International Journal of Mathematical Archive-12(6), 2021, 25-30
@?]MAAvailable online through www.ijma.info ISSN 2229 - 5046

RELATION BETWEEN PI AND ANGULAR ROTATION OF RADIUS IN A CIRCLE
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ABSTRACT

There are many infinite series to compute the value of Pi. In this paper we introduce an infinite series in term of sin
and cosine function which show relation between angular rotation (0) and Pi in a circle. For some value of 0, series
show relation between Pi & nested radicals of two & three.
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1. INTRODUCTION

To find out this series, quarter of a circle is beaked into infinite Triangle (as shown in diagram 1), base and height of
each triangle is calculated and finally area of all triangles are added.

Long before, similar method had been adopted by Archimedes & Viete.
Viéte obtained his formula by comparing the areas of regular polygons with 2”n and 2*{n+1}sides inscribed in a circle.
The first term in the product, \2/2, is the ratio of areas of a square and an octagon, the second term is the ratio of areas

of an octagon and a hex decagon, etc

In this method relation between height & base of triangles are established in term of nested radicals of two and area of
all triangles are added.

Definition1.1: Nested radicals In algebra, a nested radical is a radical expression (one containing a square root sign,
cube root sign, etc.) that contains (nests) another radical expression. Examples include v 2 + v2+..

1.2 Linear function: Linear functions are those whose graph is a straight line. A linear function has the following
form. y = f(x) = a + bx. A linear function has one independent variable and one dependent variable. The independent
variable is x and the dependent variable isy

2. PI AND ANGULAR ROTATION (0) IN A CIRCLE.
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Proof Theorem la:

ho

hi

h2

Diagram-1 C Diagram-2 O
In diagram 1, OCEBAD is a quarter of a circle
Line OA divide line CD into two equal parts and triangle CAD is drawn. Height of ACAD = hO
Line OB divide line AC into two equal parts and triangle ABC is drawn. Height of AABC = hl
Line OE divide line CB into two equal parts and triangle CEB is drawn. Height of ACEB = h2
Like the same onward infinite triangle can be drawn dividing previous arm into two equal parts.
Line OA divide quarter of circle into two equal parts (OCA & OAD)

In region OCA, after dividing line CA there is one triangle ABC & also in region OAD there will be one triangle if
same procedure will adopt.

It can be written as after first division there are total two triangles in region OCA & OAD
n=1 Triangle=2

In region OCA, after dividing line BC & AB there are two triangle whose base is BC & AB and also in region OAD
there will be two triangle if same procedure will adopt.

It can be written as after second division there are total four triangles in region OCA & OAD
n=2 Triangle=4

Like the same n=3 Triangle = 8

Number of triangle in term of number of division (n) can be written as
Number of Triangle = 2"

Base & Height of triangles.

In diagram 1
CA? = (base of ACAD/2)? + height of ACAD? {CA is base of triangle after first division}

hl=R-JR% — (Base CA/2)? {h1is height of triangle after first division & R is radius}

In diagram 1, Base & Height of Nth triangle can be written as
(Base of nth triangle, Bn)> = (Base of (n — 1)thtriangle/2)? + (Height of (n — 1)th triangle)?

Bn? = (B (n—1)/2)? + (H (n—1))?

Height of nth triangle(h,,) = R -\/R? — (Base of nth triangle /2)?
h, =R -/RZ — (Bnt /2)?

By & hy= Base & Height of A CAD
B, =R\2

hy= R (\2- 1)/\2

© 2021, IIMA. All Rights Reserved 26



Rajbali Yadav*/ Relation Between Pi and Angular Rotation of Radius in a Circle/ IIMA- 12(6), June-2021.

Bn? = (B(n—1)/2)? + (H (n — 1))?
B,% = (B0/2)% + (H 0)?
B> =R2/24+R*(2+1-2V2)/2

B, =RV2-+2

h, =R -J/R%Z — (Bnt /2)?
h, =R -/RZ = (B1 /2)?

h,=R -\/RZ —R2(2-v2)/4
hy =R@-V2+V2 )12

By’ = (B1/2)* + ()’
B, =R*(2—V2)/4+R*(4+2+V2—4/2 +2 )4

B, = R,/Z— 2++2

h, =R-/R?2 — (B2 /2)?
R2(2— /2+\/7)
h,=R- [R2 ————

4
hy =R(2—J2+V2++2)/2
Onward B3H3, B4H4......... can be find out.

Base & Height of Nth triangle can be written as

B, = R\/{Z —/2(n + 1square roots}

h, = R{Z —\2(n + 2)square roots} /2
In diagram 1 area of quarter circle = % R? =Area of AOCD + Area of A CAD +Y)%_, 2" %Bn h,

ZR2=-R2+RYVZ 1)+ L5y 2" S B,h,

>=1+V2 -1+X7_ 2" B,h,

% =2 +Yr_ 2rt \/{2 —2(n + Dsquare roots} x (2 —/2(n + 2)square roots ) (A)

{2 — \/Z(n + 1)square roots} can be written as

{2 —2(n + Dsquare roots} = (2 —+/2(n + 2)square roots ) x (2 + /2(n + 2)square roots )

Example letn =2

2-V2+v2} =2 - 2+ V2 +V2)x @+ (2+2+2)

Hence equation (A) can be written as

% =2 +Yr_ 2rt \/(2 +/2(n + 2)squareroots ) X (2 — /2(n + 2)square roots )3 (B)

We know that

45 1+ 45 242 . 45 1- 45 2—V/2
cos® = [Lreosds _WZHZ g gind = / cos45 _ ¥2-V2
2 2 2 2 2 2

45 _ \/2+\/2n+2 square roots d . 45 _ \/2_\/2n+2 square roots
COS37 = > and sin—=3 = >
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Equation (B) can be written as

E _ o) n—1 45 .3 45

S =V2 + X7 2" X 20057 x 8 sin® 7

T _ w  9n+3 5 3 W

S = V2 + X0 2" cosy sin® o

T_ o on+3 i3 T n

= V2 + X0 27 sin® S c0sg ©)

Equation (A) can also be written as

=2 +)r_2n! \/{2 —y2(n + Dsquare roots} x (2 —/2(n + 2)square roots )

=VZ + %z 2" 2sin5x(2- 2005 )

- o on+l (gin® | cin BroostS
=V2 + X7, 2" (sin7 - sinZCos 2

=2 + Y2, 2"t (sin—= - sin——C05— )

on+2 on+2 on+2
T _ o on+l (ain—"_ .1 gin "
=2 + XX 2" (sin vz 5 SISy (D)

T

R.H.S of equation (D) =2 + Y2_, 2"*! (sin v % Sinzn% )

Expansion of equation (D) upto N tern
N=4

4 +1 s b 1 . b _ ..om 1 .7 ..on 1 . ¢ ..o 1 . m
V2 + ¥k 27 (sin e smm) =12 +4(sing -~ smz) +8(sin- -~ sing )+ 16(51n§ -5 smg)

..mn 1 . =m LT
+ 32(sin— - -=sin—) =32 sin—
64 27 32 64

RHS equation can be written as
VZ + 3N_ 2ntt (sin—— - Lsin

n+2 9o on+1

T T

2N+2

)=2N*1sin

Suppose V2 =Cy & =10

, 6 1 . 6 , 6
CB + 271\{:1 2n+1 (Sln 2n+2 - E sin 2n+1 ) = 2N+1 sin 2N+Z (E)
Value of Cy for different value of N
N=1
01 .6y _ . .0
Cy + 4(sm§ - Est) =4 sing
=9 cin?
Co=2 sin=
For any value of N & 8, C, will be 2 sin%
Now Equation (E) will be
2 sin% + XN_; 2"*1 (sin A % sin 2n6+1 )= 2N sin—g0
We know that
limy_,, 2V+! sin—— = L x —
N=o0 2N+27 2 7 180

Equations (C) & (D) can be written as

. 0 o) n+3 .3 6 6 _T 6
2sin+ Yaq 2" sin® o cosmm = X oo
2 sin% + ¥r_, 27+ (sin -=sin y=Zx -~
4 n= 2nt2 2 2n+l 27 180
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Theorem 1b: If (8) = 240° & 300° then

2 .
5= lim,_, 2

— 2 +V2+...+V3 (n) square roots

5?” =lim,_, 2" {2 — 2 +V2+...—/3 (n+2) square roots

Proof:

We know that

2N+1

limy ., Sinoym =
When, 6= 240"
240
i N+1 -
limy_,,, 277" sin g5 =
240
limy_,,, 2" sin e
N T
limy_,,, 2% sing =

_1
2

1- cos— ‘/
sm— ,’
60
sin@ _ l—cosz—z J 2—/2+V3
23 2

60
. 60 1—C052—3
SIN=7 =, =
2 2

. 60 .
Hence smz—n can be written as

2

2
1— 1_5m22_g 2—[24+V2+3
- 2

\/{2—\/2+\/2+~--....+‘/3 (n) square roots
60

smz—n =

Put the value of sing—g in equation (F)

2

2?” = lim,_, 2" {2 — J2++2+...+4/3 (n) square roots

When, 6= 300"
limy_,,

sin 2N+2

limy_,, sin

ON+1 g 75 —

limy_,, sin— N

We know that cos75°= —— ‘/—

oN+1 300 _

oN+1 300 _
4x2N

5

6

T
2

5

6

’1 —cos75 =2 - 2
1— l—SinZE 2— 2+\/2—\/§

300

180
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. 75 .
Hence smz—n can be written as

\/{2—\/2+\/2+~--....—\/3 (n+2) square roots
75

Slnz—n = >

Put the value of sinZ—i in equation (G)

5?” = lim,_, 2“\/{2 — 2+ +/2+...—/3 (n+2) square roots
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