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ABSTRACT

Azam et al. [2] introduced the definition of complex-valued metric spaces and created several typical fixed point
results in the sense of complex-valued metric spaces. This paper proves the existence of common fixed points for
compatible and weakly compatible mappings on complex-valued metric spaces. Related observations in the literature
are unified, generalized and supplemented by our findings.
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1. INTRODUCTION

Mathematical findings on fixed points of contraction form mappings are well known for their use in deciding the nature
and uniqueness of solutions to various mathematical models. Azam et al. [2] presented the definition of complex
valued metric spaces and came up with several fixed point results for a pair of mappings that satisfy a logical
expression for contraction conditions. Verma and Pathak [8] recently established the concept of property (E:A) on a
complex valued metric space in order to derive some typical fixed-point results for two pairs of weakly compatible
mappings that satisfy a max form contractive condition. Ahmad et al. [1] prove some common fixed results for
mappings satisfying rational expressions on a closed ball in complex valued metric spaces, while Rafiq et al. [6] prove
some common fixed point theorems of weakly compatible mappings in complex valued metric spaces.

2. BASIC DEFINITIONS AND PRELIMINARIES

We recall a few notations and definitions that will be used in the following discussion. Azam et al. [2] suggested the
following description recently:

Let C be the set of complex numbers and z;,z, € C. Define a partial order < on C as follows: z; < z, if and only if
Re(z;) < Re(zy), Im(z;) < Im(z,).

Consequently, one can infer that z; < z, if one of the following conditions is satisfied:

(i) Re(z1) = Re(z,), Im(z;) <1m(z,),

(il) Re(z;) <Re(z,), Im(z;) = Im(z;),

(iii) Re(z;) < Re(z), Im(z;) < Im(z;),

(iv) Re(z;) = Re(zy), Im(z;) = Im(z;).
In particular, we write z; < z, if z;# z, and one of (i), (ii), and (iii) is satisfied and we write z; < z, if only (iii) is
satisfied. Noticethat 0% z; 5 2z, = |zy| <lzy|l andz; S 2, 7, < 23 = 7y < 2zs.

Definition 2.1[2]: Let X be a nonempty set, whereas C be the set of complex numbers. Suppose that the mapping
d: X x X — C, satisfies the following conditions:
(d)) 0= d(x,y) forall x,y € Xand d(x,y) = 0 ifand only if x = y;
(d2) d(x,y) = d(y,x) forall x,y € X;
(d3) d(x,y) S d(x,z) + d(z,y) forall x,y,z € X.
Then d is called a complex valued metric on X, and (X, d) is called a complex valued metric space.

Corresponding Author: Aklesh Pariya*?,

2Department of Mathematics, S.V.P. Govt. College, Kukshi, (M.P.), India.
International Journal of Mathematical Archive- 12(6), June-2021 31


http://www.ijma.info/�

Rajesh Pandyal, Aklesh Pariya*z and Sandeep Kumar Tiwari’/
Common Fixed Point Theorems for Compatible and Weakly Compatible Mappings in Complex Valued.../ IMA- 12(6), June-2021.

Example 2.1[7]: LetX = C. Define the mapping d:X X X - C by d(x,y) = e*|x —y| where k € R and for
all x,y € X. Then (X, d) is a complex valued metric space.

Definition 2.2[2]: Let (X, d) be a complex valued metric space and B < X.
(i) b € B is called an interior point of a set B whenever there is0 < r € C such that N(b,r) € B,
where N(b,r) = {y € X:d(b,y) < r}
(if) A point x € X is called a limit point of B whenever for every0 < r € C, N(x,r) n (B\{X}) # ¢
(iii) A subset A < X is called open whenever each element of A is an interior point of A whereas a subset B € X is
called closed whenever each limit point of B belongs to B. The family F = {N(x,r): x € X,0 < r is a sub-
basis for a topology on X. We denote this complex topology by . Indeed, the topology 7. is Hausdorff.

Definition2.3 [2]: Let (X, d) be a complex valued metric space and {x,, }»-; be a sequence in X and x € X. We say that
(i) The sequence {x, }n>1 converges to x if for every c € Cwith
0 < c thereisny € N such that for all n > n,, d(x,,x) < c. We denote this by lim, x, or x, = x, asn — oo,
(if) The sequence {x, }ns1 is Cauchy sequence if for every c € C with
0 < cthereisny € N such that for all n > ng, d(x,, x,4.,) < ¢,
(iii) The metric space (X, d) is a complete complex valued metric space if every Cauchy sequence is convergent.

Lemma 2.1][2]: Let (X, d)be a complex valued metric space and {x, } be a sequence in X. Then {x, } converges to x if
and only if |d(x,,x)| - 0 asn — oo,

Lemma 2.2 [2]: Let (X,d) be a complex valued metric space and {x, } be a sequence in X. Then {x, } is a Cauchy
sequence if and only if |d(x,,, X, 4n)| = 0 @SN, M > 00.

Definition 2.4[3]: If f and g are mappings from a metric space (X,d) into itself, are called compatible on X, if
lim, ., d(fgx, gfx,) =0, whenever {x,} is a sequence in X such that lim, ., fx, = lim,_ gx, = x, for some
pointx € X.

Definition 2.5 [4]: Let f and g be two self-maps defined on a set X, then f and g are said to be weakly compatible if
they commute at coincidence point.

Lemma 2.3 [3]: Let f and g be compatible mappings from a metric space (X,d) into itself. Suppose that
lim, ., fx, =lim,_, gx, = xfor some x € X. Then lim,,_,, gfx, = fx, if f is continuous.

Definition 2.6 [8]: The ‘max’ function for the partial order < is defined as follows:
(1) max{z;, z; } = z,=27,37,.

(2) z;s max{z,, z3 } 7,3z, or z; 375 .

(3) max{z;, z, } =z, 2,3z, or |z, | < |z

3. Main results: The key consequence of this section is a generalization of Azam's [2] and Nashine's [5] findings.

Theorem 3.1: Let (X, d) be a complete complex valued metric space and mappings f, g, S, T: X — X satisfying:
B31)ScgTcf;
d(fx ,Sx) d(gy.Ty)
<
(3.2) d(Sx, Ty) < a.max {d(fx, gy),d(fx,Tde(gy’Sx) +d(fx’gy)}
for all x,y € X such that x # y, d(fx,Ty) + d(gy,Sx) + d(fx, gy) # 0, where a is nonnegative real with a < 1.

Suppose that one of S or f is continuous, pair (S, f) is compatible and (T, g) is weak compatible.Then f,g,S and T
have a unique common fixed point in X.

Proof: Suppose x, be an arbitrary point in X. We define a sequence {y,,} in X such that
Yon = SxZn = 9Xon+1
Vons1 = TXopi1 = fXoni2in=012...

Then,

d(yZn,YZn+1) = d(SxZn!Tx2n+1)

d(fx,,, Sxy,) d(gxy,.1, Tx
< a.max d(fxzn’gx2n+1), (f 2n Zn) (g 2n+1 2n+1) }

d(fon,Tx2n+1) + d(gx2n+1,Sx2n) + d(fon, 9x2n+1)
d(yZn—l,yZn)d(yZn,y2n+1) }
d(Yan-1Yon11) + d(V2ny2n) + AVan_1,Y20)

< a.max {d(}/zu—LYZn)'
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d d
< a. max{d(yZn—LJ/zn), (yzn;{;n)y (YZn),YZnH)}
2n,)2n+1
S a'd(yZn—l,YZn)

d(yZn,YZn+1) 3 a. d(yZn—l, yZn)'

Similarly, we can show that
dY2nt1:Y2n42) S A dVan, Yani1)-

If a <1, then
|d(V2n+1)Yons2)| 3 a|d(YZn,J/2n+1)| NS a2“+1|d(y0,y1)|

So that for any m > n,

|dY2ns Vo)l S1AV2nYon+1) + A W2ns1, Yona2) ¥ooo ¥ d G2m—1, Yom)|

5 (aZn +a2n+l+ . + aZm—l) |d(y0’y1)|
< a’n

|d(YO,J/1)| — 0,asm,n - oo.

1-a

Hence {y,,} is a Cauchy sequence and since X is complete, sequence {y,,} converges to some point ¢t in X and its
subsequences Sxy, TXoni1, fXont2,and gx,, .1 Of sequence {y,,} also converges to point t.

Suppose that f is continuous and since the mappings S and f are compatible on X. Then by lemma (2.3), we have
f%x,, and Sfx,, - ftasn — oo.

Consider
A X T 1) S € max{d(f 220, g1,

d(f2xon, Sfxan) d(gX2n+1,T*2n+1) }
d(f2x2n,Tx2n+1)+ d(gx2n+1,5f X20)+d(f? X2n, 9%25n+1)

Letting n — oo, we get

d(ft,t) 2 a.max{d(ft, t),
(1 -a)d(ft,t)) =0

a(ft, ft)d(t, t)
d(ft,t) + d(t, ft) + d(ft, t)}

Thisyields d(ft,t) <0, sothat ft =t.

d(ft,St) d(gx
d(St’Tx2n+1) < a.max d(ft’gx2n+1)' (f ) (g 2n+1’szn+1) }

d(ft,Txpn41) + d(gXzn41,5t) + d(ft, GXzn41)
Letting n — oo, we get

d(st,t) 3 a.max{d(t, t), d(t, St)d(tt) }

d(t, t)+d(t,t)+d(tt)
d(St,t) S 0sothatSt =t.

Now since S c g and there exists another point u in X, such that t = St = gu.

Consider
d(t,Tu) = d(St,Tu)

d(ft,St)d(gu, Tu)

d(ft,Tu) + d(gu, St) + d(ft, gu)}
d(t, t)d(t, Tu)

d(t,Tu) +d(t, t) +d(t, t)}

d(t,Tu) S 0sothat Tu =t.

=< a.max {d(ft, gu),

< a.max {d(t, t),

Since T and g weakly are compatible on X and Tu = gu =t and d(gTu,Tgu) = 0
implies that gt = gTu = Tgu = Tt.

Consider
d(t, gt) = d(St, Tt)

< a.max{d(ft, gt),

d(ft,St)d(gt, Tt)
d(ft, Tt) + d(gt, St) + d,(ft,gt)}
(1 —-a)d(t,gt) S 0sothatgt =t.

Hence ft =gt =St =Tt = t.
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Thus t is a common fixed point of f,g,Sand T.

Similarly, we can show that ¢ is a common fixed point of f, g, S and T, when S is continuous.
Now, we prove the uniqueness of t.

Suppose that w # t be another common fixed point of f, g,Sand T.

Then
d(t,w) = d(St,Tw)

d(ft,St)d(gw, Tw)

d(ft,Tw) + d(gw, St) + d(ft, gw)}
d(t, t) d(w,w)

d(t,w) +dw,t) +d(t, w)}

< a.max {d(ft, aw),

< a.max {d(t, w),
d(t,w) S ad(t,w)
(1 — a@)d(t,w) = 0, which is a contradiction. Hence t = w.
Therefore, t is unique common fixed point of f,g,S and T.

By setting f = g = I, we get the following corollary:

Corollary3.2: Let (X, d) be a complete complex valued metric space and mappings S, T: X — X satisfyingS c T

d(x,5x)d(y,Ty)
<
and d(Sx,Ty) 2 a.max {d(x,y),d(x'Tde(y'Sde(x'y)} for all x,y € X such that

x #y,dx,Ty)+d(y, Sx) + d(x,y) # 0. where ais non-negative real with a < 1. If pair (S, T) is weakly compatible.
Then S and T have a unique common fixed point in X.

4. CONCLUSION

In complex valued metric spaces, compatibility, weak compatibility continuity and the max function have been used to
prove certain fixed point results. Our findings generalize and reinforce previous findings in complex valued metric
spaces by [1, 2, 5, 6].
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