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ABSTRACT

The purpose of this paper is to define and study i-regular generalized closed sets in isotonic spaces. We also introduce
the concept of i-regular generalized - continuous functions and investigate their properties.
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1. INTRODUCTION:

Levine [7] initiated the study of g-closed sets, that is, a subset A of a topological space (X, 1) is g-closed if the closure
of A is included in every open superset of A.

A function p from the power set P(X) of a nonempty set X into itself is called a Generalized closure operator (briefly
GCO) on X and the pair ( X,u) is said to be Generalized closure space ( briefly GCS).

In this paper, we introduce and study the notion of irg - closed sets in isotonic spaces. We define a new class of space
namely Tiq -space and their properties are studied. Further, we introduce a class of irg- continuous maps and irg- closed
maps and their characterizations are obtained.

PRELIMINARIES:

An operator p: P(X) —P(X) is called grounded if uo = ¢, isotonic if Ac Bc X implies pA < uB, expansive if AC uA
for every Ac X, idempotent if u uA = pA for every AcX and additive if p (A U B)  uA U uB for all subsets A and B
of X.

Definitions: 1.1

(i) The space (X, ) is said to be isotonic if p is grounded and isotonic.

(ii) The space (X, ) is said to be a neighborhood space if u is grounded, expansive and isotonic.

(iii) The space (X, ) is said to be a closure space if p is grounded, expansive, and isotonic and idempotent.
(iv) The space (X, ) is said to be a Cech closure space if p is grounded, expansive, isotonic and additive.
(v) A subset A of X is said to be closed if pA = A. It is open if its complement is closed.

(vi) The empty set and the whole space are both open and closed.

Definition: 1.2 An isotonic space (Y, 1) is said to be a subspace of (X, p) if Y& X and p (A) = u (A)NY for each subset
A Y. If Yisclosed in (X, p) then the subspace (Y, 1) of (X, p) is said to be closed too.

Definition: 1.3 Let (X, p) and (Y, 1) be isotonic spaces. A map f: (X, u) —(Y, 1) is said to be continuous, if f (u A) c u
f(A) for every subset A C F.
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Definition: 1.4 Let (X, p) and (Y, 1) be isotonic spaces. A map f: (X, u) —(Y, 1) is said to be closed (resp. open) if f (F)
is a closed (resp. open) subset of (Y, 1) whenever F is a closed (resp. open) subset of (X, p).

Definition: 1.5 Let Let (X, p) and (Y, 1) be isotonic spaces. A map f: (X, u) —(Y, 1) is said to be closure preserving if
u f(A) c 11(A) for all Ac P(X)

Definition: 1.6 The product of a family {(X, U ,); ael} of isotonic spaces denoted byH (Xq, 1) is the isotonic

ael

space H (Xgs Hg) Where H X denotes the Cartesian product of sets X, , ael and p is isotonic operator generated
a

ael oel

by the projections w, :H Xgs L o) & Xgs o), ael i.e defined by p (A) =H U o T, (A) for each Ac H X,

ael ael ael

Clearly, if {(Xa, p ): acl} is a family of isotonic spaces, then the projection map m : H (Xa M )= (X, up)is

ael

closed and continuous for every Be L.

Proposition: 1.7 Let {( X, u ,): a1} be a family of isotonic spaces, let fe I and Fc Xg Then F is a closed subset of

(Xg, u p) if and only if F x X is a closed subset of H (Xgs W o)-

oel oel

Proof: Let BeT and let F be a closed subset of ( Xp, u g).Since mgis closure preserving, mg "\(F) is a closed subset of

I1 (Xq, 1 o)-Butmg '(F) =F x T1x.

ael Z:f
Hence F x H is a closed subset of (X U o)-
Xa H (5} o
azp
acl aecl
Conversely, let F x H X is a closed subset of H (X, 1 ). Since mg s closed,
azf

ol el
g ( Fx HXa )=Fis aclosed subset of H (Xg, pup).
azf
ael acl

Proposition: 1.8 Let {(X,, 1t ,): acI} be a family of isotonic spaces, let Be I and G Xg Then G is a open subset of
(Xg, up) if and only if G x HX is an open subset of H (X U o)

azf
el acl

2.i-REGULAR GENERALIZED - CLOSED SETS:

Definition: 2.1 Let (X, p) be an isotonic space. A subset A X is called a i-regular generalized closed (briefly irg —
closed) set, if uA < G whenever G is a regular open subset of (X, p) with A < G. A subset A of X is called a i-regular
generalized open set (briefly irg —open) if its complement is a irg- closed subset.

Proposition: 2.2 Every closed set is irg - closed.

Proof: Let G be a regular -open subset of (X, p) such that A < G. Since A is a closed set, we have pyA = A c G.
Therefore A is irg-closed.

The converse need not true as seen in the following example:

Example: 2.3 Let X = {a, b} and define an isotonic operator p on X by u¢p=¢ , u {a} =p {b} = uX =X. Then {a} is
irg - closed but it is not closed.

Proposition: 2.4 Let (X, p) be an isotonic and let u be additive. If A and B are irg - closed subsets of (X, ), then
A U B is also irg - closed.
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Proof: Let G be a regular open subset of (X, p) such that AUB < G, then A < G and B c G. Since A and B are
irg - closed, we have p (A) G, and p (B) G, Consequently, u (AUB) = u(A) U u(B) < G. Therefore A U B is
irg - closed.

Remark: The intersection of two irg- closed sets need not be irg - closed as can be seen by the following example.

3l=un

Example: 2.5 Let X = {1,2,3} and define an isotonic operator p on X by u¢ = ¢, u{1} ={ 1,2}; p{2} {
= which is

{23} ={23}pu {1,2} =p {1.3}= p X=X.If A= {1,2} and B = {1,3}are irg closed, then {1,2}"{1,3}
not irg - closed.

=u
{1}
Proposition: 2.6 Let (X, p) be an isotonic space. If A is irg - closed and F is regular closed in (X, u), then A N Fis

irg- closed.

Proof: Let G be a regular open subset of (X, p) such that A N F c G, Then A ¢ G U (X-F).and so, Since A is
irg- closed , u (A) € GuU (X-F), Then u (A) "Fc G, u (A NF) < G. Therefore A N Fis irg - closed.

Proposition: 2.7 Let (Y, 1) be a closed subspace of (X, p). If F is a irg - closed subset of (Y, 1), then F is a
irg - closed subset of (X, ).

Proof: Let G be regular open set of (X, p) such that F ¢ G. Since F is irg - closed and G n F is regular open p (F) n'Y
c G, But Y is closed subset of (X, pu) and p (F) < G, where G is a regular open set. Therefore F is a irg- closed set of
X, ).

The following statement is obvious

Proposition: 2.8 Let (X, p) be an isotonic space and let A < X. If A is both regular open and irg - closed then A is
closed.

Proposition: 2.9 Let (X, p) be an isotonic space and let k be idempotent. If A is a irg- closed subset of (X, p) such that
A cBcu(A),then Bisairg - closed subset of (X, p).

Proof: Let G be a regular open subset of (X, p) such that B € G. Then A c G, Since A is irg - closed, u (A) € G. As G
is idempotent, p (B) < p (u (A)) = u (A) < G, Hence B is irg - closed. Since (X, ) is grounded, expansive, isotonic

and idempotent. It now becomes a closure space.

Proposition: 2.10 Let (X, p) be an isotonic space and let A ¢ X. If A is irg - closed, then p (A) — A has no non empty
regular closed subset.

Proof: Suppose that A is irg- closed. Let F be a regular - closed set of pu (A) — A. Then Fc p (A) N (X-A), so
A c X-F. Consequently, since A is irg — closed F € X- p (A), Since Fc p (A) ,Fc (X-p (A) nu (A) =0,

thus F = ¢.Therefore u (A) — A contains no non empty regular closed subset.

Proposition: 2.11. Let (X, p) be an isotonic space. A set A < X is irg- open if and only if F € X - p (X-A) whenever
F is regular closed subset of (X, p) with F C A.

Proof: Suppose that A is irg- open and F be a regular closed subset of (X, u) such that F€ A. Then X-A < X —-F. But
X- A is irg- closed and X-F is regular open. It follows that p (X-A) € X -F. (i.e) F c X- p (X-A).

Conversely, Let G be a regular open subset of (X, u) such that X-A < G. Then X-G < A. Therefore X-U c p (X-A).
Consequently, p (X-A) < G. Hence X- A is irg- closed and so A is irg- open.

Remark: 2.12 The union of two irg- open sets need not be irg- open.

Proposition: 2.13 Let (X, p) be an isotonic space. If A and B are irg- open of (X, p), then A N B is irg — open.

Proof: Let F be a regular closed subset of (X, p) suchthat FC AN B . Then X-(AnB)c X-F.

Consequently, (X-A) U (X-B) € X - F. By proposition 2.4, (X-A) U (X-B) is irg — closed. Thus, p [(X-A) U (X-B)]

X -F.Hence Fc X —p [(X-A) U (X-B)] € X - u (X- (A N B)), By proposition 2.11, A N B is irg — open.
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Proposition: 2.14 Let (X, u) be an isotonic space. If A is irg- open subsets of (X, p), then X = G whenever G is
regular open and (X- p (X- A)) U (X- A) cG.

Proof: Suppose that A is irg — open. Let G be a regular open subset of (X, p) such that (X- p (X- A)) U (X- A) c G.
Then X — G € X-[(X- pu (X- A)) U (X- A)] . Therefore X — G c p (X- A) N A or equivalently, X- G c p (X- A) —

(X- A). But X — G is regular closed and X — A is irg — closed. Then by proposition 2.10, X — G = ¢ .Consequently X =
G.

Proposition: 2.15 Let (X, p) be an isotonic space and let A < X. If A is irg - closed, then pu (A) — A is irg- open.

Proof: Suppose that A is irg - open. Let F be a regular - closed set of (X, p) such that F < p (A) — A .By proposition
2.10F=¢, and hence F € X - p [(X- u (A- A)). By proposition 2.11 p (A) — A is irg — open.

Proposition: 2.16 Let {(X,, t ,): a1} be a family of isotonic spaces, let BeI and G < Xp Then G is a irg - open subset
of (Xg, u ) if and only if G x HX is a irg- open subset of H X U o)-
a#p

ael oel

Proof: Let F be a regular closed subset of H (Xg» U ). such that F < G X H X o Then ng (F) < G. Since ng (F) is

a+f
ael ael

regular closed and G is irg - open in (X3, pip),

mg(F) € Xp - pp (Xp-G). Therefore Fc nB"(XB - up Xp-G)) = H X - H panu(H X, - GX HX ), hence G X
azf
oael aesl ael acl

HX is a irg- open subset of H ( XosMa)-
azfp

ael ael

Conversely, Let F be a regular closed subset of ( Xg,up) such that FC G. Then F x H x S GXH X ).

azf azf
ael el

since F X HXzz is regular closed and G XHXIZ is irg- open in H (XgsHa)-
azf azf

ael oel

ael
F x HXagH XQ-H pana(n Xo - Gx HXa).
ael ael ael

azf azf
ael ael

Therefore
H Hana(XB'G)XIlXa)QH Xa‘FXIlXa:(Xﬁ‘F)H Xy
ael ael ael ael ael

Consequently, ug (Xp - G) < Xp - Fimplies F < X - ug (Xp - G). Hence G is an irg - open subset of ( Xg, up).

Proposition: 2.17 Let {(X,, u,): acI} be a family of isotonic spaces, let fe I and Fc Xg Then F is a irg- closed subset
of ( Xp,up) if and only if F x HX is airg - closed subset of H (Xgs Uo)-
a#f “
ael ael
Proof: Let F be a irg- closed subset of ( Xg,up).Then Xg -F is an irg - open subset of (Xg,ug). By proposition 2.16,
(Xp -F) x I—IX = HX -Fx HX is an irg - open subset of H ( X4 Mo).Hence F x HX is an irg - closed

azf azf azf azp
oel ael ael ael ael

subset of H (X Ug)-

ael

Conversely, let G be a regular open subset of ( Xg,up) such that F ¢ G,

© 2011, IIMA. All Rights Reserved 1988



A. Francina Shalini* et al. /i- Regular Generalized Closed sets in Isotonic Spaces/ IIMA- 2(10), Oct.-2011, Page: 1985-1991

Then F x HXzz cG x HXzz . Since Fx HXH is irg closed and G X HXa is regular open inH ( X Ma)s
azf} azf} azf af

acl acl oel ael oel

H Ut (FX H X, )G XH X, .Consequently, ug(F) < G. Therefore, F is a irg - closed subset of (Xg, up).
a#f

oel ael ael

Proposition: 2.18 Let {(X,, u,): acI} be a family of isotonic spaces, For each BelI and let mp : H X,— Xgbea

ael

projection map. Then

() If F is an irg closed subset of H (X, Uo), then g (F) is an irg- closed subset of (Xg, pp).

ael

(ii) If F is an irg closed subset of (Xg,up),then nB’I(F) is an irg closed subset of H (Xos o),

ael

Proof: (i) Let F be an irg closed subset of H (X4 M) and let G be a regular open subset of (Xg,up) such that mg

aecl
F)cG. Then Fc w3 (G) = Gx X, Since F is an irg closed and Gx is regular open, a(F) < G x
Fc cm (G I1 g r; X, 18 1e8 pen. TT ™ F)

acl acsl acl
H X .Consequently upmg(F) cG. Hence mg (F) is an irg closed subset of (Xg,up).
a#f

ael

(ii) Let F be an irg closed subset of (Xg,up),Then mg F)=F x H X

af
ael

Therefore, we have, F x H X is an irg closed subset of H (Xa» M) Therefore, mg (F) is an irg closed subset of
a+f

ael ael

H (X, Ho)-

Definition: 2.19 An isotonic space (X, p) is said to be a Tj;, -space if every irg closed subset of (X, p) is closed.
Proposition: 2.20 Let (X, p) be an isotonic space. Then

(1) If (X, p) is a Tj,, -space then every singleton subset of X is either regular closed or open.

(i1)If every singleton subset of X is a regular - closed subset of (X, u), then (X, p) is a T, -space.

Proof: (i) Suppose that (X. p) is a Ty, -space. Let xe X and assume that{x}is not regular - closed. Then X-{x} is not
regular - open. Since X is the only regular - open set which contains X-{x} this implies X-{x} is irg - closed.

Since (X, ) is a Tj,-space, X-{x} is closed or equivalently {x} is open.

(ii)Let A be an irg - closed subset of (X, p).To prove: A is closed. Suppose that x¢ A. Then {x} < X-{x}. Since A is
irg - closed and X-{x} is regular — open, u(A) c X-{x},(i.e) {x} < X- u (A). Hence x¢ p(A) and thus p (A) C A.

Therefore A is closed subset of (X,u). Hence (X,u) is a Tj,,-space.

3.i REGULAR GENERALIZED - CONTINUOUS MAPS:

Definition: 3.1 Let (X, p) and (Y, 1) be an isotonic space. A mapping f : (X, p) —(Y, 1) is said to be irg - continuous, if
£4(F) is irg - closed set of (X, p) for every closed set F in (Y, 1).
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Proposition: 3.2 Every continuous map is irg - continuous.

Proof: Let f: (X, u) = (Y, 1) be continuous, Let F be a closed set of (Y, 1).Since f is continuous, then f P is closed
set of (X, n).Since every closed set is irg - closed of (X, pu),we have f F)isa irg - closed set of (X, p).Therefore f'is a
irg — continuous map.

Proposition: 3.3 Let (X, u) be a Tiq space and let (Y, 1) be an isotonic space.
Iff: (X, u) > (Y, 1) is said to be regular - continuous, then f is irg- continuous,

Proof: Let F be a closed subset of (Y, 1).Since F is regular - continuous, then f YF) is regular-closed set of (X, p).
Since (X, u) is a Tirg space, f '1(F) is an irg- closed set of (X, u). Hence, f is irg - continuous,

The following statement is obvious.

Proposition: 3.4 Let (X, p), (Y, 1) and (Z, m) be an isotonic spaces. If f: (X, u) —=(Y, 1) is irg - continuous and g: (Y, 1)
—(Z, m) is continuous then g - f : (X, p) —=(Z, m) is irg - continuous.

Proposition: 3.5 Let (X, u), (Z, m) be isotonic spaces and let (Y, 1) be a Ty, - space. If f: (X, u) =(Y, 1) and g: (Y, 1)
—(Z, m) are irg - continuous, then g - f: (X, u) = (Z,m) is irg - continuous.

Proof: Let F be a closed subset of (Z, w).Since g is irg - continuous, then g 'I(F) is irg - closed set of (Y, 1).Since (Y, 1)
is a Tig space, g (F)isa closed set of (Y, 1) which implies that (g » ' (Fisa irg — closed subset of (X, u). Hence, g -
f is irg — continuous.

Proposition: 3.6 Let {( X,, 1 o): ael} and {(Y,, 1,): ael }be families of isotonic spaces. For each ael, let f,: X, —>Y,
be a map and f: H Xy —>H Y, be a map defined by f((Xo)ee1) = Fu(X)ae1)-If f: H Xes Ha) —>H (Y, ) isirg -

ael ael ael ael

continuous, then f,: ( Xy, 1 o) = (Y, 1) is irg - continuous for each ael.

Proof: Let eI and F be a closed subset of (Yg,1g).Then F x HY is a closed subset of H (Y, .y, Since f is irg -
a#f

ael acl
continuous, f ' (F x HY )= fﬁ'l(F) X HX is an irg - closed subset of H (X4, U o)-By proposition 2.17, £ B‘I(F) isa

azf azf
ael ael ael

irg- closed subset of (X3, u ), Hence fg is irg - continuous.

Definition: 3.7 Let (X, p) and (Y, 1) be an isotonic spaces. A map f : (X, p) =(Y, 1) is called irg — irresolute if f P
is irg - closed set in (X, u) for every irg - closed set F in (Y, 1).

Definition: 3.8 Let (X, n) and (Y, 1) be isotonic spaces. A map f : (X, u) =(Y, 1) is called irg—closed if f(F) is a irg -
closed subset of (Y, 1) for every closed set F of (X, ).

Proposition: 3.9 Let (X, n) and (Y, 1) be isotonic spaces and let u be additive. Let A and B be closed subsets of (X, u)
such that X = A UB. Letf: (A, pa) —(Y, 1) and g: ( B, ug) — (Y, 1) be irg — continuous maps such that f(x) = g(x)
for every x € A and h(x ) = g( x) if x ¢ B. Then h: (X, p) —(Y, 1) is irg — continuous.

Proof: Let F be a closed subset of ( Y, 1).Clearly '@ =f'(F U g'l(F) since f: (A, uy) —(Y,Dand g: (B, pp)—( Y,
1) are irg —continuous, f Y(F) and g‘l(F) are irg — closed subset of (A, pa) and ( B, pup) respectively. As A is a closed
subset of (X, p), f'(F) is a irg — closed subset of (X, ) by proposition 2.7 Similarly g"'(F) is a irg — closed subset of (X,
1).By proposition 2.4, f'(F) U g'(F) is a irg — closed subset of (X, p). Therefore h™'(F) is an irg-closed subset of (X,).
Hence h is irg-continuous.
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