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ABSTRACT

In this article new subclass for harmonic univalent in the unit disk U define by the constructed operator L?. Properties
such as coefficient bounds, distortion bounds, extreme points, and convolution will be studied.
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1. INTRODUCTION

Let f = u + iv be a complex valued harmonic function in a complex domain C that is both u and v are real harmonic
in C. Let

fz)=h+g (1.1)
where h and g are analytic in ® c C and D is any simply connected domain. Let SH be the class of functionsf=h + g
that are harmonic univalent and sense-preserving in the unit disk U= {z € C : |z| < 1} for which f(0) = h(0) =f'(0)— 1
=0, h and g define as follows

h(@) =z +252a,2", 9(2) = 252 bz, [oa| < 1. (1.2)

In 1984 Clunie and Sheil-Small [8] introduced and investigated the class SH as well as its geometric subclasses and
obtained some properties of this class and this motivated many researchers to introduce some subclasses of the class
SH, (see [3, 4, 6]). The importance of these functions is due to their use in the study of minimal surfaces as well as in
various problems related to applied mathematics. Let D™ with (n € N, =0, 1, 2, ...), be the Salagean derivative operator
defined as D™ f(z) = D(D" ' f(z)) = z[D" ' f(z)]’ with D%f(z) = f(z) given as

D"f(z) =z +X7_, k™a,z*. (1.3)

Let 19 one-parameter Jung-Kim-Srivastava integral operator defined as I f(z) = % fOZ (logf )° ! f(t)dt given as

o0 2 o
The operator L% was define as follows in [1]
00 n 2 a
L5 f (@) =2+8i-, K" ) w2, (15)

with LY f (z) (z) = D"f(z) and L§ f (z) (z) = I° f(z) We define the operator on f as follows
0 f (@ @=L5 h(2) @ +(-(-D" L3 g (2) (1.6)

Where LS f (2) =z +X7_, K" (kzj)"akzk and
L7 g@)=z+X7_, K* (kzﬁ)"akz" and

also L LY f (2) f(z) = h(z) + 9(2). (1.7)
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The two operators have been used by researchers to generalised the concepts of starlikeness and convexity of functions

in the unit disk. (see [9, 10, 11]). We define MJ («) be the family of harmonicfunctions of the form (1) such that
MEH ()

Re (M1 f(z) -=——>) B . (1.8)

Mg (@)
Clearly the class M? (a)) includes a variety of well-known subclasses of SH.

For example, M{ (a)) = SH(a) is the class of sense-preserving, harmonic univalent functions f which are starlike of
order B in U and M§ (B) = KH is t On Subclass of Harmonic Univalent Functionsclass of sense-preserving, harmonic
univalent functions f which are convex of order B in U studied by Jahangiri [2], M} () is the class of Salagean-type
harmonic univalent functions introduced by Jahangiri et al. [5, 7]. We let the subclass M g (z)(a) (consist of
harmonic functions f, = h(z) + gn(2) in the class M3 (B) where h and f are of the form

h(z) =L, f (2) = 2-Xi, laelz*, 9@) =(=1)" iz Ibjz*, ol < L. (1.9)

In this work, we give the sufficient condition for functions in the class M} (B) which is sufficient for the functions in
the class) M™(a). The distortion, extreme point and convolution for the functions in the class M”(a)) were also
obtained.

2. MAIN RESULTS

Theorem 2.1: Let f(z) =h(z) + g (z) where h(z) and g(z) were given by (2)
e} (l —k |_ )Cn o0 (I —k | )Cn
n=2 - (1—:;/ L |an| + n=1 - (lt:)y k |an| < 1

(0,k € Ng,0 < a<1,n € N), then f(z) is harmonic univalent and sense-preserving in U and f(z) € A% (a.,).

Proof: Firstly, to show that f(z) is harmonic univalent in U, suppose that z, z, € U for |z;| <|z,| <1, we have by
inequality so that z; #z,, then

|f(Z1)—f(Zz) > 1- |g(Z1)—g (22)

h (z1)=h (z2)1 — h (z1)=h (z2)

Sn=1bn (@ —23) |

(z1- 22)-%7 =3 an (2] — 23)

1. | Zizilbuln
1-Y7=zlanln
(In—k|-a)Cpy
Y=g 2elbal
>1- (-

= (In—k|—a)C =
1_ZﬁzzaT)nklanl

Thus f is a univalent function in U.

Note that f is sense-preserving in U. This is because

' _ (In—kl-a)C
|R'(2)| = 1-Xn,nla,lzI"'> Er o nla, | > 1 -5, ———2&

>
(1-a) [an] =

w (In=kl+a)C,
> T)klbnl

> =1 o]
> Yronla,lzI" " > |g'(2)]

According to the condition of Equation (5), we only need to show that if Equation (6) holds, then

F’H’lf(z)
—_— >
Red emrirat @

wherez=re’, 0<0<2r,0<r<land0<a<1l.
Note that A(z) = F “"* f(z) and B(z) = F * f(z)

Using the fact that Re(w) > o if and only if [w — (1 + )] < |w + (1 — @)}, it suffices to show that
IA(2) — (1 + 0)B(2)] — |A(2) + (1 — 0)B(2)| < 0 (1)

Substituting for A(z) and B(z) in |A(z) — (1 + a)B(z)|, we obtain
IAGZ) — (1 +w)B(z)|= | F¥ f(z) — (1 + o) F*f(z) |
=z + 2o, Cagany AnZ™ + CDED T Gy by 27 = (1 + o[z +
n=200Cnk anzn+ (~= 1) n=100 Cn(4+1)p =
<ozl X7-2 [((1 + 0)) — In — k||Cqanl
|z|™+ Z;‘f:1|((1 +a)+ |n—k[Cy anlz"||
Now, substituting for A(z) and B(z) in
IA(2) + (1 — w)B(2)],
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We obtain |A(z) + (1 — @)B(z)| = | F*'f(z) + 1 — a) F*f(z)
=|z+Xi, Cagany @nZ™ + CDED B0 Cugery by 27 — (1= )z + X752, Gy @z +
(— D#n=10 (n(k+1)pn =
2 2-alz| = Xi—x(a — 1) — In— k| Ce la, 12" -
n=1ln —kl = (1 — )Gy lay 12" — |a, |2 + 9)

Substituting for Equations (8) and (9) in the inequality we obtain
IA(2) — (1 + 0)B(2)| — |A(z) + (1 — 0)B(2)]

< ofz + 250 | (@ + @) = In— kl| Cui faolle™ + Zis (A + @) = kel G bylllz" T2 " +(a

2)lz] X1 (1 + @)ln — kel Gy lay | 2| "+Z57_1 (1 + @)n — k| Cy ballz]"
=2X7=2In — kl= 0)Cdan| + 2 X571 In — k| + 0)Cridn| = 2(1 — )
< 0. (by hypothesis).

Therefore, we have
* _oln—kl|- OL)an1|an| +22_ (In—k|+ OL)Cn;{|bn| <(1—a).
f(z) =z + X5- zmx " AT 2 Un (10)

—a) (1-a)
where k € Ngand 27, |, | + X7 1Iynl =1, shows that the coefficient bound given by Equation (6) is sharp. Since
w (In—k |-a)Cu X, |+ (In—k |+ ay)Cux Y. |
n=2"__ o (o= 'i')” n=1 (-a) @ 1k |;ry) Un

=2l | + Z;‘f_llynl =

Now, we show that the condition of Equation (6) is also necessary for functions fy=h + g, , where h and g, are given
by Equation (6).

Theorem 2.2: Let fy = h + g, be given by Equation (6). Then f(z) € Al (a,)(a,) if and only if the coefficient in
condition of Equation (6) holds.

Proof: We only need to prove the “only if” part of the theorem because of Agz(k, a, y) € AH(k, o, v). Then by Equation
(5), we have

(@)
Re { - FKf(z) j>o
Re { [z4+Z5=2 cn e+ 1)@z + (CDEFD 21y epybn 20 —(U—a)[yz+y By—2 Cok anz® +1(—D* T5—1 Gy e+ 1)bn 27|
(1-0)[yz+y 25 =2 Cok anz" +7(—DF TP_1 Crybn 2"
We observe that the above-required condition of Equation (11) must behold for all values of z in U. If we choose z to
be realand z — 1, we get

(1_0«)_Zn=2(|n_k| —(Xan |an| >0

[Xh—2 Cax lanlz®! +y X0, Cox [bylz7t ™
(12) If the condition (6) does not hold, then the numerator in Equation (12) is negative for r sufficiently closed to 1.

b> o

Hence there exist z0 =r0 in (0, 1) for which the quotient in Equation (12) is negative, therefore there is a contradicts the
required condition for f, € A% (a,)( a,).

Extreme Points Here, we determine the extreme points of the closed convex hull of Ay (k, o, y), denoted by
clcoAl;(0,)( a,).

Theorem 2.3: Let fygiven by (1.2). Then f, € A% (a,)( o) i fand onlyi f
£(2) = Z_y Xy hy + Yy GmWhere hy(2) =2, hy(2) =2 — =5 2"n =2,3, .. .,
(1-a)
gkn(z)=z+mz" n=12,...,

(1-a)
and X, >0, Y,>0,X;=1-X%7_,(X, + Y,)> 0 In particular the extreme points of A% (a,)( a,) are {h,} and {gkn}-

Theorem 2.4: Let the functions f,;(z), defined by Equation (13) be in the class A% F( o), foreveryi=1,2,..., m. Then
the functions ci(z) defined by ci(z) = X7, t; fi;(z) 0 <t; <1 are also in the class Ay (a,) Where Y72, t;= 1. 2.4.
Convolution (Hadamard Product) Property

Here, we show that the class A’,‘q(a,) is closed under convolution. The convolution of two harmonic functions
z Yy laglz" + (=1)" Ty |b,| z™ (14) and
Q@) =z -7, L |z" + (D" Xi_; IM,| z™™ (15) is defined as
(fa* Qu)(@) = 1o(2) * Qu(2) =2 —2 — X, lay Ly 12" + (1) By by My | 27" (16)
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Using Equations (12)—(14), we prove the following theorem.
Theorem 2.5: For 0 <pu<a <1,k € N, let f, € 4% (0,) and Q, € A% (,) Then f, x Q" € AL, () < A% (1)
3. INTEGRAL OPERATOR

Here, we examine the closure property of the class A% (a,) under the generalized Bernardi-Libera-Livingston integral
operator (see References [10,11]) L,(f) which is defined by

Ly(f) = 5 J7 t41 f(dt, u> -1, (17)

Theorem 3.1: Let fi(z) €A (k, o, y). Then Ly(f(2)) €AY (o)
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