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ABSTRACT

The notion of rare continuity was introduced by Popa [9] and almost continuous functions were introduced by
Singal and Singal [13] in 1968. In this paper, we introduced the new class of functions called rarely ag*s-
continuous and almost ag*s-continuous functions in topological spaces using ag*s-open sets. We investigated
several properties of rarely ag*s-continuous and almost ag*s-continuous functions which are weaker than
ag*s-continuous functions.
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1. INTRODUCTION AND PRELIMINARIES

A crucial area of discussion in general topology is the concept of continuity. Singal and Singal [13] defined
almost continuous functions as generalizations of continuity as weaker and stronger types of continuity. In 1978,
Popa [9] generalized Singal's notion of virtually continuity by defining almost quasi continuous functions. In
topological spaces, Munshi and Basan looked into the characteristics of almost semi-continuous functions.

In this paper, a new class of weaker than ag*s-continuous functions, known as rarely ag*s-continuous functions
was introduced using ag*s-open sets. The examination of a new weaker class of functions known as almostog
*s-continuous, along with various characterizations is covered in the next section. Finally, some essential
characteristics of almostag*s-functions are defined.

Throughout this paper, spaces P* and S* always means topological spaces (P*,t) and (S*,6) and ¥:(P*,1) —(S*,0)
(simply ¥: P* — S*) denotes a function ¥ of a space (P*, 1) into a space (S*, o).

For the convenience of the reader we first review some basic concepts, most of them are very well-known from the
literature.

Definition1.1[11]:A subset A of a topological space X is called ag*s-closed ifa-cl(A) € U whenever A< U and
U is gs-open in P*.

The complement of a ag*s-closed set is called ag*s-open.

Definition 1.2 [11]: A function W issaid to be ag*s-continuous (ag*s- irresolute) if for every open (resp. ag*s-open) set
V in $* ¥ (V) is ag*s-open in P*.
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Definition 2.1: A function Wis called almost continuous [13] (in the sense of Signal) at r eP* if for every open set V*
in S* containing \P(r), there is an open set U* in P* containing r such that W(U*) < cl(int(V*)).

If Wis almost continuous at every point of P*, then it is called almost continuous.
2. Rarely ag*s-Continuous Functions

In this section, authors introduced the concept of weaker forms of continuous functions called rarely ag*s-
continuous functions in topological spaces and some basic properties related to these functions are studied.

Definition 2.1: A function ¥ :P* — S* is called rarely ag*s-continuous (briefly r. ag*s.C) if for each p €P* and
each W* e S*(\P(r)), there exist a rare set R* 4« with W* m cl(R*,) = ® and U* € O(P*, p) with'¥(U*) c W* U
R*y.

Theorem 2.2: The following statements are equivalent for a function\¥:
(i) Yisr.og*s.Catp e P*.
(ii) For each W* e S*(\P(p)), there exists U* eag*s-O(P*,p) such that int['¥(U) N (S*-W*)] = .
(iii) For each W* e S*(\W(p)), there exists U* eag*s-O(P*,p) with Int['\P (U* )] < cl(W*).

Proof:
(i) > (ii): Let W* € S*(¥(p)). As¥(p) € W* c Int(cl(W*)) and int(cl(W*)) € S*(\¥(p)), then there exist a rare
set R* g+ With int(cl(W*)) M cl(R*oexs) = ¢, where U* eag*s-O(P*, p) and¥(U*) < int(cl(W?*)) U R*;gxs.

Thus, int[¥(U*) N (S*= W*)] = int[¥(U*)] N int(S*W*) < int[int(cl(W*)) U R* =] (§*— cl(W*)) < (cl(W*)
U INt(R* g% )) M (S*—cl(W*)) = @. Hence, int[¥(U*) N (S*W* )] = .

(if) > (iii): Let W* e S*(W(p)). From (ii), there exists U* eag*s-O(P*, p) with int['\¥ (U*)"(S*— W*)] = ®. We
have, int['¥ (U*)N\(S*=W*)] = int(W(U*))nint((S*= W*)) = int(W(U*)) N (S* —cl(W*)) = D.
Then int[¥(U*)] ccl(W*).

(iii) = (i): Let G* €0O(S*, E(p)). Then by (iii), there exists U* eag*s-O(P*, p) such that int['\¥'(U*)] — cl(G*).
So¥Y(U*) = [PU*)— Int( WU*)] v int(¥U*) < [PU*- int( ¥YU*F)] v cl(G*) =
[¥(U*)—int(P(U*))]UG*u(cl(G*)-G*) = [ Y (U*)-int( ¥ (U*))]N(S*—G*)UG*U(CI(G*)-G*).

Set R* = [¥(U*) — int(WY(U*))] » (S* — G*) and R** = CI(G*) — G*. Then R* and R** are rare sets.

Moreover Rg = R* U R** is a rare set such that cl(Rg) N G* = ¢ and W¥(U*) < G* U Rg. This shows that \V is
r.ag*s.C.

Theorem 2.3: Every rarely continuous function is r.ag*s.C.

Proof: Let p € P* and W* €O(S*) containing W(p). As W is r.C, there exists U* € O(P*) with Int(¥(U*)) c
CI(W*). Then, U* eag*s-O(O*, p). Hence ¥ is r.ag*s.C.

Example 2.4: Let P* = S* = {a, b, c} with t = {P*, ¢, {a, b}, {c}} and o = {S*, ¢, {a}, {b}, {a, b}}. Let us
consider the function ¥: P* — S* as the identity functions. Then ¥ is r.ag*s.C but not rarely continuous. Let a
S*. The for any open set U* containing a, we have int['\¥ (U*) n (S* - W*)] #¢.

Theorem 2.5: A function ¥ is r.ag*s.C if and only if for each W* € O(S*), where W* — S*, there exists a rare
set Rygr, With W* MCI(Rgxs) = ¢ With W H(W* ) clntag*s[¥ " (W* UR )]

Proof: Let W* €O(S*, ¥(p)), then there exists a rare set Rye+s With W* M Cl(R,g+s) = ¢ and U* eag*s-O(P*, p)
with W(U*) © W* UR,gx. Let s € W*. Since, W* € W* URgx,, then s € W* UR . It follows that p e ¥~ (W*)
P H(W* UR,,), that is p e Int-ag*s(¥(W* URygx)).

On the other hand, let W* €O(S*, ¥(p)). Then there exists a rare set R,g+ With W* N CI(R,g+s) = ¢ with ¥ W) <

Int-ag*s[ ¥ (W* URg)]. Let p € P (W*) ¥ (W* UR,). This implies that p € Int-og*s(‘¥ ™ (W* UR,g)). Then,
Y isr.ag*s.C.
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Definition 2.6: A function W is said to be ag*s*-continuous (briefly ag*s*.C) at the point p if for each W*<O(S*,
Y(p)), there exists U* eag*s-O(P*, p) with int{¥(U*)] c W*.
If ¥ has this property at each point p € P*, then ¥ is ag*s.C on P*,

Theorem 2.7: Let S* be a regular space of a function W is ag*s*.C on P* if and only if ¥ is r.ag*s.C on P*,

Proof: Let W be r.ag*s*.C on P*, where p € P*. Suppose W* €O(S*, ¥ (p)). There exists U* eag*s-O(P*,
p)such that Int[¥(U*)] < W*, and so Int[¥(U*)] < CI(W*). Thus, ¥(U*) = [¥(U*)~Int(¥(U*))]u Int(¥(U*)) <
[¥(U*) — Int(¥(U*))] ucl(W*) = [ (U*) — Int(‘P(U*))] U W* U (cl(W*) = W*) = [P (U*) — Int(P(U*))] n (S*—
W*) U W* U (cl(W*) — W*).Put R*; = [¥(U*) — Int(¥(U*))] N (S*~ W*) and R*, = (CI(W*) — W*) and so R*;
and R*, are rare sets. Also Ry = R*1U R*; is a rare set with CI(Rg+) N W* = ¢ and W(U*) < W* URxs.
ThusY is r.ag*s.C.

On the other hand, let ¥ be r.ag*s.C and p € P*. Suppose ¥(p) € W*, such that W* € O(S*). As S* is regular,
there exists W* e O(S*) with CI(W*;) « W*. As Z is r.ag*s.C, so U* eag*sO(P*,p) with Intf¥(U*)] <
CI(W*,), which shows that Int['¥(U*)] < W*. Thus¥ is r.ag*s*.C.

Definition 2.8: A function W is called almost weakly ag*s-continuous (a.w.oag*s.C) if for each W*eO(S*, ¥ (p)),
there exists U* eag*s-O(P*,p) with ¥ (U*) c CI(W?).

Theorem 2.9: If¥ be ag*s-open, r.ag*s.C, then¥ is a.w.ag*s.C.

Proof: Let p eP* and W* O(S*, W(p)). Since¥ is r.ag*s.C, so U* eag*s-O(P*) with Int(‘¥(U* )) = CI(W*).
Again as¥ is ag*s-open, ¥(U*) eag*sO(R*) and hence W (U*) = ag*s-Int(¥(U*)) < Int(¥(U*)) < CI(W*). SoW¥
is a.w.ag*s.C.

Theorem 2.10: Let ¥ be r.ag*s.C. The graph g*: P* — P* x S*, defined as g*(p) = (p, ¥(p)), for every p in P* is
r.ag*s.C.

Proof: Let p € P* and A* O(S*, ¥(p)). Then there exist, U* € O(P*), W* €0O(S*) with (p, ¥(p)) € U* x W*
A*. As ¥ is r.ag*s.C, so G* € O(P*,p) with Int[¥(G*)] < cl(W*). Put B* = U* n G*, so B* eag*s-O(P*,p).
Also, Int[g*(B*)] cInt(U* x ¥(G*)) < U* x cl(W*) < cl(A*). Thus, the graph g* is r.ag*s.C.

Definition 2.11: A subset K of a space P* is said to be —
(i) oag*s-compactrelative to P* [11] if every cover of K by ag*s-open sets has a finite subcover.
(if) A space P* is said to be ag*s-compact [11] if P* is ag*s-compact relative to P*.
(iii) rarely almost compact [12] relative to P* if for every cover of K* by open sets, there exists a finite
subfamily whose rarely union sets cover K*.
(iv) A space P* is said to be rarely almost compact [12] if the it is rarely almost compact relative to P*.

Lemma 2.12: If ¥ is continuous and one-to-one, then W is preserves rare sets.

Theorem 2.13: If W: P* — S* be r. ag*s.C and W*: S* — K* is a continuous injection, then ¥* o ¥: P* —» K* is
r.ag*s.C.

Proof: Let p eP* and (¥* o ¥)(p) €V*, where V* €O(K*). As W* is continuous, we have W* = W*(¥(V))
€O(S*) containing W(p) such that ¥*(W*) — V*. Since ¥ is r.ag*s.C, there exists a rare set R« With W*
MCI(Rogxs) = ¢ and U* € O(P*,p) such that ¥ (U*) c W* UR gxs.

It follows from Lemma 2.12, W(R+;) is a rare set in K*. Since R« is a subset of S* W* and W is injective,
CI(¥(Ryg*s )) N V* = ¢. This implies that (¥*0 ¥)(U*) = V* U¥(Rge+s). Thus, ¥* o ¥ is r.ag*s.C.

Definition 2.14[6]: A space P* is called rarely separated if for every pair of distinct points p, q €P*, there exist
U*,, U*,e O(P*) and rare sets R*y«, R*yxy with U*y Cl(R*yx ) = ¢ and U*y cl(R*y», ) = dwith (U*0 R*yx )
M (U*yu R*U*y) = (1)

Definition 2.15[11]: A space P* is said to be ag*s-T, if for any distinct pair of points p, g €P*, there exist
disjoint ag*s-open sets U* and V* in P* containing p and g respectively.
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Theorem 2.15: Let W be r.ag*s.C injection such that S* is rarely separated, then P* is ag*s-T,.

Proof: Let p, g eP* with p #q. Then W(p) #¥(q) as ¥ is injective. Thus there exist G*,eO(S*, ¥(p)), U*/e
O(S*, ¥(0)) and rare sets R*y« and R*~, with U*,n CI(R*yx) = ¢ and U*yn CI(R*yxy) = ¢ with (U* 0 R*yy )
A (U*yn R*ysy ) = 6. Thus, Int-ag*s[¥(U*,0 R*y)] N Int-ag*s[PH(U*u R*y)] = ¢.

Thus, we have p e ¥ (U%,) c Int-ag*s[¥ ™ (U*,u R*y)] and q e ¥ (U*)) c Int-ag*s[P(U*,u R*)]. As Int-
ag*s[PH(U*n R*y)] and Int-ag*s[¥(U*,n R*y)] are two disjoint ag*s-open sets and hence P* an ag*s-T,
space.

Theorem 2.16: Let P* be any space with A* —P* and W: P* — (A*, tax) be r.ag*s.C retraction of P* onto A*. If
P* is Hausdorff, then A* is a closed.

Proof: On the contrary A* is not closed. Then, there exists a point p € CI(A*) — A*. As ¥ is a retraction
function, ¥ (p) = p. Moreover, P* is Hausdorff, there exist disjoint H* e O(P*, p), W* € O(P*, ¥(p)).

Now, for the open set W*, there exists a rare set R* .+, in the subspace A* and U* €O(P*, p) with CI(R*ye+s) M
W* = ¢, U* < H* and W (U*) € W* U R*g+. As U* N A* cag*s-O(A*), there is a point a € U* n A* such that
a & R¥*yex. SO, W(a) = a @ W* U R* .+, then ¥ is not r.ag*s.C which is a contradiction. Thus, A* must be closed.

3. Almost ag*s-Continuous Functions —

In this section we introduced almost ag*s-continuous functions in topological spaces and study some of their
basic properties.

Definition 3.1: A function ¥: P* — S* is said to be almost ag*s-continuous (a.ag*s.C) if for each r € R* and
V*cO(S*,¥()), there exists U* eag*s-O(P*, r) such that ¥ (U*) < int(CI(V*)).

Example 3.2: Let P* = {a, b, c} with t = c = {P*, ¢, {a}, {b}, {a, b}}.
Then define the function ¥: P* — P* as W(a) = b, ¥(b) = b and ¥(c) = a. Then ¥ is a.ag*s.C.

Theorem 3.3: For a function'P, the following statements are equivalent:
(i) Yisa.ag*s.C.
(ii) for every V* € RO(S*), ¥ '(V*) cag*s-O(R*).
(iii) for every F* ¢ RC(S*), ¥ *(F*) cog*s-C(R*).
(iv) If A* <P*, W (ag*s-CI(A*)) cCI3(\Y(A%Y)).
(v) If B* < S*, ag*s-CI(¥ }(B*)) ¥ }(CI5(B*)).
(vi) for every F* €3C(S*), ¥ *(F*) cag*s-C(R¥).
(vii) for every V* €80(S*), ¥ }(V*) cag*s-O(R*).

Proof: (i) = (ii) Suppose V* € RO(S*) and r e ¥ }(V*). Then ¥(r) € V*. As V* € O(P*) and = is a.og*s.C, s0
U* eag*s-O(P*, r) with?(U*) < int(cl(V*)) = V*. Thus, r € U* ¥ (P(U*) ¥ '(V*) and so, ¥ }(V*)
eag*s-O(R*).

(i) = (v): Let B* = S*. Then ¥ (B*) <S*. By (iv), ¥(ag*s-cl(¥ *(B*))) ccld(¥ (¥ *(B*))) ccl(5(B*)) and so,
ag*s-cl(¥ 1 (B*)) ¥ (¥ (ag*s-cl(P (B*)))) ¥ (CIS(B*)).

(V) = (vi): Let F* € §-C(S*), then ag*s-cl(¥ (F*)) c¥ Y(CI3(F*)) = ¥ *(F*).
So, ag*s-cl(¥ *(F*)) = ¥ (F*) and hence ¥ '(F*) cog*s-C(P*).

(vi) = (vii): Let V* € §-O(S*), then S* - V* e §-C(S*). By hypothesis, ¥ }(S* - V*) eag*s-C(R*). Since
PS> - V*)= P* - ¢ H(V*), we have P* - ¥ 1(V*) eag*s-C(P*). Thus, ¥ *(V*) cag*s-O(P*).

(vi) = (i): Let r eP* and V* €O(S*) where¥(r) € V*. Let us put W* = int(cl(V*)) and U* = ¥ 1(W*). As

cl(V*) is a closed in S*, so W* = int(cl(V*)) e 3-O(S*) and from (vii), U* = ¥ }(W*) cog*s-O(P*). Now, ¥(r)
e V* = int(V*) c int(cl(V*)) = W*, and so r e ¥ 1(W*)= U* ¥ (U*)= ¥(¥ }(W*)) = W* = int(cl(V*)).
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Proposition 3.4: Every a.ag*s.C is w.ag*s.C.

Proof: Let r eP* and V* €O(S*) with¥(r) € V*. As W is a.ag*s.C, there exists U* eag*s-O(P*) with r ¢ U*
and ¥ (U*) c int(cl(V*)) < CI(V*). Hence, ¥ is w.ag*s.C.

Example 3.5: Let P* = {a, b, ¢, d} and t = {P*,0, {a}, {a, b}, {c, d}, {a, c, d}} and & = {S*, ¢, {b}, {b, d}, {b, c,
d}}. Here ag*s-closed sets of P* are: P*, ¢, {c}, {d}, {c, d}, {a, b}, {a, b, c}, {a, b, d}}.

Let us consider the identity functions¥: P* — S*. Then ¥ is almost ag*s-continuous but not ag*s-continuous.
Since the set {b} is open in P*, but there does not esists ag*s-open set U* in P* containing the point b, that is
b e?(U*) < {b}.

Theorem 3.6: For a function W, the following statements are equivalent:
(i) ¥isa.og*s.C,
(ii) foreachr eP*and V* € O(S*) containing ¥ (r), there exists U* eag*s-O(P*, r) with¥(U*) <sCI(V*),
(iii) for each r eP* and V* € RO(S*) containing W (r), there exists U* ag*s-O(P*, r) with¥(U*) c V*.
(iv) for each r eP* and V* e 56-O(S*) containing (r), there exists U* eag*s-O(P*, r) with?(U*) < V*.

Theorem 3.7: For a function ¥, the following statements are equivalent:
(i) ¥isa.og*s.C,
(i) P (int(cl(V*))) eag*s-O(P*), for every V* eO(S*).
(iii) for every F* € C(S*), ¥ *(cl(int(F*))) eog*s-C(P*).

Proof: (i)=(ii): Let V* € O(P*). We have to show that ¥ *(int(cl(V*))) eag*s-O(P*).

Let r e *(int(cl(V*))). Then ¥(r) e int(cl(V*)) and int(cl(V*)) which is a regular open in S*. As ¥ is a.og*s.C,
so U* eag*s-O(P*, r) with W(U*) < int(cl(V*)), that is r e U* <% (int(cl(V*))). In consequence,
P (int(cl(V*))) eag*s-O(P*).

(i) = (iii): Let F* e C(S*). Then S* - F* cO(S*). From (ii), ¥ '(int(cl(S* - F*)))) eag*s-O(P*) and
¥ (int(cl(S* - *F))) = W X(int(S* - int(F*))) = ¥ 1(S* - cl(int(F*))) =P* - ¥ (int(cl(F*))). HenceW *(int(cl(F*)))
eag*s-C(P*).

(i) = (i): Let F* eRC(S*). Then, F* eC(S*). From (iii), ¥ *(cl(int(F*))) eag*s-C(P*). As F* € RC(S*), then
¥ i(cl(int(F*))) = = 1(F*). Therefore, ¥ '(F*) eag*s-C(P*). By Theorem 3.3, ¥ is a.ag*s.C.

Theorem 3.8: Let ¥ be a.ag*s.C and V* € O(S*). If r eag*s-cl((¥ }(V*)) - (¥ 1(V*), then ¥(r) cag*s-cl(V*).
Proof: Let r eP* with r eag*s-cl((¥ *(V*)) - (¥ *(V*). Suppose ¥(r) gag*s-cl(V*). Then, H* cag*s-O(S*)
containing W(r) where H* n V* = ¢. So, cl(H*) n V* = ¢, and so int(cl(H*)) n V* = ¢ and int(cl(H*)) is a
regular open in R*. As V¥ is a.ag*s.C, U* eag*s-O(P*, r) with ¥(U*) — int(cl(H*)). Hence, ¥(U*) n V* = ¢.

However, since r eag*s-cl((¥ 1(V*), U* N (¥ }(V*) = $holds for every U* eag*s-O(P*, r), so W(U*) N V* =4,
we have a contradiction. Then it follows that W(r) eag*s-cl(V*).

Definition 3.9: Let P* be a space. A filter base A* is said to be:
(i) ag*s-convergent to a point r in P*, if for every U* cag*s-O(P*, r), there exists B* € A* with B* — U*.
(ii) r=-convergent [12] to a point r in P* if for every U* € RO-(P*, r), there exists B* € A* such that B* — U*.

Theorem 3.10: If ¥ is a.ag*s.C, then for each r eP* and filter base A* in P* isag*s-converging to r, the filter
base W(A*) is r¥-convergent to \P(r).

Proof: Let r eR* and A* be any filter base in P*, which isag*s-converging to r. By Theorem 3.6, for any V*
€RO-(S*) containing W(r), there exists U* eag*s-O(P*, r) with ¥ (U*) c V*.

As A* is ag*s-converging to r, there exists B* € A* with B* — U*, that is W(B*) <V*. Hence the filter base
W(A*) is r*¥-convergent to W(r).

Definition 3.11: A net (r,) is said to be ag*s-convergent to a point r, if for every V* cag*s-O(P*, r), there exists
an index g such that for A> A, ne V*.
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Theorem 3.12: If W is a.ag*s.C, then for each point r eP* and each net (r,) which is ag*s-convergent to r, then
the net W((ry )) is r*-convergent to Z(r).

Proof: The proof is similar to that of Theorem 3.9.
Theorem 3.13: If W is a.ag*s.C injective and S* is r-Ty, then P* is ag*s-T;.

Proof: Suppose S* is r-T;. For any distinct points r and s in P*, W(r) #¥(s). There exist V*, W* €O(R*) with
P(r) e V*, P(s) ¢ V*, P(r) ¢ W* and W(s) € W*. As ¥ is a.ag*s.C, ¥ 1(V*), ¥ {(W*) eag*s-O(P*) with
re? }(v¥),s e? {(V*), r ¢ ¥ {(W*) and s e ¥ }(W*), which shows that P* is ag*s-T;.

Theorem 3.14: If W is a.ag*s.C injective and S* is r-T,, then P* is ag*s-T,.

Proof: For any pair of distinct points r and s in P*. Thenby the injectivity of W, W(r) #¥(s). There exist disjoint
U*, V* e RO-(P*) such that ¥(r) € U* and ¥(s) € V*. As ¥ is a.og*s.C, ¥ (U*) € og*s-O(P*, r) and
P HV*) eag*s-O(P*, s). Thus, ¥ H(U*) "W 1(V*)=¢, as U* N V* = ¢. SoP* is ag*s-T,.

Definition 3.15: A function W is said to be:
(i) ag*s-irresolute [11] if ¥ *(V*) is ag*s-open in R* for every ag*s-open set V* of S*.
(ii) faintly ag*s-continuous (briefly f.ag*s.C) if for each point r € R* and each 8-open set V* of S*
containing W(r), there exists U* eag*s-O(R*, r) such that W(U*) c V*.

Theorem 3.16: A function ¥ is f.ag*s.C if and only if ¥ (V*) eag*s-O(P*) for every V* e 0-O(S*).

Proof: Suppose ¥ is f.ag*s.C. Let V* € 0-O(S*) and r e ¥ (V*). As ¥(r) eV* and ¥ is f.ag*s.C, so U* cog*s-
O(P*, r) with®(U*)  V*. Thenr € U* ¥ *(V*). Thus ¥ (V*) is ag*s-open in P*.

Conversely, let r eP* and V* e 0-O(S*) containing ¥(r). From hypothesis, ¥ (V*) eoag*s-O(P*, r). Take U* =
P H(v*), then W(U*) < V*. This shows that ¥ is f.ag*s.C.

Definition 3.17: A topological space P* is said to be almost regular [10] if for any F* € RC(P*) and any point
r eP* - F*, there exist disjoint U*, V* € O(P*) such thatr ¢ U* and F* < V*,

Theorem 3.18: If ¥ is a w.ag*s.C and S* is almost regular, then W is a.ag*s.C.

Proof: Let r € P* and V* €O(S*, W¥(r)). By almost regularity of S*, there exists G* € RO(S*) with W¥(r) € G*
CI(G*) cint(CI(V*)) . As ¥ is w.ag*s.C, there exists U* eag*s-O(R*, r) with¥(U*) < cl(G*) < int(cl(V*)).
Thus, ¥ is a.ag*s.C.

Definition 3.19[11]: A ag*s-frontier of a A* is denoted by ag*s-Fr(A*), is defined by ag*s-Fr(A*)=ag*s- cl(A*)
Nog*s-cl(P* - A*).

Theorem 3.20: The set of all points r eP* in which a function ¥ is not a.ag*s.C is identical with the union of
ag*s-frontier of the inverse images of regular open sets containing ‘W(r).

Proof: Suppose W is not a.ag*s.C at r € P*. Then there exists V* € RO(S*) containing W(r) such that U* n (P* -
PHV*)) =ofor every U* cag*s-O(P*, r). Therefore, r eag*s-cl(P* - ¥ (V*)) = P* - ag*s-int(¥*(V*)) and
r e }(V*). Thus, r eag*s-Fr(¥ *(U*)).

Conversely, suppose W is a.ag*s.C at r € P* and V* € RO(S*) containing W(r). Then there exists U* eag*s-
O(P*, r) such that U* ¥ }(V*), that is r eag*s-int(¥ *(V*)). Thus, r € P* - ag*sFr(¥ (V*)).

Theorem 3.21: If ¥ is a.ag*s.C, ¥* is w.ag*s.C with S* is Hausdorff, then the set {r € R*: W(r)= W*(n} is
ag*s-closed in R*.

Proof: Let A* = {r € P*: ¥(r)= W*(r)} and r € P* - A*. Then Y (r) # ¥*(r). As S* is Hausdorff, there exist V*,
W* e O(S*) with W(r) € V*, ¥*(r) € W* and V* n W* = ¢. Hence int(cl(V*)) n cl(W*) = ¢. Since W is
a.ag*s.C, there exists G* eag*s-O(P*, r) with ¥(G*) < int(cl(V*)). As ¥* is w.ag*s.C, there exists H* cag*s-
O(P*) such that W*(H*) ccl(W*). Now put U* = G* n H*, then U* eag*s-O(P*, r) and W (U*) n¥*(U*)
int(cl(V*)) m cl(W*) = ¢. Therefore, we obtain U* N A* = @ and hence A* is ag*s-C(P*).
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Theorem 3.22: Suppose the product of two ag*s-open sets is ag*s-open. If ¥: (P1*, 1)— (S*, o) is w.ag*s.C,
W,: (P*,, 1) = (S*, o) is a.ag*s.C and S* is Hausdorff, then the set {(r1, r2) eP*1 X P*, :W1(r)= Wa(r2)} is ag*s-
closed in P*; x P*,.

Proof: Let A* = {(ry, 1) €P*; X P*, :W(r)) = P*(rp)}. If (r, 1) € (P*; X P*;) — A*, then W(r) #¥(r,). As S* is
Hausdorff, there exist disjoint open sets V*; and V*, in S* with¥(r,) € V*; and ¥(r;) € V*, and cl(V*)n
int(cl(V*y)) = ¢. As Wy (resp. ¥,) is w.ag*s.C (resp. a.ag*s.C), there exists U*; eag*s-O(P*;, r;) such that
Y(U*)) < cl(V*)) (resp. U*eag*s-O(P*,, rp) with W(ag*s-cl(U*,)) < int(cl(V*,))). Hence, (ry, r2) € U*x U*,c
P*; X P*, — A*. Thus, (P*; X P*;) — A* is ag*s-open and so A* is ag*s-closed in P*; x P*,.
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