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ABSTRACT 
In this paper we prove some common fixed point theorems for weakly compatible mappings in fuzzy metric space of 
Kromosil and Michelek & George and Veeramani by using a new concept of A – class functions with E.A. property. 
Some examples are also given in support of the result. 
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1. INTRODUCTION 
 
The notion of fuzzy metric space was given by Zadeh [4] in 1965. George and Veeramani [2] defined continuous             
t- norms and modified the concept of fuzzy metric space in 1994, which was introduced by Kramosil and Michelek [5] 
in 1975.Fuzzy set theory comes under A.I. (Artificial Intelligence) or soft computing methods.The concept of fuzzy set 
is very useful in deferent fields likecomputer science ,linear programming, communication, gaming and control 
engineering etc. Amri and E.I. Moutawakil [1] introduced the property E.A. in 2002. Objective of this paper is to define 
a new concept of A – class of functions and to prove some common fixed point theorems in fuzzy metric space with the 
help of this class.  
 
2. PRELIMINARIES  
 
Definition 2.1:  (W. Sintunavarat, P. kumam [7]). A binary operation ∗: [0, 1] × [0, 1] → [0, 1] is continuous t-norm if 
for all p, q, r, s ∈ [0, 1] the following conditions are satisfied. 
Nt-1. (p∗ q)  = (q ∗ p) commutative. 
Nt-2. (p∗q)∗ r = p∗ (q∗r) associative. 
Nt-3. p∗1 = p identity element. 
Nt-4.∗is continuous. 
Nt-5 p∗q ≤ r∗s whenever p ≤ r and q ≤ s for all p, q, r, s ∈ [0, 1]. 
 
Example 2.2: [7] There are some examples of t- norms. 

1. ( The product t- norm) T.P.: A mapping Tp: [0, 1] × [0, 1] → [0,1] is defined by Tp( p, q) = pq 
2. (The minimum t-norm) T.M.: A mapping Tm: [0, 1] × [0, 1] → [0,1] is defined by Tm( p, q) = min{ p, q} 

 
Definition 2.3: (Kramosil and Michelek (1975) [5]): Let X be an arbitrary set, ∗ is a continuous t-norm, then the          
3- tuple (X,M,∗) is called a KM fuzzy metric space if M is a fuzzy set on X × X × [0,∞)  such that the following axioms 
hold. 
For all x, y, z ∈X and s, t > 0, 
(FM-1) M(x, y, 0) = 0 for all x, y ∈X 
(FM-2) M(x, y, t) = 1 ⇔  x = y   for all x, y ∈X where t > 0, 
(FM-3) M(x, y, t) = M(y, x, t)    for all x, y ∈X 
(FM-4) M(x, y, t) ∗ M(y, z, s) ≤ M(x, z, t + s) 
(FM-5) M(x, y,.): [0, ∞) → [0, 1] is left continuous . 
(FM-6) lim𝑡𝑡→∞ 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 1 for all x, y ∈ X 
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Definition 2.4: (George and Veeramani (1994) [2] ): A 3- tuple (X, M, ∗) is called a GV fuzzy metric space where X is 
nonempty set, ∗ is a continuous t-norm, and if M is a fuzzy set on X × X × [0,∞) is satisfy the following conditions. 
For all x, y, z ∈X and s, t > 0, 
(FM’-1) M(x, y, t) > 0 for all x, y ∈X 
(FM’-2) M(x, y, t) = 1 ⇔  x = y for all x, y ∈X where  t > 0, 
(FM’-3) M(x, y, t) = M(y, x, t) for all x, y ∈X 
(FM’-4) M(x, y, t) ∗ M(y, z, s) ≤ M(x, z, t + s) 
(FM-5)  M(x, y, .): [0, ∞) → [0, 1] is continuous for all x, y, z ∈ X  and s, t > 0 
Where M(x, y, t) is a degree of nearness between x and y with respect to t. and axiom (FM’-1) and (FM’-2) we see that 
if x ≠ y and  ∀ t > 0 

0 < M(x, y, t) < 1 
 
Example 2.5: [7] Let (X, d) be a metric space, p∗q = Tm(p, q)  and for all x, y ∈X where t > 0, 

M(x, y, t) = 𝑡𝑡
𝑡𝑡+𝑑𝑑(𝑥𝑥  ,𝑦𝑦)

 

Then (X, M, ∗) is a GV- fuzzy metric space.   
 
Definition 2.6: [6] Let (X, M, ∗) be fuzzy metric space. Then a sequence {𝑥𝑥𝑛𝑛  } in X is called convergent to x ∈X if 

lim
𝑥𝑥→∞

𝑀𝑀(𝑥𝑥𝑛𝑛  , , 𝑥𝑥, 𝑡𝑡) = 1 
 
Definition 2.7: [6] Let (X, M, ∗) be fuzzy metric space. Then a sequence {𝑥𝑥𝑛𝑛} in X is called Cauchy sequence if 
lim𝑥𝑥→∞ 𝑀𝑀(𝑥𝑥𝑛𝑛  , ,𝑥𝑥𝑛𝑛+𝑚𝑚  , 𝑡𝑡) = 1 ∀ t > 0 and  m∈N 
 
Definition 2.8: [6] A fuzzy metric space (X, M, ∗) is called complete if every Cauchy sequence convergent  to a point 
in X. 
 
Definition 2.9: Jungck and Rhoades [7] Suppose that f and g are two self-mappings which are defined on nonempty set 
X. i.e. f, g: X→X, Then they are said to be weakly compatible 
 
If they are commute at their coincidence point. 

fx = gx  ⇒ fgx = gfx. 
 
Definition 2.10: Aamri and EI Moutawakil [1] Let f and g be two self -mappings of a metric space (X, d).Then we say 
that f and g satisfy E.A. property if there exist a sequence {𝑥𝑥𝑛𝑛} in X. such that 

lim𝑛𝑛→∞ 𝑓𝑓𝑥𝑥𝑛𝑛  =  lim𝑛𝑛→∞ 𝑔𝑔𝑥𝑥𝑛𝑛  = 𝑡𝑡 for some t ∈X 
 
Let X = [0, 4] and we define d: X ×X→ [0, ∞) as d(x, y) = |𝑥𝑥 − 𝑦𝑦| 
 
Example 2.11: Let  f, g : X→ X  be two function defined by 
                               2      for x ∈ [0, 2]                               3−𝑥𝑥

2
     for  x ∈ [0, 2]        

f (x) =                                         and    g( x) =      
                               2𝑥𝑥+3

2
   for x ∈ (0, 4]                              3𝑥𝑥+8

16
   for  x ∈ (0, 4]   

 
for a sequence  {𝑥𝑥𝑛𝑛} in X such that 

𝑥𝑥𝑛𝑛  = 2 + 1
𝑛𝑛+3

, n = 0, 1, 2, 3… 

lim𝑛𝑛→∞ 𝑓𝑓𝑥𝑥𝑛𝑛 =  lim𝑛𝑛→∞ 𝑔𝑔𝑥𝑥𝑛𝑛   =  7
8  

 
 

So f and g are satisfying E.A. property. But f and g are non-compatible. 
 
Definition 2.12: Let 𝜑𝜑 be a class of all mappings ∅ : [0, 1] → [0 , 1] satisfying the condition 
(∅1)  ∅is continuous and non-decreasing on [0, 1]. 
(∅2)  ∅(x) >x for all x ∈ (0, 1). 
(∅3)  ∅(0) = 0 and ∅(1) = 1. 
 
Definition 2.13: Let  𝜓𝜓 : [0, 1] → [0, 1] is monotonic increasing function with 𝜓𝜓(t) > t and 𝜓𝜓(0) = 0 and 𝜓𝜓(1) = 1. 
 
We now introduce the concept of A-class of function. 
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Definition 2.14: A mapping 𝓕𝓕: (0, 1] × (0, 1] → R+ is called A-class function, if it is continuous and satisfies following 
conditions. 

1. 𝓕𝓕(x ,y) ≥ x 
2. 𝓕𝓕 (x ,y) = x ⇒   either  x = 1  or  y = 1 for all x, y ∈ (0 ,1] 
3. 𝓕𝓕(1 ,1) = 1 

 
We denote A–class functions by A. 
 
Example 2.15: Following functions 𝓕𝓕: (0, 1] × (0, 1] → R+ are elements of  A 

(1) 𝓕𝓕(x, y) = 2𝑥𝑥
𝑦𝑦+1

,                               

(2)  𝓕𝓕(x, y) =  x  +  1−𝑦𝑦
𝑦𝑦

,                      

(3)   𝓕𝓕(x, y) = (𝑥𝑥 +𝑚𝑚)
1
𝑦𝑦𝑟𝑟    - m, m > 1,  r ∈ (0, ∞),         

(4)   𝓕𝓕(x, y) =  𝑥𝑥(𝑦𝑦+1)
2𝑦𝑦

,                               

(5)   𝓕𝓕(x, y) = x + �1−𝑦𝑦
2+𝑦𝑦

� �1+𝑥𝑥
2𝑥𝑥
�,                      

(6)   𝓕𝓕(x, y) = x(2− 𝑦𝑦)𝑟𝑟   ,                    r ∈ (0 ,∞),            
(7)   𝓕𝓕(x, y)  = x,𝑙𝑙𝑙𝑙𝑔𝑔(1+𝑦𝑦)

(1+𝑦𝑦𝑥𝑥 )    
(8)   𝓕𝓕(x, y) = x.𝑒𝑒(1−𝑥𝑥)    
(9)   𝓕𝓕(x, y) = 2𝑥𝑥

(𝑥𝑥+1)
    

 
3. MAIN RESULT 
 
We now start the main result of the paper. 
 
Theorem 3.1: Let (X, M, ∗) be a fuzzy metric space and  P, Q, S, T : X→ X are four self -mappings with P(X) ⊆ T(X) 
and Q(X)  ⊆ S(X) such that. 

𝜓𝜓{M(Px, Qy, t)} ≥ 𝓕𝓕{𝜓𝜓{𝑀𝑀𝑎𝑎(x, y, t)}, ∅{𝑀𝑀𝑎𝑎(x, y, t)}for all x, y ∈X where  t > 0,                                     (3.1.1) 
 

where    𝑀𝑀𝑎𝑎(x, y, t) ≥  ∅   min{M(Sx, Ty, t), M(Px, Sx, t), M(Qy, Ty, t), M(Px, Ty, t), M(Sx, Qy, t)} 
 
Suppose that the pair (P, S) or (Q, T) satisfy E.A. property and one of the subspace P(X), Q(X), S(X), T(X), is closed in 
X. Then the pair (P, S) and (Q, T) have a point of coincidence in X. and if pairs (P, S) and (Q, T) are weakly 
compatible. Then P, Q, S, T have a unique common fixed point. 
 
Proof: Suppose that the pair (P, S) satisfy the E.A. property then there exists a sequence {𝑥𝑥𝑛𝑛} in X such that 

lim𝑛𝑛→∞ 𝑃𝑃𝑥𝑥𝑛𝑛 =   lim𝑛𝑛→∞ 𝑆𝑆 𝑥𝑥𝑛𝑛= q for some q ∈ X 
 
Since P(X) ⊆ T(X) there exists a sequence {𝑦𝑦𝑛𝑛} in X, such that 𝑃𝑃𝑥𝑥𝑛𝑛  = 𝑇𝑇𝑦𝑦𝑛𝑛 . 
 
Hence lim𝑛𝑛→∞ 𝑇𝑇𝑦𝑦𝑛𝑛 = 𝑞𝑞 
 
Now we show that 

lim
𝑛𝑛→∞

𝑄𝑄𝑦𝑦𝑛𝑛 =  𝑞𝑞 
We put x = 𝑥𝑥𝑛𝑛  and y = 𝑦𝑦𝑛𝑛  in                                                                                                                                        (3.1.1) 

𝜓𝜓{M(P𝑥𝑥𝑛𝑛 , Q𝑦𝑦𝑛𝑛 , t)} ≥ 𝓕𝓕{ 𝜓𝜓{𝑀𝑀𝑎𝑎(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛 , t)},  ∅{𝑀𝑀𝑎𝑎(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛 , t)}}for all x, y ∈X where  t > 0, 
 

Where                                                          M(S𝑥𝑥𝑛𝑛 , T𝑦𝑦𝑛𝑛 , t), M(P𝑥𝑥𝑛𝑛 , S𝑥𝑥𝑛𝑛 , t), M(Q𝑦𝑦𝑛𝑛 , T𝑦𝑦𝑛𝑛 , t), 
𝑀𝑀𝑎𝑎(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛 , t) ≥ ∅   min   
                                             M(P𝑥𝑥𝑛𝑛 , T𝑦𝑦𝑛𝑛 , t), M(S𝑥𝑥𝑛𝑛 , Q𝑦𝑦𝑛𝑛 ,t) 

 
On taking     limit  n →∞ 

                                                      M(q ,q, t), M(q, q, t), M(Q𝑦𝑦𝑛𝑛 , q, t), 
lim𝑛𝑛→∞ 𝑀𝑀𝑎𝑎 (𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛 , t) ≥ ∅   min      
                                                      M(q, q  t), M(q Q𝑦𝑦𝑛𝑛 ,t) 
 

= ∅ {min{1, 1, M(Q𝑦𝑦𝑛𝑛 , q, t), 1, M(q Q𝑦𝑦𝑛𝑛 ,t)}} 
= ∅{M(Q𝑦𝑦𝑛𝑛 , q, t)} 
> M(Q𝑦𝑦𝑛𝑛 , q, t) 
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Again taking  limit  n → ∞ in (3.1.1) 

𝜓𝜓{ lim 
𝑛𝑛→∞

M(P𝑥𝑥𝑛𝑛 , Q𝑦𝑦𝑛𝑛 , t)} ≥  𝓕𝓕{ 𝜓𝜓 { lim
𝑛𝑛→∞

𝑀𝑀𝑎𝑎(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛 , t)},  ∅{ lim
𝑛𝑛→∞

𝑀𝑀𝑎𝑎(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛 , t)}} 
𝜓𝜓{M(q, Q𝑦𝑦𝑛𝑛 , t)} >  𝓕𝓕{ 𝜓𝜓{M(Q𝑦𝑦𝑛𝑛 , q, t)},  ∅{M(Q𝑦𝑦𝑛𝑛 , q, t)}} ≥ 𝜓𝜓{M(q, Q𝑦𝑦𝑛𝑛 , t)} 
 

Thus                    𝓕𝓕{ 𝜓𝜓{M(Q𝑦𝑦𝑛𝑛 , q, t)}, ∅{M(Q𝑦𝑦𝑛𝑛 , q, t)}}= 𝜓𝜓{M(q, Q𝑦𝑦𝑛𝑛 , t)} 
 
implies that 
either                   𝜓𝜓{M(q, Q𝑦𝑦𝑛𝑛 , t)}=1 or  ∅{M(Q𝑦𝑦𝑛𝑛 , q, t)} = 1 
 
                       ⇒ M(q, Q𝑦𝑦𝑛𝑛 , t) = 1 
 
Hence                  lim𝑛𝑛→∞ 𝑄𝑄𝑦𝑦𝑛𝑛    =   𝑞𝑞 
 
If S(X) is closed subspace of X, then there exists a x ∈ X such that Sx = q  
Put  x =  𝑥𝑥 and y = 𝑦𝑦𝑛𝑛  in (3.1.1) 

𝜓𝜓{M(P𝑥𝑥 Q𝑦𝑦𝑛𝑛 , t)} ≥ 𝓕𝓕{ 𝜓𝜓{𝑀𝑀𝑎𝑎(𝑥𝑥, 𝑦𝑦𝑛𝑛 , t)},  ∅{𝑀𝑀𝑎𝑎(𝑥𝑥𝑦𝑦𝑛𝑛 , t)}} for all x, y ∈ X where  t > 0,                            (3.1.2) 
 
Where     
              𝑀𝑀𝑎𝑎(𝑥𝑥, 𝑦𝑦𝑛𝑛 , t) ≥ ∅ {min {M(S𝑥𝑥,T𝑦𝑦𝑛𝑛 , t), M(P𝑥𝑥, S𝑥𝑥, t), M(Q𝑦𝑦𝑛𝑛 , T𝑦𝑦𝑛𝑛 , t), M(P𝑥𝑥, T𝑦𝑦𝑛𝑛 , t), M(S𝑥𝑥, Q𝑦𝑦𝑛𝑛 ,t)}} 
 
On taking     limit  n →∞ 
 

lim𝑛𝑛→∞ 𝑀𝑀𝑎𝑎 (𝑥𝑥, 𝑦𝑦𝑛𝑛 , t) ≥ ∅   min   M(q, q, t), M(P𝑥𝑥,q,t), M(q ,q, t), M(P𝑥𝑥,q,t), M(q, q, t), 
 

= ∅{min {1, M(P𝑥𝑥, q, t),1, M(P𝑥𝑥, q, t), 1}} 
= ∅{M(P𝑥𝑥, q, t)} 
> M(P𝑥𝑥, q, t) 

 
On taking limit  n→∞ in (3.1.2) 

𝜓𝜓{M(Px, q, t)} ≥  𝓕𝓕{𝜓𝜓{M(P𝑥𝑥, q, t)},  ∅{M(P𝑥𝑥, q, t)}} ≥  𝜓𝜓{M(P𝑥𝑥, q, t)} 
 

Thus                     𝓕𝓕{𝜓𝜓{M(P𝑥𝑥, q, t)},  ∅{M(P𝑥𝑥, q, t)}}= 𝜓𝜓{M(P𝑥𝑥, q, t)} 
implies that  
either                   𝜓𝜓{M(Px, q t)}= 1 or ∅{M(Px q, t)} = 1  
                        ⇒ M(Px, q t) = 1 
 
So                        Px = q 
 
Therefore            Sx = Px = q 
 
So x is a coincidence point of (P, S). Again P(X) ⊆ T(X) there exists a point y ∈ X such that Ty = q 
 
Now we prove that Qy = Ty = q from equation (3.1.1) 

𝜓𝜓{M(Px, Qy, t)} ≥ 𝓕𝓕{𝜓𝜓{𝑀𝑀𝑎𝑎(x, y, t)},  ∅{𝑀𝑀𝑎𝑎(x, y, t)}}for all x, y ∈ X 
Where 𝑀𝑀𝑎𝑎(x, y, t) ≥ ∅{min {M(Sx, Ty, t), M(Px, Sx, t), M(Qy, Ty, t), M(Px,Ty,t), M(Sx, Qy, t)}} 

= ∅{min {M(q, q, t), M(q, q, t), M(Qy, q, t), M(q, q, t), M(q, Qy, t)}} 
= ∅{min {1, 1, M(Qy, q, t), 1, M(q, Qy, t)}} 
= ∅{M(Qy, q, t)} 
> M(Qy, q, t) 

 
So                 𝜓𝜓{M(q, Qy, t)}> 𝓕𝓕{ 𝜓𝜓{M(Qy, q, t)},  ∅{M(Qy, q, t)}} ≥  𝜓𝜓{M(q, Qy, t)}  
 
Thus             𝓕𝓕{ 𝜓𝜓{M(Qy, q, t)},  ∅{M(Qy, q, t)}} =  𝜓𝜓{M(q, Qy, t)} 
 

⇒ 𝜓𝜓{M(Qy, q, t)} = 1 or  ∅{M(Qy, q, t)} = 1   
 

⇒ M(Qy, q, t) = 1   
Thus           Qy = q   

⇒ Qy =Ty = q 
 
Hence y is a coincidence point of pair (Q, T). 



Kamal Wadhwa1 and Arvind Kumar Gupta2*/  
Common fixed point theorems for four self-mappings satisfying (E.A.) property via A -class functions… / IJMA- 12(5), May-2021. 

© 2021, IJMA. All Rights Reserved                                                                                                                                                                         54 

 
So           Px = Sx = Qy = Ty = q 
 
By compatibility of pairs (P, S) and (Q, T) 

Pq = Sq = Qq = Tq 
 
Now we will prove that q is common fixed point of P, Q, S and T 
 
We have  

𝜓𝜓{M(Tq, q, t)} = 𝜓𝜓{M(Tq, Sx, t)} = 𝜓𝜓{M(Sx, Tq, t)} 
                         ≥ 𝓕𝓕{𝜓𝜓{𝑀𝑀𝑎𝑎(x, q, t)}, ∅{𝑀𝑀𝑎𝑎(x, q, t)}} for all x, y∈X 

Where  
𝑀𝑀𝑎𝑎(x, q, t) ≥ ∅{min {M(Sx, Tq, t), M(Px, Sx, t), M(Qq, Tq, t), M(Px,Tq, t), M(Sx, Qq, t)}} 

 = ∅{min {M(q, Tq, t), M(q, q, t), M(Tq, Tq, t), M(q, Tq,t), M(q, Qq, t)}} 
 = ∅{min {M(q, Tq, t), 1,  1,  M(q, Tq,t), M(q, Qq, t)}} 
 = ∅{M(q, Tq, t)} 

                                 > M(q, Tq, t) 
 
So           𝜓𝜓{M(Tq, q, t)} ≥ 𝓕𝓕{ 𝜓𝜓{M(q, Tq, t)}, ∅{M(q,Tq, t)}} ≥ 𝜓𝜓{M(q, Tq, t)} 
 
Thus            𝓕𝓕{𝜓𝜓{M(q, Tq, t)}, ∅{M(q, Tq, t)}} = 𝜓𝜓{M(q, Tq, t)} 
 

⇒  𝜓𝜓{M(q, Tq, t)}= 1 or ∅{M(q, Tq, t)} = 1  
⇒  M(q,Tq, t) = 1  

 
Thus           Tq = q ⇒ Qq = Tq = q 
 
Similarly we can prove that Pq = Sq = q  
 
So               Pq = Sq = Qq = Tq = q 
 
Hence q is common fixed point of P, Q, S, and T  
 
To prove uniqueness, suppose that  p is another fixed point of P, Q, S, and T. Then by (3.1.1) 

𝜓𝜓{M(q, p, t)} = 𝜓𝜓{M(Pq, Qp, t)} ≥ 𝓕𝓕{𝜓𝜓{𝑀𝑀𝑎𝑎(q, p, t)}, ∅{𝑀𝑀𝑎𝑎(q, p, t)}} 
and 

𝑀𝑀𝑎𝑎(q, p, t) ≥ ∅{ min { M(Sq ,Tp, t) , M(Pq, Sq, t), M(Qp, Tp, t), M(Pq, Tp, t), M(Sq, Qp, t)}} 
 = ∅{min {M(q, p, t), M(q, q, t), M(p, p, t), M(q, p, t), M(q, p, t)}} 
 = ∅{min {M(q, p, t), 1, 1, M(q, p, t), M(q, p, t)}} 
 = ∅{M(q, p, t)} 
 > M(q, p, t) 

 
Therefore 𝜓𝜓{M(q, p, t)} = 𝜓𝜓{M(Pq, Qp, t)} > 𝓕𝓕{ 𝜓𝜓{M(q, p, t)}, ∅{M(q, p, t)}} ≥ 𝜓𝜓{M(q, p, t)} 
 
 Thus      𝓕𝓕{𝜓𝜓{M(q, p, t)}, ∅{M(q, p, t)}} =  𝜓𝜓{M(q, p, t)} 
 

⇒ 𝜓𝜓{M(q, p, t)} = 1 or ∅{M(q, p, t)} = 1   
 
⇒ M(q, p, t) = 1   

 
Hence      p = q  
 
Corollary 3.2: Let (X, M, ∗) be a fuzzy metric space and P, Q, S, T are four self - mappings defined on X with       
                         P(X) ⊆ T(X) and Q(X) ⊆ S(X) such that. 

M(Px, Qy, t) ≥ 𝓕𝓕{𝜓𝜓 𝑀𝑀𝑎𝑎(x, y, t), 𝑀𝑀𝑎𝑎(x, y, t)} for all x, y ∈X where  t >  0, 
Where          

𝑀𝑀𝑎𝑎(x, y, t) ≥ min{M(Sx, Ty, t), M(Px, Sx, t), M(Qy, Ty, t), M(Px, Ty, t), M(Sx, Qy, t)} 
 
Suppose that the pair (P, S) or (Q, T) satisfy E.A. property and one of the subspace P(X), Q(X), S(X), T(X) is closed in 
X. Then the pairs (P, S) and (Q, T) have a point of coincidence in X. and if pairs (P, S) and (Q, T) are weakly 
compatible. Then P, Q, S, T has a unique common fixed point. 
 
 



Kamal Wadhwa1 and Arvind Kumar Gupta2*/  
Common fixed point theorems for four self-mappings satisfying (E.A.) property via A -class functions… / IJMA- 12(5), May-2021. 

© 2021, IJMA. All Rights Reserved                                                                                                                                                                         55 

 
Corollary 3.3: Let (X, M, ∗) be a fuzzy metric space ,and P, Q :X →X are self -mappings  such that 

𝜓𝜓{M(Px, Qy, t)}≥ 𝓕𝓕{𝜓𝜓{𝑀𝑀𝑎𝑎(x, y, t)}, ∅{𝑀𝑀𝑎𝑎(x, y, t)}} for all x, y ∈X where t > 0 
Where        

𝑀𝑀𝑎𝑎(x, y, t) ≥ ∅ {min{M(Qx, Qy, t), M(Px, Qx, t), M(Py, Qy, t), M(Px, Qy, t), M(Qx, Py, t)}} 
Suppose that the pair (P, Q) satisfy E.A. property and subspace P(X), is closed in X. Then the pair (P, Q)  has a point of 
coincidence in X. Moreover if the pair (P, Q) is weakly compatible. Then P and Q have a unique common fixed point. 
 
Now we consider following example in the support ofour result. 
 
Example 3.4: Let ℱ(x, y) be any function of class A, X = [0, 2] and d: X × X→ [0, ∞) be usual metric defined by      
d(x, y) =|𝑥𝑥 − 𝑦𝑦|, For ∗ is minimum t-norm and for all x, y ∈ X, 

M(x, y, t) = 𝑡𝑡
𝑡𝑡+𝑑𝑑(𝑥𝑥  ,𝑦𝑦)

 

Then (X, M,∗) is a GV- fuzzy metric space. 
 
Suppose that P, Q, S and T are four self-mappings of X, defined as. 

                          3
4
     for  0 ≤ x ≤ 1                                    x     for  0 ≤ x ≤ 1 

               P(x) =                                        and      Q(x) =     1
2
      for  x = 1 

               𝑥𝑥+2
4

 for 1< x ≤ 2                                     2𝑥𝑥
5

     for 1< x ≤ 2    
                                                                                              
 
                             x    for 0 ≤ x ≤ 1                                      3𝑥𝑥

2
    for  0 ≤ x ≤ 1 

 S(x) =                                        and      T(x) =      
                             3𝑥𝑥

4
   for 1< x ≤ 2                                       𝑥𝑥+1

5
  for  1 < x ≤ 2  

 
Clearly P(X), Q(X), S(X) and T(X) are closed and P(X) ⊆ T(X) & Q(X) ⊆ S(X). The sequence {𝑥𝑥𝑛𝑛} and {𝑦𝑦𝑛𝑛} are 
defined by  𝑥𝑥𝑛𝑛  = 1 +  2

𝑛𝑛+3
 , and 𝑦𝑦𝑛𝑛  = 1 + 1

2𝑛𝑛
, in X such that 

lim𝑛𝑛→∞ 𝑃𝑃𝑥𝑥𝑛𝑛  = lim𝑛𝑛→∞ 𝑆𝑆𝑥𝑥𝑛𝑛  =  3
4
  and  lim𝑛𝑛→∞ 𝑄𝑄𝑦𝑦𝑛𝑛   =  lim𝑛𝑛→∞ 𝑇𝑇𝑦𝑦𝑛𝑛  =  2

5
 

So the pairs (P, S) and (Q, T) satisfies E.A. property. And also weakly compatible. The monotonic increasing function 
𝜓𝜓(t) = √t. Now we check the contractive condition (3.1.1) for all x, y ∈ X, 
 
Case-I: If x = 0, y = 0 and x = 1, y = 1 then contractive condition (3.1.1) is satisfied. 
 
We will discuss in the following two cases. 
 
Case-II: If x, y ∈ (0, 1) 

𝜓𝜓{M (Px, Qy, t)} = 𝜓𝜓{M (3
4
, x, t)} = 𝜓𝜓{ 𝑡𝑡

𝑡𝑡  +�3−4𝑥𝑥
4 � 

 } >  𝑡𝑡

𝑡𝑡 +�3−4𝑥𝑥
4 �

                                                                            (i) 

and 
 

𝑀𝑀𝑎𝑎(x, y, t) ≥ ∅  min  {M(Sx ,Ty, t) , M(Px, Sx, t), M(Qy, Ty, t), M(Px, Ty, t), M(Sx, Qy, t)} 
 
                                 ≥ ∅  min   𝑡𝑡

𝑡𝑡  +  𝑥𝑥2
,  𝑡𝑡

𝑡𝑡  +�3−4𝑥𝑥
4 �

, 𝑡𝑡
𝑡𝑡  +  𝑥𝑥2

,  𝑡𝑡

𝑡𝑡 +�3−6𝑥𝑥
4 �

, 1 

                                 ≥ ∅  𝑡𝑡

𝑡𝑡  +�3−4𝑥𝑥
4 �

 > 𝑡𝑡

𝑡𝑡  +�3−4𝑥𝑥
4 �

                                                                                                                      (ii) 

 
Thus for all values of t > 0, contractive condition (3.1.1) is satisfied. 
 
Case-III: If x, y ∈(1, 2] 

𝜓𝜓{M (Px, Qy, t)} = 𝜓𝜓{M (𝑋𝑋  +2
4

, 2𝑥𝑥
5

, t)} =  𝜓𝜓{ 𝑡𝑡

𝑡𝑡 + 10 −3𝑥𝑥
20

 } ≥ 𝑡𝑡

𝑡𝑡  + 10 −3𝑥𝑥
20

                                                                    (iii) 

and 
                𝑀𝑀𝑎𝑎(x, y, t) ≥ ∅   min  {M(Sx, Ty, t), M(Px, Sx, t), M(Qy, Ty, t), M(Px, Ty, t), M(Sx, Qy, t)} 

 
                  ≥ ∅    min   𝑡𝑡

𝑡𝑡   +  11𝑥𝑥−4
20

,   𝑡𝑡

𝑡𝑡 +  𝑥𝑥−1
2

, 𝑡𝑡

𝑡𝑡  +  𝑥𝑥−1
5

,  𝑡𝑡

𝑡𝑡  +  𝑥𝑥   +  6
20

, 𝑡𝑡

𝑡𝑡 +  7𝑥𝑥20
 

                  ≥ ∅   𝑡𝑡

𝑡𝑡   +  11𝑥𝑥−4
20

  > 𝑡𝑡

𝑡𝑡  +  11𝑥𝑥−4
20

                                                                                                                 (iv) 
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Thus for all values of t > 0, 𝑡𝑡

𝑡𝑡 + 10 −3𝑥𝑥  
20

  ≥ 𝑡𝑡

𝑡𝑡   +  11𝑥𝑥−4
20

  hence contractive condition (3.1.1) is satisfied. 

 
Therefore all conditions of theorem 3.1 are satisfied. Hence 0 is unique common fixed point of self - mappings P, Q, S, 
and T. 
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