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ABSTRACT
In this study, we introduce the modified F-index and modified first and second hyper Zagreb indices of a graph. We
obtain novel upper and lower bounds on the modified F-index of graphs using some graph parameters. Also we present
several relations on modified F-index with some other topological indices.
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1. INTRODUCTION

Let G be a finite, simple, connected graph with vertex set V(G) and edge set E(G). The degree d(u) of a vertex u is the
number of vertices adjacent to u. For definitions and notations, we refer the book [1].

In Chemistry, topological indices have been found to be useful in discrimination, chemical documentation, structure
property relationships, structure activity relationships and pharmaceutical drug design. There has been considerable
interest in the general problem of determining topological indices. Graph indices have their applications in various
disciplines of Science and Technology. For more information about graph indices, see [2].

The first and second hyper Zagreb indices [3] of a graph G are defined as
M, (G)= > [d(w+d(W)]

ueE(G)

M,(G)= > d(wd(v).

ueE(G)

The first and second hyper Zagreb indices of a graph G are defined as

HM, (G)= 3 [dW+d W],

uveE(G)

HM, (G)= 3 [dWd W]

ueE(G)

The modified second Zagreb index [4] of a graph G is defined as

. 1
M@= 2, Twdw

The first Banhatti-Sombor index of a graph G was introduced by Kulli [5] and is defined as

1 1
BSOG) = + .
ung) d (U)2 d (V)2

The modified Sombor index of a graph G was introduced by Kulli and Gutman [6], which is defined as

1
"SOG) = '
UV;G) d (U)2 +d (V)2
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The harmonic index [7] of a graph G is defined as

2
H®)= 2, Tw+datr

The Randic index [8] and reciprocal Randic index [9] of a graph G are defined as

1
R(G) = ———  RR(G)= Jd(w)dv).
©) uvg(:e)«/d (ud(v) ©) uveZE;@ e

The sum connectivity index [10] of a graph G is defined as

1
X@)= Y ———
( ) uveZE(:G)\/d(U)"'d(V)

The Albertson index [11] of a graph G is defined as
AlbG)= > ld(u)—d (W)L

uveE(G)

The atom bond connectivity index [12] of a graph G is defined as

B d(u)+d(v)-2
ABCO= 2 |\ Tawa

The geometric-arithmetic index [13] of a graph G is defined as

GAG)- T 2d (u)d (v)

ueE(G) d (U) +d (V) .

The symmetric division deg index [14] of a graph G is defined as

e dW+d )’
SDD(G)—UV;‘G)—Zd OITOR

The inverse sum deg index [15] of a graph G is defined as

_ d(wd(v)
SI@)= 2, Tw+dtwr

We propose the first and second modified hyper Zagreb indices of a graph G and defined as

TYRCS B N —
uweE(G) [d (U) +d (V)]
1
"HM, (G) = —
uvg(:G) [d (U)d (V)]

The F-index [16] of a graph G is defined as
FG)= Y [dw’+dw)’]

ueE(G)

We introduce the modified F-index of a graph G and defined it as

1
"FG)= Y —
( ) UVEZE(:G)d(U)2 +d(V)2

In this paper, we establish several relations between the modified F-index and some other graph indices.

2. BOUNDS ON MODIFIED F-INDEX OF GRAPHS

In the following theorem, we establish upper and lower bounds on ™ F (G) on some graph parameters.
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Theorem 1: Let G be connected graph of order n, size m with the maximum degree 4 and minimum degree J. Then

m2 <"F(G)< mz
2A 20
with equality if and only if G is regular.

Proof: Since
1 1 1
2 S 2 2 S 2 "
2A° d(u) +d(v)° 20

Then

m m
~<"F(G)<—;

2A 20

with equality if and only if G is regular.

Corollary 1.1: Let G be connected graph of order n, size m with the maximum degree 4and minimum degree J. Then

n nA
52 <"F(G)<s—

4A 45

with equality if and only if G is regular.

Proof: We have

D dg (u)=2m.
ueVv(G)
From which it follows
no <2m<nA
with equality if and only if G is regular.

Then by Theorem 1, we obtain that

ni <" F(G)sn—AZ.
4A 45

We now give a relation between modified F-index ™ F (G) and modified second Zagreb index M:(G).

Theorem 2: Let G be connected graph of order n, size m with the maximum degree 4 and minimum degree J. Then
5A * l *
——— M (G)<" F(G)<=M'(G).
S°+A” ©) 2’ ©)
with equality (left and right) if and only if G is regular.

Proof: Since d (u)’ +d(v)* >2d (u)d (v), then
1 1
du) +dv) = 2d (ud(v)

1. .
It follows that " F (G) < > M (G) with equality if and only if d(u)=d(v) for every uv in G.

Also we have
1 1 1
"F(G)= . S——
uveE(G)d(u)2 +d(V)2 uveZE(:G)d(U)d(V)(:](LI)Z_'_(-j(\/)2
d(u)d(v)
- 1 1 1 1 A .
_“VEZE‘:G)d(U)d(V)W+‘3|(")Zuveza:e>d(u)d(v)A+5_52 + A2 M. (©)
d(v) d(u) 5 A

with equality if and only if G is regular.

We now give a relation between modified F-index ™ F (G) and the modified second hyper Zagreb index HM:(G). :
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Theorem 3: Let G be connected graph of order n, size m with the maximum degree 4 and minimum degree J. Then
5—22HM:(G) <" F(G)SA—;HM:(G)
with equality (left and right) if and only if G is regular.

Proof: We have

"F(G)= % = Z 21 2 2 ! 2
weee d(U) +d(v)” wEed) dv)” du) +d(v)
d(u)’ d(v)’
1 1 1 1 o N
_ > ~2 UM (G
UV§G) dwdw 1 1 ung) dwdw?® 1 1 2 ©
d (V)2 d (U)Z 52 52

with equality if and only if G is regular.

Similarly, establish the corresponding upper bound.

We now present a relation between the modified F-index ™ F (G) and the modified Sombor index ™ SO(G).

Theorem 4: Let G be a connected graph with m edges. Then
1mso@)f <" F (o).
m

Proof: Using the Cauchy-Schwarz inequality, we obtain

2
f 1 1
—— | < 1 _—
[UVE%G) d (U)2 +d (V)2 J uve;(G) uve;(G) d (U)2 +d (V)2

Hence ["so@)] <m™F(G).

Thus %[mso(c;)]2 <" F(G).

In the following, we obtain the lower and upper bounds of the modified F-index ™ F (G) with the modified Sombor

index "SO(G).

Theorem 5: Let G be connected graph of order n, size m with the maximum degree 4 and minimum degree J. Then
"S0(G)—= <" F(G)<" SO(G)——.

J2A J28

with equality if and only if G is regular.

Proof: We have
1

ung) d(u)2+d(V)2
dWdW | N2 perg)

WS dW)? +d(v)? WS d ) +d(v)
Thus "E(G)<™ SO(G) L.

J25

with equality if and only if G is regular.

"SO(G)=

Similarly, we establish the corresponding upper bound.

Corollary A [17]: Let G be any graph. Then
"SO(G)< % BSOG)

and the bound is tight if and only if G has regular connected components.
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In the following, we give an upper bound on the modified F-index in terms of the first Banhatti-Sombor index.

Theorem 6: Let G be a connected graph. Then

1
"F(G)< SO(G
F( )<2ﬁ58 (G)

with equality if and only if G is regular.
Proof: Combining Corollary A with Theorem 5, we get the desired result.

Corollary 6.1: Let G be a connected graph with n vertices and m edges with the minimum degree J.. Then
m
"F(G)<—
252

with equality if and only if G is regular.

Na

Proof: Since BSO(G) STmWith equality if and only if G is a regular graph [18]. Combine with Theorem 6, we

obtain the desired result.

Corollary 6.2: Let G be a connected graph with n vertices and m edges with the maximum degree 4 and minimum
degree J. Then

nA
45°
with equality if and only if G is regular.

"F(G)<

nA
Proof: Since BSO(G) SEwith equality if and only if G is a regular graph [18]. Combine with Theorem 6, we

obtain the desired result.

Corollary 6.3: Let G be a connected graph with n vertices and m edges with the maximum degree 4 and minimum

degree J. Then
nA — m(Z—ﬁ)
2260
nA—m(2-+2)

A
Theorem 6, we obtain the desired result.

"F(G)<

Proof: Since BSO(G)< with equality if and only if G is a regular graph [18]. Combine with

Corollary 6.4: Let G be a connected graph with the maximum degree 4. Then
A *
"F(G)<—M,(G).
25 2(G)

Proof: Since BSO(G) < ﬁAM;(G)With equality if and only if G is a regular graph [18]. Combine with Theorem 6,
we get the desired result.

Corollary 6.5: Let G be a connected graph with the maximum degree 4. Then

mI:(G)<1/mID(G)
_—2\/55 .

+
d(u)® d(v)’

Proof: Since BSO(G) < afmID(G) with equality if and only if is a constant for any edge in G [18].

Combine with Theorem 6, we obtain the desired result.

Corollary 6.6: Let G be a connected graph with the maximum degree 4. Then

§ 1(A &

A + éj H (G) with equality if and only if G is regular [18]. Combine with Theorem 6,

1
Proof: Since BSO(G) < —(—
NZAN I

we obtain the desired result.
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Corollary 6.7: Let G be a connected graph with the maximum degree 4. Then
"F(G) sizSDD(G)
20
with equality if and only if G is a regular graph.
2

Proof: Since BSO(G) < FSDD(G) with equality if and only if G is a regular graph [18]. Combine with Theorem

6, we obtain the desired result.

Corollary 6.8: Let G be a connected graph with the maximum degree 4. Then

"E(G) < YM:(G)SDD(G)

20
with equality if and only if G is a regular graph (when G is non-bipartite) or G is a (4, 8)-semi regular bipartite graph
(when G is bipartite).

Proof: Since BSO(G)S\I’ZM;(G)SDD(G) with equality if and only if G is a regular graph (when G is non-

bipartite) or G is a (A, 8)-semi regular bipartite graph (when G is bipartite) [18]. Combine with Theorem 6, we get the
desired result.

Corollary 6.9: Let G be a connected graph with the maximum degree 4. Then

) 1 (A o
F(G)Szﬁg\/mMz(G)(ngKj

with equality if and only if G is a regular graph or G is a (A, §)-semi regular bipartite graph.

Proof: Since BSO(G) < \/mM;(G) (% + %j with equality if and only if G is a regular graph or G is a (4, 8)-semi
regular bipartite graph [18]. Combine with Theorem 6, we obtain the desired result.
We now give an upper bound on the modified F-index in terms of the Sombor index.

Theorem 7: Let G be a connected graph. Then
F(G)< f ~SO(G)

with equality if and only if G is regular.

Proof: From Theorem 6, we have
1

1 1 1
BSO(G)=——+— —
2326 (© 2J25 uvg(}) \J d (u) d (v)*

1 1
SZT/%EWEZE:‘G)W(U) +d(v) = \/_ 7 SO(G).

We establish an upper bound on the modified F-index in terms of the first Zagreb index.

"F(G)<

Theorem 8: Let G be a connected graph. Then
1
"F(G)< M, (G)
2J25°

with equality if and only if G is regular.

Proof: From Theorem 6, we have

"F(G)<—=—S0O(G)=
«/_ -S0(G) =

\/_5 > Jd ()’ +d(v)
uveE(G)

> J(d W +dv)? —2d (u)d (v)

2\/_5 uveE(G)
SWWZ Jd W +d(v)? = \/_ 7 M, (G).

cE(G)
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We now give a relationship between modified F-index, Albertson index and reciprocal Randic index.

Theorem 9: Let G be a connected graph. Then
1
"F(G)< Alb(G) +V2RR(G)).
5 ﬁ53( (G) ©))

with equality if and only if G is regular.

Proof: From Theorem 6, we have

mF(G)S%SO(G)ZL Z «;d(u)2+d(v)2

2\/553 uveE(G)
> J@ W -d W) +2d (W)d(v)

2\/_5 U\/EE(G)
> (dW-dW)]+V2Jawdm))

<——
2\/_53 uveE(G)

f —=—(AIb(G) +V2RR(G)).
We now give a relationship between the modified F-index and F-index.

Theorem 10: Let G be a connected graph. Then

N 1
F(G)< T JMF(G).

with equality if and only if G is regular.

Proof: From Theorem 6, we have

1
"F(G)<
24263

:2}53 \/( 2 mf

ueE(G)

2\/_5 @ @ +dw) )—WQ/mF(G).

uweE(G)  uveE(G)
In the next Theorem, we obtain an upper bound on the modified F-index in terms of the harmonic index.

Theorem 11: Let G be connected graph with n vertices and m edges with the minimum degree J. Then
1
"F(G)<—HI(G).
20
with equality (left and right) if and only if G is regular.
Proof: From Theorem 5, we have

"F(G)<" SO(G) ! !

\/_ \/_guv;(:G) d(U) +d(V)

1 1
- J_gﬁuve;(G)d(u)‘Fd(V) _2_§H(G)'

Thus mF(G)S—HG.
55 1(C)
Corollary 11.1: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
m+2n
"F(G)<
126

with equality if and only if G is a cycle C,,.

m-+2n
Proof: Since H (G) < with equality if and only if G is a path P, or a cycle C,, [19].Combine with Theorem 11,

we obtain the desired result

© 2023, IJMA. All Rights Reserved 7
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Corollary 11.2: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
1
"F(G)<—R(G
25 (G)
with equality if and only if G is a cycle C.

2m
Proof: Since H (G) < R(G) with equality if and only if G is a — -regular graph [20]. Combine with Theorem 11,
n

we get the desired result

Corollary 11.3: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
AB 2R
"F ()< ABC(C) £ 2R(E)

46
with equality if and only if G is a path P..

1
Proof: Since H (G) < > ABC(G) + R(G) with equality if and only if G is a path P, [21]. Combine with Theorem 11,

we obtain the desired result.

Corollary 11.4: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
"F(G)< 1 x (G)
Jks

with equality if and only if G is a k-regular graph.

Proof: Since H(G) < % X (G) with equality if and only if G is a k-regular graph [22]. Combine with Theorem 11,
we get the desired result

Corollary 11.5: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
ABC(G
"F(G)< ©)

262k -2

with equality if and only if G is a k-regular graph.

Proof: Since H (G) s%@)

with equality if and only if G is a k-regular graph [22]. Combine with Theorem 11,
2

we obtain the desired result.

Corollary 11.6: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
"F(G)< GA(?)
20
with equality if and only if G is a regular graph.

GA(G)
5

Proof: Since H (G) <

.with equality if and only if G is a regular graph [23]. Combine with Theorem 11, we

obtain the desired result.

Corollary 11.7: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
A 2 2 AZ 2
"F(G)< SACS 0 +4)
86°AM, (G)
with equality if and only if G is a regular graph.

GA(G)2 (52 + AZ)2
45°AM ,(G)
Theorem 11, we obtain the desired result.

Proof: Since H(G) < with equality if and only if G is a regular graph [24]. Combine with

© 2023, IJMA. All Rights Reserved 8



V. R. Kulli*/ Bounds On Modified F-Index and Modified Hyper Zagreb Indices / IIMA- 14(11), Nov.-2023.

Corollary 11.8: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
ID(G)A
"F(6)< DGA
40

with equality if and only if G is a cycle C.

Proof: Since H (G) s%

with equality if and only if G is a regular graph [25]. Combine with Theorem 11, we

obtain the desired result

Corollary 11.9: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
m(5 + A)ISI(G)

25\5AM,, (G)

with equality if and only if G is a regular graph.

"F(G)<

m(S + A)ISI(G)
JoAM, (G)

11, we get the desired result.

Proof: Since H (G) <

with equality if and only if G is a regular graph [26]. Combine with Theorem

Corollary 11.10: Let G be a connected graph with n vertices, m edges, minimum degree J. Then
"F(g)< BIE)

53

with equality if and only if G is a regular graph.

21S1(G)

Proof: Since H (G) < 52 with equality if and only if G is a regular graph [27]. Combine with Theorem 11, we

obtain the desired result.

In this study, we have obtained several bounds for modified F-index of graphs with given some parameters and some
other graph indices.
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