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ABSTRACT 
In this present work our main aim is to obtain integral involving Hypergeometric function of the series 𝐹𝐹1

1 and 𝐹𝐹1
2 by 

employing one of the integral obtained by MacRobert. Main interesting result of this research paper is that it comes out 
in the products of the ratio of the Gamma function with Special Cases. For the application point of view integral comes 
in terms of Gamma function is very useful in engineering Applications. On specialization the parameters, we can easily 
obtain some new integrals by Rathie and others which are given in Book of Mathai and Saxena.  
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1. INTRODUCTION 
 
The definition of the Gauss’s Hypergeometric Series [6] and denoted by 𝐹𝐹1

2 �𝑎𝑎, 𝑏𝑏
𝑐𝑐 | 𝑧𝑧�  which can be further written as  

𝐹𝐹1
2 �𝑎𝑎, 𝑏𝑏

𝑐𝑐 | 𝑧𝑧� =  1 +
𝑎𝑎𝑏𝑏
𝑐𝑐
𝑧𝑧
1!

+
𝑎𝑎(𝑎𝑎 + 1)𝑏𝑏(𝑏𝑏 + 1)

𝑐𝑐(𝑐𝑐 + 1)
𝑧𝑧2

2!
+  
𝑎𝑎(𝑎𝑎 + 1)(𝑎𝑎 + 2)𝑏𝑏(𝑏𝑏 + 1)(𝑏𝑏 + 2)

𝑐𝑐(𝑐𝑐 + 1)(𝑐𝑐 + 2)
𝑧𝑧3

3!
+  … .. 

𝐹𝐹1
2 �𝑎𝑎, 𝑏𝑏

𝑐𝑐 | 𝑧𝑧�  = Σ𝑛𝑛=0
∞ (𝑎𝑎)𝑛𝑛 (𝑏𝑏)𝑛𝑛

(𝑐𝑐)𝑛𝑛
 𝑧𝑧
𝑛𝑛

𝑛𝑛 !
                                                 (1.1) 

 
For 𝑎𝑎 =  1 and  𝑏𝑏 =  𝑐𝑐 or 𝑏𝑏 =  1 and 𝑎𝑎 =  𝑐𝑐 , the series (1.1) reduced to the well known geometric series.and for 
𝑎𝑎 =  0 and 𝑏𝑏 =  0 or both zero, the series becomes unity. If 𝑎𝑎 or 𝑏𝑏 or both are negative integers, the series becomes 
polynomial.  
 
The natural generalization of the above mentioned functions is the generalized hypergeometric function with p 
numerator parameters and q denominator parameters denoted by Fq

p  and is defined in the following manner [3]. 

Fq
p �

a1, a2 … . ap

b1, b2 … bq
, x�  =  Σn= 0

∞ ∏ (ai )n
p
i=1

∏ (bi )n
q
i=1

xn

n!
  

 
Also, if we take p =  q = 1, the generalized Hypergeometric function reduces to confluent Hypergeometeric function 
[5], given as 

F1
1[a; b|z] =  Σn=0

∞ (a)n
(b)n

 zn

n!
                                                                                         (1.2) 

 
The result will be defined with the help of known and interesting result by Macrobert [1]. The aim of this paper is 
Providing an integral invoving Hypergeometric function .few interested well known results have been obtained as a 
imiting cases of main result. 
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2. RESULT REQUIRED 
  
In our present investigation we use the following intrestring result by Macrobert [1] 

∫ 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽𝑑𝑑𝑥𝑥1
0 = 1

𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽
  Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+𝛽𝛽)

                                                                        (2.1) 
𝑅𝑅𝑅𝑅(𝛼𝛼) > 0,𝑅𝑅𝑅𝑅(𝛽𝛽) >  0. Provided 𝑅𝑅𝑅𝑅(𝛼𝛼) > 0,𝑅𝑅𝑅𝑅(𝛽𝛽) >  0 and 𝑎𝑎, 𝑏𝑏 are non zero constants and expression 
 [𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)] where 0 ≤ 𝑥𝑥 ≤ 1 is not zero and  

(𝑎𝑎)2𝑛𝑛 =   22𝑛𝑛 �𝑎𝑎
2
�
𝑛𝑛
�𝑎𝑎+1

2
�
𝑛𝑛

                                               (2.2) 

(𝑎𝑎)𝑚𝑚𝑛𝑛 =   𝑚𝑚𝑚𝑚𝑛𝑛 �𝑎𝑎
𝑚𝑚
�
𝑛𝑛
�𝑎𝑎+1
𝑚𝑚
�
𝑛𝑛
�𝑎𝑎+2
𝑚𝑚
�
𝑛𝑛

… … . �𝑎𝑎+𝑚𝑚−1
𝑚𝑚

�
𝑛𝑛

                                                                        (2.3) 

(𝑎𝑎)𝑛𝑛 = Γ(𝑎𝑎+𝑛𝑛)
Γ𝑎𝑎

                                                              (2.4) 
 

3. MAIN RESULT  
 
In this section we evaluate integral involving confluent  hypergeometric function 
 
Theorem 3.1: For 𝑅𝑅𝑅𝑅(𝛼𝛼) > 0,𝑅𝑅𝑅𝑅(𝛽𝛽) >  0  and 𝑎𝑎, 𝑏𝑏  are non zero constants and expression [𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]  where 
0 ≤ 𝑥𝑥 ≤ 1, the  following result holds true.  

∫ 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽𝐹𝐹1
1 �𝑎𝑎𝑏𝑏| 4𝑎𝑎𝑏𝑏 𝑥𝑥2(1−𝑥𝑥)2

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4� 𝑑𝑑𝑥𝑥
1

0 =  � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
5 �

𝑎𝑎, 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�

                                                                                                                                                                           (3.1) 
Proof:  Let us consider,   

𝐹𝐹1
1 �𝑎𝑎𝑏𝑏| 4𝑎𝑎𝑏𝑏𝑥𝑥2(1−𝑥𝑥)2

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4� =  Σ𝑛𝑛=0
∞ (𝑎𝑎)𝑛𝑛

(𝑏𝑏)𝑛𝑛
 4𝑛𝑛 𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛𝑥𝑥2𝑛𝑛 (1−𝑥𝑥)2𝑛𝑛

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4𝑛𝑛 𝑛𝑛 !
                                             (3.2) 

 
From Left hand side of  (3.1) we have 

𝐼𝐼 =   � 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽  Σ𝑛𝑛=0
∞ (𝑎𝑎)𝑛𝑛

(𝑏𝑏)𝑛𝑛
 
4𝑛𝑛𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛𝑥𝑥2𝑛𝑛(1 − 𝑥𝑥)2𝑛𝑛

[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]4𝑛𝑛𝑛𝑛!
𝑑𝑑𝑥𝑥

1

0
 

   =    Σ𝑛𝑛=0
∞ 4𝑛𝑛 𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛 (𝑎𝑎)𝑛𝑛

(𝑏𝑏)𝑛𝑛 𝑛𝑛 ! ∫ 𝑥𝑥2𝑛𝑛+𝛼𝛼−1(1 − 𝑥𝑥)2𝑛𝑛+𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽−4𝑛𝑛  𝑑𝑑𝑥𝑥1
0  

 
By using (2.1) we have 

𝐼𝐼 =    Σ𝑛𝑛=0
∞ 4𝑛𝑛𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛(𝑎𝑎)𝑛𝑛

(𝑏𝑏)𝑛𝑛
1

𝑎𝑎2𝑛𝑛+𝛼𝛼𝑏𝑏2𝑛𝑛+𝛽𝛽
Γ(2𝑛𝑛 + 𝛼𝛼)Γ(2𝑛𝑛 + 𝛽𝛽)
Γ(𝛼𝛼 + 𝛽𝛽 + 4𝑛𝑛)  𝑛𝑛!

 

𝐼𝐼 =   � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)

�   Σ𝑛𝑛=0
∞ 4𝑛𝑛 (𝑎𝑎)𝑛𝑛

(𝑏𝑏)𝑛𝑛

1
𝑎𝑎𝑛𝑛+𝛼𝛼𝑏𝑏𝑛𝑛+𝛽𝛽

( 𝛼𝛼)2𝑛𝑛 (𝛽𝛽)2𝑛𝑛
(𝛼𝛼+𝛽𝛽)4𝑛𝑛   𝑛𝑛!

                                                 (3.3) 
 
By using (2.2), (2.3), (2.4) in (3.3) we have  

𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)

�   Σ𝑛𝑛=0
∞

(𝑎𝑎)𝑛𝑛 �
𝑎𝑎
2�𝑛𝑛

�𝑎𝑎+1
2 �

𝑛𝑛
�𝛽𝛽2�𝑛𝑛

�𝛽𝛽+1
2 �

𝑛𝑛
(𝑏𝑏)𝑛𝑛  𝑛𝑛 !𝑎𝑎𝑛𝑛+𝛼𝛼𝑏𝑏𝑛𝑛+𝛽𝛽22𝑛𝑛 �𝛼𝛼+𝛽𝛽

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+1

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+2

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+3

4 �
𝑛𝑛

  

𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�   Σ𝑛𝑛=0
∞

(𝑎𝑎)𝑛𝑛 �
𝑎𝑎
2�𝑛𝑛

�𝑎𝑎+1
2 �

𝑛𝑛
�𝛽𝛽2�𝑛𝑛

�𝛽𝛽+1
2 �

𝑛𝑛
(𝑏𝑏)𝑛𝑛 �

𝛼𝛼+𝛽𝛽
4 �

𝑛𝑛
�𝛼𝛼+𝛽𝛽+1

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+2

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+3

4 �
𝑛𝑛

1
𝑛𝑛 !𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛22𝑛𝑛   

𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
5 �

𝑎𝑎, 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�   

I =  ∫ 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽𝐹𝐹1
1 �𝑎𝑎𝑏𝑏| 4𝑎𝑎𝑏𝑏 𝑥𝑥2(1−𝑥𝑥)2

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4� 𝑑𝑑𝑥𝑥
1

0  

𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
5 �

𝑎𝑎, 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�  

This complete the proof of Theorem 3.1. 
 
Theorem 3.2: For 𝑅𝑅𝑅𝑅(𝛼𝛼) > 0,𝑅𝑅𝑅𝑅(𝛽𝛽) >  0  and 𝑎𝑎, 𝑏𝑏  are non zero constants and expression [𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]  where 
0 ≤ 𝑥𝑥 ≤ 1, the  following result holds true.  

� 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽𝐹𝐹1
1 �𝑎𝑎 + 𝑏𝑏

𝑎𝑎𝑏𝑏 |
4𝑎𝑎𝑏𝑏𝑥𝑥2(1 − 𝑥𝑥)2

[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]4� 𝑑𝑑𝑥𝑥
1

0
 

                                        = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
5 �

𝑎𝑎 + 𝑏𝑏, 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�                              (3.4) 



Rama Devi Vishwakarma*, Dr. Rajeev Shrivastava / 
 Study of Certain Integral Involving Gauss’s Hypergeometric Function of Series   𝑭𝑭𝟏𝟏𝟏𝟏  and  𝑭𝑭𝟏𝟏𝟐𝟐 / IJMA- 14(11), Nov.-2023. 

© 2023, IJMA. All Rights Reserved                                                                                                                                                                         13 

 
Proof:  Let us consider,  

𝐹𝐹1
1 �𝑎𝑎 + 𝑏𝑏

𝑎𝑎𝑏𝑏 | 4𝑎𝑎𝑏𝑏 𝑥𝑥2(1−𝑥𝑥)2

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4� =  Σ𝑛𝑛=0
∞ (𝑎𝑎+𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏 )𝑛𝑛
 4𝑛𝑛 𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛𝑥𝑥2𝑛𝑛 (1−𝑥𝑥)2𝑛𝑛

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4𝑛𝑛 𝑛𝑛!
                                             (3.5) 

 
From Left hand side of (3.4) we have 

𝐼𝐼 =   � 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽  Σ𝑛𝑛=0
∞ (𝑎𝑎 + 𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏)𝑛𝑛
 

4𝑛𝑛𝑥𝑥2𝑛𝑛(1 − 𝑥𝑥)2𝑛𝑛

[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]4𝑛𝑛𝑛𝑛!
𝑑𝑑𝑥𝑥

1

0
 

𝐼𝐼 =    Σ𝑛𝑛=0
∞ 4𝑛𝑛𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛(𝑎𝑎 + 𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏)𝑛𝑛𝑛𝑛!
� 𝑥𝑥2𝑛𝑛+𝛼𝛼−1(1 − 𝑥𝑥)2𝑛𝑛+𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽−4𝑛𝑛  𝑑𝑑𝑥𝑥

1

0
 

𝐼𝐼 =    Σ𝑛𝑛=0
∞ 4𝑛𝑛 (𝑎𝑎+𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏 )𝑛𝑛

1
𝑎𝑎𝑛𝑛+𝛼𝛼𝑏𝑏𝑛𝑛+𝛽𝛽

Γ(2𝑛𝑛+𝛼𝛼)Γ(2𝑛𝑛+𝛽𝛽)
Γ(𝛼𝛼+𝛽𝛽+4𝑛𝑛)  𝑛𝑛!

                                                (3.6) 
 
By using (2.2), (2.3), (2.4) in (3.6) we have  

𝐼𝐼 =   � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)

�   Σ𝑛𝑛=0
∞ 4𝑛𝑛 (𝑎𝑎)𝑛𝑛

(𝑏𝑏)𝑛𝑛

1
𝑎𝑎𝑛𝑛+𝛼𝛼𝑏𝑏𝑛𝑛+𝛽𝛽

( 𝛼𝛼)2𝑛𝑛 (𝛽𝛽)2𝑛𝑛
(𝛼𝛼+𝛽𝛽)4𝑛𝑛   𝑛𝑛!

  

𝐼𝐼 =   � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)

�   Σ𝑛𝑛=0
∞

(𝑎𝑎+𝑏𝑏)𝑛𝑛 �
𝑎𝑎
2�𝑛𝑛

�𝑎𝑎+1
2 �

𝑛𝑛
�𝛽𝛽2�𝑛𝑛

�𝛽𝛽+1
2 �

𝑛𝑛
(𝑎𝑎𝑏𝑏 )𝑛𝑛  𝑛𝑛 !𝑎𝑎𝑛𝑛+𝛼𝛼𝑏𝑏𝑛𝑛+𝛽𝛽 22𝑛𝑛�𝛼𝛼+𝛽𝛽

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+1

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+2

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+3

4 �
𝑛𝑛

  

𝐼𝐼 =    � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�   Σ𝑛𝑛=0
∞

(𝑎𝑎+𝑏𝑏)𝑛𝑛�
𝑎𝑎
2�𝑛𝑛

�𝑎𝑎+1
2 �

𝑛𝑛
�𝛽𝛽2�𝑛𝑛

�𝛽𝛽+1
2 �

𝑛𝑛
(𝑎𝑎𝑏𝑏 )𝑛𝑛�

𝛼𝛼+𝛽𝛽
4 �

𝑛𝑛
�𝛼𝛼+𝛽𝛽+1

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+2

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+3

4 �
𝑛𝑛

1
𝑛𝑛 !𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛22𝑛𝑛   

𝐼𝐼 =  � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
5 �

(𝑎𝑎 + 𝑏𝑏), 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�  

𝐼𝐼 =  ∫ 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽𝐹𝐹1
1 �(𝑎𝑎 + 𝑏𝑏)

𝑎𝑎𝑏𝑏
| 4𝑎𝑎𝑏𝑏 𝑥𝑥2(1−𝑥𝑥)2

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4� 𝑑𝑑𝑥𝑥
1

0   

𝐼𝐼 =  � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
5 �

(𝑎𝑎 + 𝑏𝑏), 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�  

This complete the proof of Theorem 3.2. 
 
Theorem 3.3: For 𝑅𝑅𝑅𝑅(𝛼𝛼) > 0,𝑅𝑅𝑅𝑅(𝛽𝛽) >  0  and 𝑎𝑎, 𝑏𝑏  are non zero constants and expression [𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]  where 
0 ≤ 𝑥𝑥 ≤ 1, the  following result holds true.  

� 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽𝐹𝐹1
2 �𝑎𝑎, 𝑏𝑏
𝑎𝑎𝑏𝑏 |

4𝑎𝑎𝑏𝑏𝑥𝑥2(1 − 𝑥𝑥)2

[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]4� 𝑑𝑑𝑥𝑥
1

0
 

                                                =  � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
6 �

𝑎𝑎,𝑏𝑏, 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�                              (3.7) 

 
Proof: Let us consider,  

𝐹𝐹1
2 �𝑎𝑎, 𝑏𝑏
𝑎𝑎𝑏𝑏 | 4𝑎𝑎𝑏𝑏 𝑥𝑥2(1−𝑥𝑥)2

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4� =  Σ𝑛𝑛=0
∞ (𝑎𝑎)𝑛𝑛 (𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏 )𝑛𝑛
 4𝑛𝑛 𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛 𝑥𝑥2𝑛𝑛 (1−𝑥𝑥)2𝑛𝑛

[𝑎𝑎𝑥𝑥+𝑏𝑏(1−𝑥𝑥)]4𝑛𝑛 𝑛𝑛 !
                                             (3.8) 

 
From Left hand side of (3.7) we have 

𝐼𝐼 =   � 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽  Σ𝑛𝑛=0
∞ (𝑎𝑎)𝑛𝑛(𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏)𝑛𝑛
 
4𝑛𝑛𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛𝑥𝑥2𝑛𝑛(1 − 𝑥𝑥)2𝑛𝑛

[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]4𝑛𝑛𝑛𝑛!
𝑑𝑑𝑥𝑥

1

0
 

𝐼𝐼 =    Σ𝑛𝑛=0
∞ 4𝑛𝑛𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛(𝑎𝑎)𝑛𝑛(𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏)𝑛𝑛𝑛𝑛!
� 𝑥𝑥2𝑛𝑛+𝛼𝛼−1(1 − 𝑥𝑥)2𝑛𝑛+𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽−4𝑛𝑛  𝑑𝑑𝑥𝑥

1

0
 

𝐼𝐼 =    Σ𝑛𝑛=0
∞ 4𝑛𝑛 (𝑎𝑎)𝑛𝑛 (𝑏𝑏)𝑛𝑛

(𝑎𝑎𝑏𝑏 )𝑛𝑛

1
𝑎𝑎2𝑛𝑛+𝛼𝛼𝑏𝑏2𝑛𝑛+𝛽𝛽

Γ(2𝑛𝑛+𝛼𝛼)Γ(2𝑛𝑛+𝛽𝛽)
Γ(𝛼𝛼+𝛽𝛽+4𝑛𝑛)  𝑛𝑛!

                                                (3.9) 
 
By using (2.2), (2.3), (2.4) in (3.9) we have  

𝐼𝐼 = �
Γ𝛼𝛼Γ𝛽𝛽

Γ(𝛼𝛼 +  𝛽𝛽)�   Σ𝑛𝑛=0
∞ 4𝑛𝑛(𝑎𝑎)𝑛𝑛(𝑏𝑏)𝑛𝑛

(𝑏𝑏)𝑛𝑛
1

𝑎𝑎2𝑛𝑛+𝛼𝛼𝑏𝑏2𝑛𝑛+𝛽𝛽

( 𝛼𝛼)2𝑛𝑛(𝛽𝛽)2𝑛𝑛

(𝛼𝛼 + 𝛽𝛽)4𝑛𝑛   𝑛𝑛!
 

𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)

�   Σ𝑛𝑛=0
∞

(𝑎𝑎)𝑛𝑛 (𝑏𝑏)𝑛𝑛�
𝑎𝑎
2�𝑛𝑛

�𝑎𝑎+1
2 �

𝑛𝑛
�𝛽𝛽2�𝑛𝑛

�𝛽𝛽+1
2 �

𝑛𝑛
(𝑎𝑎𝑏𝑏 )𝑛𝑛  𝑛𝑛 !𝑎𝑎𝑛𝑛+𝛼𝛼𝑏𝑏𝑛𝑛+𝛽𝛽 22𝑛𝑛�𝛼𝛼+𝛽𝛽

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+1

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+2

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+3

4 �
𝑛𝑛

  

𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�   Σ𝑛𝑛=0
∞

(𝑎𝑎)𝑛𝑛 (𝑏𝑏)𝑛𝑛 �
𝑎𝑎
2�𝑛𝑛

�𝑎𝑎+1
2 �

𝑛𝑛
�𝛽𝛽2�𝑛𝑛

�𝛽𝛽+1
2 �

𝑛𝑛
(𝑎𝑎𝑏𝑏 )𝑛𝑛 �

𝛼𝛼+𝛽𝛽
4 �

𝑛𝑛
�𝛼𝛼+𝛽𝛽+1

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+2

4 �
𝑛𝑛
�𝛼𝛼+𝛽𝛽+3

4 �
𝑛𝑛

1
𝑛𝑛 !𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛22𝑛𝑛   
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𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
6 �

𝑎𝑎, 𝑏𝑏, 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�  

𝐼𝐼 = � 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]−𝛼𝛼−𝛽𝛽𝐹𝐹1
2 �𝑎𝑎, 𝑏𝑏
𝑎𝑎𝑏𝑏 |

4𝑎𝑎𝑏𝑏𝑥𝑥2(1 − 𝑥𝑥)2

[𝑎𝑎𝑥𝑥 + 𝑏𝑏(1 − 𝑥𝑥)]4� 𝑑𝑑𝑥𝑥
1

0
 

𝐼𝐼 = � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑎𝑎𝛼𝛼𝑏𝑏𝛽𝛽

�  𝐹𝐹5
6 �

𝑎𝑎, 𝑏𝑏, 𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎𝑏𝑏, 𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑎𝑎𝑏𝑏

�  

This complete the proof of Theorem 3.3. 
 
4. SPECIAL CASES 
 
In Theorem 3.1, if we take 𝑎𝑎 = 1, 𝑏𝑏 = 1 then we get following result, 
 
Corollary 4.1: For 𝑅𝑅𝑅𝑅(𝛼𝛼) > 0,𝑅𝑅𝑅𝑅(𝛽𝛽) >  0 and 0 ≤ 𝑥𝑥 ≤ 1, the  following result holds true.  

∫ 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1𝐹𝐹1
1 �11|4𝑥𝑥2(1 − 𝑥𝑥)2� 𝑑𝑑𝑥𝑥1

0 =  � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)

�  𝐹𝐹4
4 �

𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4
�                          (4.1) 

In Theorem 3.1, if we take 𝑎𝑎 = 𝑏𝑏 then we get following result, 
 
Corollary 4.2: For 𝑅𝑅𝑅𝑅(𝛼𝛼) > 0,𝑅𝑅𝑅𝑅(𝛽𝛽) >  0 and 𝑏𝑏 is non zero constants and where 0 ≤ 𝑥𝑥 ≤ 1, the following result 
holds true.  

∫ 𝑥𝑥𝛼𝛼−1(1 − 𝑥𝑥)𝛽𝛽−1𝑏𝑏−𝛼𝛼−𝛽𝛽𝐹𝐹1
1 �𝑏𝑏𝑏𝑏|4𝑥𝑥2𝑏𝑏2(1 − 𝑥𝑥)2� 𝑑𝑑𝑥𝑥1

0 =  � Γ𝛼𝛼Γ𝛽𝛽
Γ(𝛼𝛼+ 𝛽𝛽)𝑏𝑏𝛼𝛼+𝛽𝛽�  𝐹𝐹4

4 �
𝑎𝑎
2

, 𝛽𝛽
2

, 𝑎𝑎+1
2

, 𝛽𝛽+1
2

𝑎𝑎+𝛽𝛽
4

, 𝑎𝑎+𝛽𝛽+1
4

, 𝑎𝑎+𝛽𝛽+2
4

, 𝑎𝑎+𝛽𝛽+3
4

| 1
4𝑏𝑏2�  
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