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ABSTRACT 
The paper contains an investigation of winding numbers of paths of zeros of analytic theta functions. We have considered 
briefly an analytic representation of finite quantum systems NZ . The analytic functions on a torus have exactly N  
zeros. The brief introduction to the zeros of analytic functions and there time evolution is given. We have discussed the 
periodic finite quantum systems. We have introduced the winding numbers in general. We consider the winding numbers 
of the zeros of analytic theta functions.  
 

 
1. INTRODUCTION 
 
This Paper is devoted to the study winding numbers of paths of zeros in analytic representation of finite quantum systems 
on a torus. Analytic functions are very important tool in several branches of physic sciences. [1, 2, 3] has been studied 
analytic functions and used them Widely in quantum mechanics. The analytic Bargmann function [4, 5, 6, 7, 8, 9, 10] is 
the important to study the overcompleteness of the coherent states. Ref [11, 12] has studied analytic representations of 
finite quantum systems on a torus. The analytic function representing a quantum state has exactly N zeros which define 
uniquely the quantum state. Ref [13] has been studied the motion of the N  zeros on the torus. In present paper we 
introduce the winding numbers of the zeros of analytic functions. The path of zeros are functions of time. The path of this 
motion is curve as long as functions )(tx  and )(ty  are continuous. We define the winding numbers of real part and 
imaginary part of the zero. We demonstrate these general ideas with various concrete examples.  

 
2. ANALYTIC REPRESENTATION OF FINITE QUANTUM SYSTEMS  

 
Let H  be a d -dimensional Hilbert space. Let 〉〉 mm PX |,| , where m  the integers modulo n , be an orthonormal 
basis in this Hilbert space (position states and momentum states Respectively). where  
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Let px,  be the position and momentum operators and they given by  
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We study an arbitrary normalized state 〉F|  
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By reference to ref[13] we represent the state 〉F|  of Eq.(5), with the analytic function  
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which obeys quasi-periodic relations  
 [ ] )(=2 zfNzf π+  

 [ ] [ ],2exp)(=2 zNiNzfNizf πππ −+                                               (7) 

where 3ϑ  is Theta function defined as  
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The analytic function )(zf  is defined on a cell )2,[)2,[ NbbNaa ππ +×+  (defined on a torus). We consider 
the case where 3=N  and the state 〉(0)|F  at 0=t  is described through the coefficients  

,0.450.52=(0),0.240.08=(0) 10 ii +− FF  

.0.370.55=(0)2 i+F                                                                         (9) 
 
In Fig.1 we plot the real part of the function )(zf in Eq.(6)  

 
Figure-1 

 
3. ZEROS OF THE FUNCTIONS )(zf  

 
Ref.[12] has proved that the sum of the zeros nµ  of )(zf , is  
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By reference to ref.[12, 13] we construct the function )(zf  from its zeros nµ  which satisfy the relation of Eq.(10) as 
following  
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where l  is the integer relation of Eq.10; and q  is a fixed calculated from the normalization condition. 
 
Ref.[13] has calculated the coefficients mF from )(zf  as following.  
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4. PATHS OF THE ZEROS 
 
Following ref.[13] we consider the state 〉〉 ∑ mXm ;|(0)=(0)| FF  at 0=t . Using the Hamiltonian H , the state 

〉(0)|F  evolves at time t  
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We consider the case where 3=N  and the state 〉(0)|F  at 0=t  is described through the coefficients  

,0.0040.3=(0),0.0080.9=(0) 10 ii +− FF  

 .0.0030.3=(0)2 i+F                                                                        (13) 
 
We have calculated the coefficients 〉)(| tF  for the two cases of the Hamiltonians  
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Using MATLAB we calculated numerically the zeros nµ  of )(zf . In Fig.2 we present the three curves nµ  for the 

Hamiltonian 1H  (dotted line ), and the Hamiltonian 2H (sold line) of Eq.14.  

 
Figure-2 

 
5. PERIODICITY OF THE ZEROS 
 
Ref.[13] has discussed the Periodic finite quantum systems. In some cases d  of the zeros follow the same path. We say 
that this path has multiplicity d  (see Ref.[13]).   Let  

,2.342.17=(0);2.291.37=(0) 10 ii ++ µµ  

i1.943.02=(0)2 +µ                                                                        (15) 
be the zeros at 0=t  and let  
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be the Hamiltonian with eigenvalues 0,1,2  with period .2= πα  Numerically we get that  

),(=)(),(=)( 1221 tttt µαµµαµ ++                                                      (17) 
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In this case after period the 21,µµ  follow the same path and after a period they exchange position while 3µ  follows a 
closed path as following  

(0),=)((0),=)((0),=)( 001221 µαµµαµµαµ                                    (18) 
 
In Fig.3 we plot the paths of this zeros.  

 

 
Figure-3 

Let 
,4.32.1=(0),2.60.7=(0) 10 ii ++ µµ  

,2.23.7=(0),1.13.7=(0) 32 ii ++ µµ                                                      (19) 

 be the zeros at 0=t  and let  
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be the Hamiltonian with eigenvalues 0,2,2,2.  Using Matlab we calculate the paths of the zeros and found that  

),(=)(),(=)( 2110 tttt µαµµαµ ++  

)(=)(),(=)( 0332 tttt µαµµαµ ++                                                      (21) 
 
In this example all the zeros follow the same path and after period πα =  we get that  

(0),=)((0),=)( 2110 µαµµαµ  

(0).=)((0),=)( 0332 µαµµαµ                                                      (22) 
 
In Fig.4 we plot the paths of this zeros.  

 
Figure-4 
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Hence by definition the zeros 21,µµ  in example.5 have multiplicity 2=d  and the four zeros in example.3 have 
multiplicity 4.=d  

 
6. WINDING NUMBERS OF PATHS OF THE ZEROS 
 
The analytic function )(zf  in Eq.(6) obeys quasi-periodic relations of Eq.(10). In some cases the paths of the zeros are 
closed curves. 
 
In this section we study the winding number of the paths of the zeros of analytic function ).(zf  
 
In general the winding number of the closed curve C  about a point 0z  is the number of times C  surrounds .0z  In 

our case the analytic function )(zf  is defined on a cell  

),2,[)2,[ NbbNaa ππ +×+  

and each cell is labeled by a two of integers ),( rl  with area Nπ2  and period .2 Nπ  
 
The paths of zeros are functions of time, so we can write each zero as following  

,0),()(=)( Tttiytxt ≤≤+µ                                                      (23) 
 
The path of this motion is curve as long as functions )(tx  and )(ty  are continuous. 
 
Our goal is to calculate winding number of the paths nµ . 
 
We say that x  have completed one period at Tt = , if it obeys the relation 

NxTx π2(0)=)( + , 

and we say that x  have completed κ  periods at Tt = , if it obeys the relation 

NxTx πκ 2(0)=)( + . 
 
Here κ  is the winding number of .x  
 
We will denote a winding number of real part of the path of the zeros nµ  by κ  and we will denote a winding number 

of imaginary part of the path of the zeros nµ  by .η  Therefore  

N
yTy

N
xTx

π
η

π
κ

2
(0))(=,

2
(0))(= −−

                                                     (24) 

  
We present the following examples. Let  

,31.6=(0)0.9,0.3=(0),1.82.8=(0) 210 ii +++ µµµ  

ii 3.55.3=(0),4.83.93=(0) 43 ++ µµ                                                      (25) 

 be the zeros at 0.=t  
 
We consider the Hamiltonian 1H  in Eq.(??) for the case 5=N  which has the eigenvalues 

,0.96,5.17,2.8712.82,8.15 . 
 
We consider the zero .31.6=(0)2 i+µ  
 
When the system evolves in time, the zeros move in paths on the torus. 
 
In this case we found numerically that  

ii 0.665.605)(1.6=0.664.006=(1.7)2 +−+−µ  

  iN 0.66)21)((1.6= +−+ π                                                      (26) 
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This show that at the time 1.7=t  the winding number of the real part of the zero 2µ  is 1= −κ . Therefore at the 

time t=1.7 the winding number of the of the zero 2µ  are 1,0).(=),( −ηκ  
 
At time 3.5=t  we found that  

ii 5.605)(35.205=2.6055.205=(3.5)2 −−−−−µ  

  )21)((35.205= iNπ−+−−                                                      (27) 
 
It is seen that at the time 3.5=t  the winding number of the of the zero 2µ  are 1).1,(=),( −−ηκ  
 
In Fig.5 we present the path of the zero .2µ  

 
Figure-5 

Let  
,2.50.9=(0),3.80.5=(0) 10 ii ++ µµ  

,0.30.93=(0)2 i+µ                                                                        (28) 
be the zeros at 0,=t  
and let  
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be the Hamiltonian with eigenvalues 2,2,4.−  
 
We consider the zero i3.760.44=(0)0 +µ  
 
In this case found numerically that  

,3.69820.7082=(0.08)0 iN ++ πµ  

,4.003220.7082=(0.17)0 iN ++ πµ  

.4.003230.7082=(0.25)0 iN ++ πµ                                             (30) 
 

This show that at the times 0.560.4,0.23,=t  the winding number ),( ηκ  of the path of the zero 0µ  are 

(3.0)(2,0),(1,0),  respectively  
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In Fig.6 we present the path of the zero .0µ  

 

 
Figure-6 

 
Also we consider the zero 

,2.510.90=(0)1 i+µ                                                               (31) 
this zero comes to its original position at time 0.5=t  and we found that  

.202.51200.90=(0.5)1 NiN ππµ +++                                             (32) 
 
Here we say that at the time 0.5=t  the winding number of the of the zero 1µ  are (0,0).=),( ηκ  
 
In Fig.7 we present the path of the zero .1µ  

 
Figure-7 

7. CONCLUSION 
 
We have studied the analytic representation of finite quantum systems. The zeros of analytic theta function and there time 
evolution have been considered. We have derived some examples to calculate the paths of various zeros for various 
Hamiltonians. A brief discussion to the Periodicity of the zeros has been given. In some cases some of the zeros travel in 
one path.  
 
In general the winding number of the closed curve C  about a point 0z  is the number of times C  surrounds .0z  We 
have introduced the definition of winding number of the zeros of the analytic representation in finite quantum systems. 
 
The winding number of the zeros of analytic function )(zf  are expressed in integer pairs Eq.(24). 
 
We gave several examples to calculate winding number of the paths )(tnµ of various zeros.  
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