|t -proximinal (respectively |a|t -chebyshev),
for any given each &€ R—{0}.

Proof: (i) For x,y€ X and £ >0,
d(A+y,x+y,t)=inf{N(x,x,,....x,,(z+y)—(x+ y),t): z€ A}
=inf{N(x,x,,....x,_ ,2—x,t):z€ A} =d(A,x,t).
(ii) On using (i), y, € Py, ,(x+y) ifand only if y,€ A+ y and
d(A+y,x+y,6) = N(X;, Xy, X, |, X+ Y= Y,1) if and only if Yo—Y€EA and
d(A,x,t) = N(x;, Xy X, X — (¥, — ¥),1) if and only if y, — y€ P;(x)
ie, Y€ Pi(x)+y.
(iii) We have d(0A, ox,t) =inf{N(x,, x,,...,.x,_,ax—az,t): z€ A}
=inf{N(x,,x,,....x,_,(x—2),1): z€ A}
t t

=inf{N(x,,x,,cc. X, X—Z2,—): Al =d(A,x,
ln{ (‘xl ‘x2 'xnl'x Z a,|) € } ( x|a|

).

(iv) On using (i), it follows that y, € P\ (@zx) if and only if y, € QA and

d(QA, ax,t) = N(X,, Xy X, 00— yy,1) if and only if 22€ A and
o

N(x,, xz,...,xnfl,x—&,t) =d(A, x,t) . However, this is equivalent to &6 P (x).
a o

ie, y,€ aP(x).

(v) The proof of (v) is an immediate consequence of (ii).

(vi) The proof of (vi) follows from (iv).

Corollary 3.11: Let M is a non empty subset of X then
OhdM,x+y,t)=d(M,x,t),forall t>0 x€ Xand ye M,

(i) Py, (x+y) =P, (x)+y, forall t>0 x€ Xand ye M,

Gi)d(M ,ax,|ot]) = d(M , x,1)  forall t >0, x& X and € R—{0},

(iv)PA‘f‘r(ax) =aP, (x),forall >0, xe X and @€ R—{0}.

Proof: The proof of (i) and (ii) follows from theorem 2(i) and 2(ii) and the fact that if M is a subspace and y€ M
then M +y=M .

The proof of (iii) and (iv) follows from theorem 2(iii) and 2(iv) and the fact that if M is a subspace and @& # 0 then
aM =M .

Definition 3.12: For xe X, 0<r<1, t>0,

Slx,r,t]={ye X : N(x,,x,,..., x,_,Xx—y,t) =r} and e;(x):d(A,x,t).

Theorem 3.13: Let (X, N) be a fuzzy anti-n-normed linear space, AC X , xe X / A and £ >0 then we have
P,(x) = AN B[x,e,(x),t]= AN S[x, €} (x),1] )

Proof: This inclusions

P,(x) c AN S[x, €, (x),t]c AN B[x,€}(x),1] )

© 2011, IJMA. All Rights Reserved 2040
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are obvious by the definitions of P, (x) and €', (x).
Conversely, let ye AN B[x, e; (x),t], then we have ye A and
N(x,, Xy X, 1, V= X,1) S €4 (X) =d (A, Xx,1) S N (X}, Xy pees X, Y—X,1).

Therefore ye A and N(x, X5y X, 1, y— X, 1) =d (A, x,1), which implies that ye€ P;(x). So,
AN B[x,e,(x),t]cC Pfi (x) . Hence by (2) we have (1) which completes the proof.

Remark 3.14: Let (X, N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X, xe X / A and
t >0 then we have
AN B(x, e, (x),1) =D, 3

because, if y,€ ANB(x, e; (x),1) then d(A,x,t) S N(X;,X5s.0s X, X~ ¥o,1) <d(A,x,t) which is
impossible.

Corollary 3.15: Let (X, N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X, x€ X / A
with Py (x) #® and 0<r <1 such that,
d=ANB[x,r,t]c S[x,r,t] 4)

Then we have r = €', (x) , and we can write AN B[x,r,t]= P,(x).

Proof: If r <¢',(x) then by the definition of €}, (x) we have AN B[x,r,t]=®,
which contradicts (4). If r > e; (x), since Pfi (x) # P, then by (1) we have
® # P,(x) = AN B[x, ¢, (x),t] < AN B(x,r,t), which contradicts (4), and this completes the proof.

Definition 3.16: Let (X, N) be a fuzzy anti-n-normed linear space, 0 <7 <1 and > 0.
We shall say that aset A C X supports the cell B[x,7,t], or that A is a support set of the cell B[x,r,t], if we have
d(A,Blx,r,t],t)=1and AN B(x,r,t)=.

Theorem 3.17: Let (X,N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X and
X€e X/Z, a,€ A and t>0. We have a,€ P,(x) if and only if the set A supports the cell
B=DB[x,N(x;,Xy,....,%,_,ay— X,1),t].

Proof: Assume that a,€ P,(x). Hence N(X,X,,...,X
ANB(x,N(x,,X,,.... X

n—-1°

a,—x,t)=d(A,x,t). Then by (3), we have

n-1?

a,—x,1),1) =P, on the other hand, since
a,€ ANB[x,N(x,,x,,...,X,_,a,— X,t),t], we have d(A,B,t)=1. Consequently, the set A supports the cell

B. Conversely, suppose d, & P,(x), hence N(xX,,X,,...,X, ;,dy—X,1)>d(A,x,t) and let 0 <& <1 such that

n

N(x,X,y,....X,_,ay— X,t) > d (A, x,t) + €. Then there exists an @ € A such that
a,—x,t)>d(A,x,t)+€&>N(x,,Xy,.... X,_;,a—X,1) , hence

s V-1

N(x;,Xy500s X

n—-1°

ac B(x,N(x,,x,,...,x,_,,a,— X,t),t) . Consequently, A does not support the cell B.

Remark 3.18: We recall that a set A in a topological space 7 is said to be countably compact, if every countable open
cover of A has a finite subcover, or, which is equivalent, if for every decreasing sequence A1 D A2 D... of non-void

closed subset of A we have ﬂ A #D.

n=1

Theorem 3.19: Let (X, N) be a fuzzy anti-n-normed linear space, T be an arbitrary topology on X and t > 0. If A
is a nonempty subset of X such that for AN B[x,r,t] is T -countably compact, then A is ¢-proximinal.

© 2011, IJMA. All Rights Reserved 2041
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Proof: Forall ne N, 0<1—d(A,x,t)+M<l.Put
n+l1
A,’l=AﬁB[x,1—d(A,x,t)+M,t}, (n=12,.).

1
Since for every ne N, d(A, x,t)(l——lj > d(A, x,t), obviously Al D A) D... and each A’ # P . Hence
n+

there exists a; € A such that

d(A, x,t)[l—Lj > N(X, Xy X, > — X, 1) .
n+1

It follows that afl S A,'l . Now, since each A,'l is 7 -countably compact and 7 -closed, we conclude that there exists an

= 1
a, € ﬂA; Then we have d(A,x,t)SN(xl,xz,...,xnl,ao—x,t)ﬁd(A,x,t)(l——lj, (n=12,..),
n+

n=1
hence

a, € P,(x) which completes the proof.

Definition 3.20: Let (X, N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X. An element

Yo € A is said to be an F-best approximation of X € X from A if it is a -best approximation of x from A, for every

t>0, ie, y,€ ﬂ P(x).

te(0,0)

The set of all elements of F-best approximations of x&€ X from A is denoted by FP, (x) and is defined as
FP(x)= () Pi(x).

te(0,00)

If each x€ X has at least (respectively exactly) one F-best approximation in A then A is called a F-proximinal
(respectively F-chebyshev) set.

Example 3.21: Let X = R®. Define N : X X X x X X[0, ) —[0,1] by

||x1 X5 x3||

N(x,x,,x5,1) = Jif t>0,1eR, x,x,,x,€ X,

=1,if t<0,teR, x,x,,x,€ X,

1<i<3

3
where ”)C1 Xy, x3|| = min Z|xfj| . Then (X, N) is a fuzzy anti-3-normed linear space.
=1

Let A={(a,b,c)e R’ :a* +b* <1, 0<c<a’ +b*)
and x, =(L0,0), x, =(0,1,0), x=(0,0,4) arein X. Let a, =(0,~L1) and a, =(0,1,1)
are in A, Then for every 1 >0,
N(xlaxzaa() _xat) = N(xlaxzs(os_lal) _(0s074)7t) :%
1

N(x,x,,a,—x,1)= N(x,,x,,(0,1,1)=(0,0,4),7) =
t

On the other hand

d(A,x,t) =d(A,(0,0,4),t) =inf{N(x,,x,,u—(0,0,4),7) :ue A}
=inf{N(x,,x,,(a,b,c)—(0,0,4),1): a*+b*<1,0<c<a’ +b2}

© 2011, IJMA. All Rights Reserved 2042
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X3 | + |x32| + |x33 - 4|)}

f{min(]x”|+|xlz|+|x13 x21|+|x22|+|x23

’ ’

=in
t

So, for every t>0, a,=(0,-11) and a, =(0,1,1) are rbest approximations of (0,0,4) from A. Hence

a, =(0,—1,1) and a, =(0,1,1) are F-best approximations of x =(0,0,4) from A. Therefore A is not an F-
chebyshev set.

Example 3.22: Let X = R”. Define N : X X X X X xR —[0,1] by

||x1 > Xg5 X3 "

N(x;,x,,x5,1) = if t>0,7e R, x,x,,x,€ X,

t+|x, xy, x|

=1,if t<0,teR, x,x,,x,€ X,
3

where ”)C1 Xy, x3|| = min Z|xli| . Then (X, N) is a fuzzy anti-3-normed linear space.
1<i<3
J=1

Let A={(x,y,2)e R : x> +y* +2>>1} .
Then, for every a=(x,y,z)€ R’ where x>+ y>+2z°> <1, there exists a unique a, =(xy,¥9,29)€ A

(especially in 0A) which is an F-best approximation of a from A.

So A is an F-proximinal set.

Remark 3.23: For an arbitrary set A C X we shall denote by dA the boundary of A, and by M, the set of all

elements of the F-best approximation of the elements x € X from A.

ie. M, =JFP,(».

xeX

Theorem 3.24: Let (X, N) be a fuzzy anti-n-normed linear space and A is a non empty subset of X, and A be a F-

best proximinal set in X then JAcM 4

Proof: If 0A =@, the proof is obvious. If 0A # P, let a, € 0A, 0<ée<1 and >0 be arbitrary. Then there
7 ’ 7 t .
exists 0 <& <1 such that € <& and the cell B(a,,& ,5) contains at least one element x& X/A. Let

7, (x)e FP,(x) (it exists, since by hypothesis, A is F-proximinal). Then we have,

s NMp—12 > Vp—1°

N(X, Xy ooy X,y Gy — T, (X), 1) SMax{N(x,,X,,..., X ao—x,%),N(xl,xz,...,xn_l,x—ﬂ'A(x),%)}

t

t
=max{N(x,Xx,,...X,_,,d, —x,E),N(xI,xz,...,xnfl,A—x,a)}

n

t t
<max{N(x,,X,,.... X,_. 4, —x,E),N(xl,xz,...,xnfl,ao _X’E)}
<max{e,e}=€<e¢

So, B(a,,&,t)MM , # P and since € >0 is arbitrary, we obtain a, € MA which completes the proof.
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