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ABSTRACT

In this paper, we introduce and study the new weaker forms of separation axioms called ag*s-T; (I =0, 1, 2) and
weaker forms of regular and normal spaces using ag*s-closed sets in topological spaces.
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1. INTRODUCTION

General Topology plays an important role in many fields of applied sciences as well as branches of mathematics.
More importantly, generalized closed sets suggest some new separation axioms which have been found to be very
useful in the study of certain objects of digital topology.

Maheshwari and Prasad [7] introduced the new class of spaces called s-normal spaces using semi open sets. Further, it
was studied by Noiri and Popa [6], Dorsett [2] and Arya [1]. Using the concept of g-closed sets, Munshi [8] introduced
g-regular and g-normal spaces in topological spaces. In 2017, ag*s-closed sets were introduced by T.D. Rayanagoudar
[9] and studied the concepts of and ag*s-continuous functions in topological spaces.

In this paper, we introduce a new weaker forms of separation axioms called ag*s-To, ag*s-T1, ag*s-T, spaces and
ag*s-regular and ag*s-normal spaces in topological spaces. Further, some characterizations of these spaces are also
obtained.

2. PRELIMINARY

Throughout this paper space (X, 1) and (Y, o) (or simply X and Y) always de-note topological spaces on which no
separation axioms are assumed unless explicitly stated.

Definition 2.1: [9] A subset A of a topological space X is said to be a ag*s-closed set if acl(A) < U whenever A c U
and U is gs-open in X.

The family of all ag*s-closed subsets of X is denoted by ag*sC(X).

Definition 2.2: [9] The intersection of all ag*s-closed sets containing a set A of X is called ag*s-closure of A and is
denoted by ag*s-cl(A).

A set A is ag*s-closed if and only if ag*s-cl(A) = A.

Definition 2.3: [9] The union of all ag*s-open sets containing a set A of X is called ag*s-interior of A and it is denoted
by ag*s-int(A).

A set A is called ag*s-open if and only if ag*s-int(A) = A.
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Definition 2.4: A function f: X—Y is called a

(i) og*s-continuous [9] if f 1(V) is ag*s-closed in X for every closed set V in Y.
(ii) og*s-irresolute [9] if f (V) is ag*s-closed in X for every ag*s-closed set VV in Y.
(iii) ag*s-open[9] if f(V) is ag*s-open in Y for every open set V in X.

(iv) pre ag*s-open [9] if f(V) is ag*s-open set in Y for every ag*s-open set V in X.

3. ag*s -SEPARATION AXIOMS

This section contains a new weaker forms of separation axioms such as ag*s-T, spaces, ag*s-T; spaces and ag*s-T,
spaces and some of their properties.

Definition 3.1: A space X is said to be ag*s-Tospace if for each pair of distinct points, there exists a ag*s-open set
containing one point but not other.

Theorem 3.1: A space X is ag*s-T, if and only if ag*s-closures of distinct points are distinct.

Proof: Letx, y e X with x #y where X be ag*s-T, space. Then we have to prove that ag*s-cl({x}) # ag*s-cl({y}). As
X is ag*s-Ty, there exists a ag*s-open set G such that x e G buty ¢ Gand also x gX-Gandy € X — G, where X -G
is ag*s-closed in X. Since ag*s-cl({y}) is the intersection of all ag*s-closed sets which contain y.

Hence yeog*s-cl({y}). But xgag*s-cl({y}) as x ¢X — G. Thus ag*s-cl({x}) # ag*s-cl({y}).

Conversely, suppose for any pair of distinct points x, y € X, ag*s-cl({x}) # ag*s- cl({y}). Then, there exist at least one
point ze X such that z € ag*s-cl({x}) but zgag*s-cl({y}). We claim that xgag*s-cl({y}). If xeag*s-cl({y}), then
ag*s-cl({x}) cag*s-cl({y}), so z e ag*s-cl({y}) which is contradiction. Hence xgag*s-cl({y}) implies that
xeX - ag*s-cl({y}), which is ag*s-open set in X containing x but not y. Hence X is ag*s-Tq-space.

Theorem 3.2: Every subspace of a ag*s-T, space is ag*s-T, space.
Proof: Let y;, y, be two distinct points of Y and so y; and y, are also distinct points of X. As X is ag*s-T, space, there
exists a ag*s-open set G such that y,€G, y,¢ G. Then G NY is ag*s-open set in Y which contains y; and does not

contains y,. Hence Y is ag*s-T, space.

Definition 3.2: [9] A mapping f: X—Y is said to be pre ag*s-open map if the image of every ag*s-open set of X is
ag*s-openin'Y.

Lemma 3.1: The property of a space being ag*s-T, space is preserved under bijective and pre ag*s-open.

Proof: Let X be a ag*s-To-space and f: X — Y be bijective, pre ag*s-open. Lety;, Y,e Y with y; # y,. Since f is
bijective, there exist x;, X, € X such that f(x;) = y; and f(x;) = y,. Also, as X is ag*s-Ty, there exists a ag*s-open set G
such that x;e G but x,¢ G. Then f(G) is ag*s-open set containing f(x;) but not containing f(x,) as X is ag*s-open.
Thus, there exist a ag*s-open set f(G) in Y such that y;e f(G) and y,¢ f(G). ThusY is ag*s-T, space.

Theorem 3.3: If f: X — Y is bijective, pre ag*s-open and X is ag*s-T, space, then Y is also ag*s-T, space.

Proof: Let y; and y, be two distinct points of Y. Then there exists x; and x, of X such that f(x;) = y; and f(x,) = y,.
Since X is ag*s-Ty, there exists ag*s —open set G such that x;e G and x,¢ G. Therefore, y; = f(x;) € f(G), y, = f(xy)
¢ f(G). Then f(G) is ag*s-open in Y. Thus, there exists a ag*s-open set f(G) in Y such that y;e f(G) and y,¢ f(G).
Thus Y is ag*s-T, Space.

Definition 3.3: A space X is said to be a ag*s-T; if for each pair of distinct points x, y in X, there exist a pair of
ag*s-open sets, one containing x but not y and the other containing y but not x.

Remark 3.1: Every T;-space is ag*s-T;-space.
Theorem 3.4: A space X is ag*s-Ty if and only if every singleton subset{x} of X is ag*s-closed in X.

Proof: Let x, y be two distinct points of X such that {x} and {y} are ag*s-closed. Then {x}* and {y}‘are ag*s-open in
X such that y e{x}" but x #{x}°and x e{y}° but y£{y}". Hence X is ag*s-T,-space.
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Conversely, let x be any arbitrary point of X. If y € {x}°, then y # x. Now the space being ag*s-T1 and y different from
X, there must exists a ag*s-open set G, such that y G, but x ¢G,. Thus, for each ye{x}*, there exists a ag*s-open set
G, such that yeGy={x}°. Therefore U{y:y#x}={G,:y£x}<={x}" which implies that{x}‘c{G,:y#x}={x}°. Therefore
{x}° =U{G, :y#x}. Since Gy is ag*s-open and the union of ag*s-open set is again ag*s-open, so {x} is ag*s-open in
X. Hence {x} is ag*s-closed in X.

Theorem 3.5: Let f: X—Y be bijective and ag*s-open. If X is ag*s-T; space and Tg~-space then Y is ag*s-T;-space.

Proof: Let y; and y, be any two distinct points of Y. As f is bijective, there exist distinct points x; and x, of X such that
y1 = f (Xg) and y, = f (Xp). Then, there exist ag*s-open sets G and H such that x;e G, x,2G and x;& H, xpeH.

Therefore y;= f (X)) ef (G) buty, =T (x;) ¢ f(G)andy, =1 (x;) € f(H)and y, =T (x;) & f(H). As X is Tog~-Space,
G and H are open sets in X.

As f is ag*s-open, f(G) and f(H) are ag*s-open subsets in Y. Thus there exist ag*s-open sets such that y;ef(G) but
y,¢ f(G) and y,ef (H) but y,; ¢ f (H). Hence Y is ag*s-T;-space.

Theorem 3.6: Let f: X—Y be ag*s-irresolute and injective. If Y is ag*s-T; then X is ag*s-T;.

Proof: Let x, yeY such that x #y. Then there exist pair of ag*s-open sets U and V in Y such that f(x) € U, f(y)eV
and f(x) ¢ V, f(y) ¢ U. Then x € f(U), ye f*(V) and x ¢ f(V), y ¢ f(U) as f is ag*s-irresolute. Hence X is
ag*s-T, space.

Theorem 3.7: If f: X—Y is ag*s-continuous, injective and Y is T;-space then X is ag*s-T;.

Proof: For any two distinct points x; and X, in X there exist disjoint points y; and y, of Y such that f(x;) = y; and
f(x2) = y,. As Y is Ty-space, there exist open sets U and V in Y such that y;e U, y,¢ U and y;2V, y,e V. That is
xie FYU), x;¢ F1(V) and x,e F1(V), xo2f }(U). Again, since f is ag*s-continuous, f }(U) and f (V) are ag*s-open
sets in X. Thus for two distinct points x, and x, of X, there exists a ag*s-open sets f *(U) and f*(V) such that
x,ef Y(U), x.& (V) and x,ef (V), x,2f *(U). Therefore X is ag*s-T; space.

Definition 3.4: A space X is said to be ag*s-T, if for each pair of distinct points x, y of X, there exist disjoint
ag*s-open sets U and V such that x e Uand y € V.

Remark 3.2: It is clear that every ag*s-T, space is ag*s-T; space.

Theorem 3.8: A space X is ag*s-T, space if and only if the intersection of all ag*s-closed neighborhood of each point
of X is singleton set.

Proof: Let x and y be any two distinct points of X. As X is ag*s-T,, there exist ag*s-open sets G and H such that xeG,
yeH and GNH = ¢. Since GNH = ¢, xeGc=X — H, s0 X — H is ag*s-closed neighborhood of x which does not contain
y. Thus y does not belong to the intersection of all ag*s-closed neighborhood of x. Since y is arbitrary, the intersection
of all ag*s-closed neighborhood of x is the singleton{x}.

Conversely, let {x} be the intersection of all ag*s-closed neighborhood of an arbitrary point x € X and y be a point of
X different from x. Since y does not belong to the intersection, there exists ag*s-closed neighborhood N of x, such that
yN. Since N is ag*s-neighborhood of x, there exists a ag*s-open set G such that xeGcN. Thus G and X-N are
ag*s-open sets such that xeG, ye X-N and Gn (X-N) = ¢. Hence X is ag*s-T, space.

Theorem 3.9: If f: X—Y is an injective, ag*s-irresolute and Y is ag*s-T, then X is ag*s-T,.

Proof: Let x; and x, be any two distinct points in X. Since f is injective, x; = X, implies f(x;) = f(x,). Let y; = f(xy),
ys = f(X2), 50 X; = F(y1), X, = FX(y,). Then y;, y,€Y such that y; = y,. As Y is ag*s-T,, there exist ag*s-open sets G
and H such that y; €G, y,eH and GNH = ¢. Then £ *(G) and f *(H) are ag*s-open sets of X as f is ag*s-irresolute. Now
fH{G)NF(H) = FY(GNH) = f () = ¢. y1€G implies f(y,)ef (G),that is x;f }(G), y,eH implies f*(y,)ef *(H),
that is x,ef *(H). Thus, for every pair of distinct points x; and x, of X, there exist disjoint ag*s-open sets f }(G) and
f1(H) such that x,e f(G), x,e f (H). Hence X is ag*s-T, space.
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Theorem 3.10: If f: X—>Y is ag*s-continuous, injective and Y is T, then X is ag*s-T, space.

Proof: For any two distinct points x; and x, of X, there exist disjoint points y; and y, of Y such that y; = f(x;) and
v, = f(Xp). As Y is T,, there exist disjoint open sets U and V in Y such that y;eU and y,eV, that is x,ef *(U) and
X,f (V). Again, as f is ag*s-continuous, f 1(U) and f—1(V) are ag*s-open sets in X.

Further fY(U)Nf (V) = FYUNV) = fY(¢) = ¢. Thus, for two disjoint points x; and x, of X, there exist disjoint
ag*s-open sets f *(U) and f (V) such that x,ef (U) and x,ef (V). Thus X is ag*s-T, space.

4. ag*s-NORMAL SPACES

Definition 4.1: A space X is said to be ag*s-normal if for any pair of disjoint ag*s-closed sets A and B in X, there exist
disjoint open sets U and V in X such that A cU, BcV.

Remark 4.1: If X is normal and Tg+-space then X is ag*s-normal.

Theorem 4.1: The following are equivalent for any space X:
(@) Xisnormal
(b) for any disjoint closed sets A and B, there exist disjoint ag*s-open sets U and V such that AcU and B c V
(c) for any closed set A and any open set V containing A, there exists a ag*s-open set U in X such that
AcUcclU)cV.

Proof: (a)—(b): It follows from [9].

(b) >(c): Let A be a closed set and V be an open set containing A. Then A and X-V are disjoint closed sets. Then there
exist ag*s-open sets U and W such that AcU and X-VcW. Since X-V is closed, X-V is ag*s-closed [9]. Then we have
X-V cint(W) and Unint(W) = ¢ and so, cl(U)nint(W) = ¢. And hence A c U c cl(U) < X-int(W) c V.

(c)—>(a): Let A, B be disjoint closed sets in X. Then A < X-B and X-B is open. Then there exists a ag*s-open set G of
X such that AcGccl(G)cX-B. Then A is ag*s-closed by [9]. Thus, Acint(G). Let us put U = int(int(G)) and
V = int(int(X- int(G))). Then U and V are disjoint open sets of X such that A — U and B c V. Therefore X is nhormal.

Theorem 4.2: The following statements are equivalent for a topological space X:

(@) Xisag*s-normal

(b) for each closed set A and for each open set U containing A, there exists a ag*s- open set V containing A such that
ag*s—cl(V) c U.

(c) for each pair of disjoint closed sets A and B there exists a ag*s-open set U containing A such that
ag*s—cl(U) N B=og.

Proof: (a) — (b): Let A be closed set and U be an open set containing A. Then AN (X - U) = ¢ and therefore disjoint
closed sets in X. Since X is ag*s-normal, there exist disjoint ag*s-open sets V and W such that A c U, X - U cW, that
is X -W cU. Now V N W =g, implies VX - W. Thus ag*-cl(V ) cag*s -cl(X - W) = X - W, as X - W is ag*s-closed
set. Thus, AcV cog*s-cl(V)cX-W c Uthatis AcV cog*s-cl(V) cU.

(b) — (c): Let A and B be disjoint closed sets in X then A =X - B where X - B is an open set containing A. Then, there
exists a ag*s-open set U such that A cU and ag*s -cl(U) < X - B, which implies ag*s - cl(U) N B = o.

(b) — (a): Let A and B be disjoint closed sets in X. Then there exists ag*s-open set U such that A < U and
ag*s - cl(U) N B = ¢ or B <X -ag*s - cl(U). Now U and X -ag*s - cl(U) are disjoint ag*s-open sets of X such that
A cU and B c X - ag*s-cl(U). Hence X is ag*s -normal.

Theorem 4.3: If X is ag*s-normal and Y is ag*s-closed subset of X then the subspace Y is also ag*s-normal.

Proof: Let A and B be any two disjoint ag*s-closed sets in Y. Then by [9], A and B are ag*s-closed sets in X. Since X
is ag*s-normal, there exist disjoint open sets U and V in X such that AcU, BcV. Therefore UNY and VMY are
disjoint open subsets of the subspace Y such that AcUNY and BcVNY. Hence the subspace Y is ag*s-normal.

Theorem 4.4: If f: X—>Y is pre ag*s-closed, continuous injective and Y is ag*s-normal then X is ag*s-normal.

Proof: Let A and B be disjoint ag*s-closed sets in X. Since f is pre ag*s-closed, f(A) and f(B) are disjoint ag*s-closed
sets in Y. As Y is ag*s-normal there exist disjoint open sets U and V such that f(A)cU, f(B)cV. Thus Acf *(U),
Bcf (V) and f1(U)NFY(V) = ¢. Then, f(U) and f*(V) are open sets in X as f is continuous. Hence X is ag*s-
normal.

© 2023, IJMA. All Rights Reserved 4



Sarika M. Patil*/ Weaker forms of Separation Axioms in Topological Spaces / IIMA- 14(6), June-2023.

Theorem 4.5: If f: XY is ag*s-irresolute, bijective, open map from a ag*s- normal space X on to a space Y then Y is
ag*s-normal.

Proof: Let A and B be two disjoint ag*s-closed sets in Y. As f is ag*s-irresolute and bijective, f A) and f (B) are
disjoint ag*s-closed sets in X. As X is ag*s- normal there exist disjoint open sets U and V such that f *(A) cU and
f Y(B) <V, thatis Acf(U)and B = f (V). Thenf(U) and f (V) are open sets in Y and f (U) N £ (V) = ¢. Thus Y is
ag*s-normal.

5. ag*s -REGULAR SPACES

Definition 5.1: A space X is said to be ag*s-regular if for each ag*s —closed sets F and point x ¢ F there exists disjoint
open sets U and V in X such that x eU and F cV.

Theorem 5.1: Every ag*s-regular T space is ag*s-T,.

Proof: Let x and y be any two points in X such that x # y. Let V be an open set which contains x but not y. Then X-V
is a closed set containing y but not x. Then, there exist disjoint open sets U and W such that x eU and X-V < W, as
yeX-V, yeW. Thus for x, yeX with x # y, there exist disjoint ag*s-open sets U and W such that xeU and yeW.
Hence X is ag*s-T, space.

Theorem 5.2: The following properties are equivalent for a space X:

(@) Xisag*s-regular space

(b) for each point xeX and each ag*s-open neighborhood A of X, there exist an open neighborhood V of X such that
cl(V) c A

Proof: (a)—(b): Suppose X is ag*s-open neighborhood of x. Then there exists a ag*s-open set G such that xeG < A.
Since X-G is ag*s-closed and x&X-G. Then, there exist open sets U and V such that X-G cU, x €V and UnV=¢ and
s0 VcX-U. Now cl(V) c cl(X-U) = X-U and X-G < U implies X-U < GcA. Therefore cl(V) c A.

(b)—>(a): Let F be a closed set in X and xgF. Then x € X-F, where X-F is ag*s-open and so X-F is ag*s-neighborhood
of X. From hypothesis, there exists open neighborhood V of X such that xeV and cl(V) < X-F, which implies
FcX-cl(V). Then X-cl(V) is an open set containing F and VN (X-cl(V))=¢. Therefore X is ag*s-regular.

Theorem 5.3: If X is ag*s-regular and Y is an open and ag*s-closed subspace of X then the subspace Y is
ag*s-regular.

Proof: Let A be ag*s-closed subspace of Y and yg A. Then A is ag*s-closed in X. Since X is ag*s-regular, there
exist open sets U and V in X such that y € U and AcV. Therefore UNY and VNY are disjoint open sets of the
subspace Y, such that yeUNY and A < VNY. Hence the subspace Y is ag*s-regular.

Theorem 5.4: If f: XY is bijective, ag*s-irresolute and open map. If X is ag*s-regular then Y is ag*s-regular.

Proof: Let F be ag*s-closed set of Y and yeF. As f is ag*s-irresolute, f *(F) is ag*s-closed in X. Consider f(x) =y, so
x= f(y) and xef *(F). Since X is ag*s-regular there exist open sets U and V such that xeU and f *(F)cV, UnV= g.
Since f is open and bijective, we have yef(U), F<f(V) and f(U)Nf(V) = f(U nV) = f(¢) = 9. Hence Y is ag*s-regular.

Theorem 5.5: Every subspace of a ag*s-regular space is ag*s-regular.

Proof: Let X be ag*s-regular and Y be a subspace of X. Let xeY and F be a ag*s-closed set in Y such that xg F.
Then there exists a ag*s-closed set A of X with F=YNA and x¢ A. Therefore, xe X, where A is ag*s-closed in X such
that xg A. As X is ag*s-regular, there exist open sets G and H such that x G, A < Hand G N H = ¢. Note that, YNG
and YNH are open sets in Y. Also x €G and xeY, implies xeYNG and AcH implies that YNG cYNH, FCYNH.
Further (YNG) N (YNH) = ¢@. Thus Y is ag*s-regular.

Theorem 5.6: Let f: X—Y be continuous, ag*s-closed, surjective and open map. If X is regular then Y is regular.
Proof: LetyeY and V be an open set containing y in Y. Let x be a point of X such that y = f(x). As X is regular and f
is continuous, there exists open set U such that xeUccl(U) <f-1(V). Hence yef(U)cf(cl(U)) <V. Again, f is

ag*s-closed map, then f(cl(U)) is ag*s-closed set contained in the open set V. Hence cl(f(cl(U)))cV. Therefore
yef(U) < f(cl(V)) < cl(f(cl(U))) < V. This implies ye f(U) < cl(f(U)) <V and f(U) is open. Hence Y is regular.
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6. CONCLUSION

The research in topology over last two decades has reached a high level in many directions. Topological methods are
widely used in many other branches of modern mathematics such as differential equation, functional analysis, classical
mechanics etc. Topology has become a powerful instrument of mathematical research and its language acquired
universal importance. By researching generalizations of closed sets, some new separation axioms have been founded
and they turn out to be useful in the study of digital topology. Therefore, ag*s-separation axioms defined by
ag*s-closed sets will have many possibilities of applications in digital topology and computer graphics.
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