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ABSTRACT 
The non-homogeneous bi-quadratic equation with four unknowns given by ( ) 04 3 =++ zwyxxy is analysed for 
finding its non-zero distinct integer solutions through different methods. A few interesting relations among the solutions 
are presented. 
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INTRODUCTION 
 
The theory of Diophantine equations offers a rich variety of fascinating problems. In particular, biquadratic diophantine 
equations, homogeneous and non-homogeneous have aroused the interest of numerous mathematicians since antiquity 
[1-5].  In this context, one may refer [6-17] for various problems on the biquadratic diophantine equations with four 
variables.  However, often we come across non-homogeneous biquadratic equations and as such one may require its 
integral solution in its most general form.   
 
It is towards this end, this paper concerns with the problem of determining non-trivial integral solutions of the non-
homogeneous equation with four unknowns given by 04)( 3 =++ zwyxxy  
 
NOTATIONS 

:,nmt polygonal number of rank n with size m. 

:n
mP pyramidal number of rank n with size m. 

 
METHOD OF ANALYSIS 
 
The non- homogeneous bi-quadratic equation with four unknowns to be solved is  

04)( 3 =++ zwyxxy                                                                              (1) 
 
Substitution of the linear transformations  

( )0,,, ≠≠=−=+= vuuzvuyvux                                                                                     (2) 
in (1) leads to  

322 2wuv =−                                                                                                    (3) 
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Solving (3) through different ways for wvu ,,  and using (2), one obtains different sets of solutions to (1) that are 
illustrated below: 
 
WAY 1: 
Write (3) as the system of double equations as shown in Table 1 below: 
 

Table-1: System of Double Equations 

SYSTEM 1 2 3 4 5 6 

v+u 3w  22w  2w  w2  w  2 

v-u 2 w  w2  2w  22w  3w  
 
Solving each of the system of equations in Table 1, the corresponding values of u, v and w are obtained. Substituting 
the values of u and v in (2), the respective values of x and y are determined. The integer solutions to (1) obtained 
through solving each of the above system of equations are exhibited. 
 
Solutions through SYSTEM 1: kwkzykx 2,14,2,8 33 =−=−==  
 
OBSERVATIONS: 

 63 16 kPwx =+  

 333 86 zxyzyx =++  

 16 4 ++=+ yPwz k  

 86 kPwx =−  

 16652 kPwx =−  
 
Solutions through SYSTEM 2: kwkkzkykx 2,4,2,8 22 =−=−==  
 
OBSERVATIONS: 

 wPy k 212 43 =+  

 065 16 =++ kPwxy  

 zPkwx k 262 43 +=++  

 xtw k =+ ,1023  

 ktyx ,18272 =+  
 
Solutions through SYSTEM 3: kwkkzkykx 2,22,4,4 22 =−=−==  
 
OBSERVATIONS: 

 3(z-w-y)  is a nasty  number. 

 ywkz ++= 22  

 ktwx ,62=−  

 wty k 24325 ,7
2 +=  

 xtwz k +=+ −1,3
2 82  

 
143 2487 kPyw =+  

 
Solutions through SYSTEM 4: kwkkzkykx 2,22,4,4 22 =−=−==  
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OBSERVATIONS: 

 
133 481413 kPxw =−  

 0423 ,8 =++ ktxy  

 0232 ,10 =++ ktwy  

 yPwz k +=+ 43 122  

 08 1,3 =++ −ktyx  
 
Solutions through SYSTEM 5: kwkkzkykx 2,4,8,2 22 =−=−==  
 
OBSERVATIONS: 

 
2482 6 kxPwz k +=++  

 ( )842 66 kPxwz +−+  is a nasty number. 

 065 16 =++ kPxyw  

 016125 ,7 =++ ktwy  
 
Solutions through SYSTEM 6: kwkzkyx 2,41,8,2 33 =−=−==  
 
OBSERVATIONS: 

 kPwy k 664 8 =++  

 
461 kPzw +=+  

 08 6 =+ kPy  

 226 95 =+++ kk PPyx  

 166 12 =+++ kPzy k  
 
WAY 2: 
Taking the linear transformations 

( )0,,, ≠≠=−=+= wuuzwuywux                                  (4) 
in (1), it is written as  

( )wwu 2122 −=                                     (5) 
 
After some algebra, it is seen that (5) is satisfied by the following two choices of u and w: 
 
Choice 1: ( ) ( )( )122,2 22 ++=+−= kkkukkw  
 
Choice 2: ( ) ( )( )122,2 22 ++−=+−= kkkukkw  
 
In view of (4), the corresponding sets of integer solutions to (1) are represented below: 
 
Solutions to choice 1: 

( )
( )( )
( )( )
( )kkw

kkkz
kkky

kkkx

+−=

++=

++=

+=

2

2

2

2

2
122

14
4
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Solutions to choice 2: 

( )( )
( )

( )( )
( )kkw

kkkz
kkky
kkkx

+−=

++−=

+−=

++−=

2

2

2

2

2
122

4
14

 

 
CONCLUSION 
 
In this paper, an attempt has been made to determine non-zero distinct integer solutions to the non-homogeneous         
bi-quadratic equation with four unknowns given by ( ) 04 3 =++ zwyxxy .  The researchers in this field may search 
for other sets of integer solutions to the equation under consideration and other forms of bi-quadratic equations with 
four or more variables. 
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