International Journal of Mathematical Archive-12(3), 2021, 12-15
@§]MAAvailable online through www.ijma.info ISSN 2229 - 5046

COMMON FIXED POINT THEOREM FOR SEMI - COMPATIBLE
AND SUB-SEQUENTIALLY CONTINUOUS MAPPINGS IN FUZZY METRIC SPACE

DR. PREETI SENGAR*

Department of Applied Mathematics and Computational Science, SGSITS, Indore (M.P.), India.

(Received On: 02-03-21; Revised & Accepted On: 10-03-21)

ABSTRACT

The purpose of this paper is to prove some common fixed point theorems in semi-compatible and sub-sequentially
continuous mappings in fuzzy metric space.
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INTRODUCTION

The concept of fuzzy sets was initially investigated by Zadeh [16] as a new way to represent vagueness in everyday
life. Subsequently, it was developed by many authors and used in various fields. To use this concept in Topology and
Analysis, several researchers have defined fuzzy metric space in various ways. In this chapter we deal with the fuzzy
metric space defined by Kramosil and Michalek [10] and modified by George and VVeeramani [4]. Recently, Grebiec [5]
has proved fixed points result for Fuzzy metric space. In the sequel, Singh and Chouhan [14] introduced the compatible
mappings of Fuzzy metric space and proved the common fixed point theorem.

Using the concept of R-weak commutativity of mappings, Vasuki [15] proved the fixed point theorem for Fuzzy metric
space. Recently in 2009, using the concept of sub compatible maps, Bouhadjera et.al [1] proved common fixed point
theorems. Using the concept of compatible maps of type (A), Jain et.al. [8] proved a fixed point theorem for six self
maps in a fuzzy metric space. Using the concept compatible maps of type (8) Jain et.al [8] proved a fixed point
theorem in fuzzy metric space and menger space using the concept of semi-compatibility, weak compatibility and
compatibility of type (B) respectively.In this section, we introduced the new concept of semi- compatible and sub-
sequentially continuous mapping in fuzzy metric space.

For the sake of completeness, we recall some definition and known results in fuzzy metric space.

Definition 2.1: [12] A triangular norm * (shortly t- norm) is a binary operation on the unit interval [0, 1] to [0, 1] such
that for all a, b, ¢, d € [0, 1] the following conditions are satisfied.

@axl=a,

(b)a*xb=b=*gq,

(c)axb<c=*dwhenevera<candb<d,

(d @xb)y*xc=ax*(b=*c).
Example of t-norms are a * b = min {a, b} and a * b = ab.

Definition 2.2: [10] A 3-tuple (X, M, #) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-
norm and M is a fuzzy set on X? x[0,0) satisfying the following conditions for all x, y, z€ X, t, s > 0,

(FM-1) M(x, y, t) =0,

(FM-2) M(x, y,t) =1 ifand only if x =y,

(FM-3) M(x, y, t) = M(y, x, 1),

(FM-4) M(x, y, t) * M(y, z, s)< M(X, z, t + 5)

(FM-5) M(x, v, +): [0, ©) — [0, 1] is continuous.

(FM-6) lime_, M(X, y, t) = 1.

Corresponding Author: Dr. Preeti Sengar*
Department of Applied Mathematics and Computational Science, SGSITS, Indore (M.P.), India.

International Journal of Mathematical Archive- 12(3), March-2021 12


http://www.ijma.info/�

Dr. Preeti Sengar*/ Common Fixed Point theorem for Semi — Compatible and Sub-Sequentially... / UMA- 12(3), March-2021.

In the definition of George and Veeramani [4],M is a fuzzy set on X? x [0, «) and (FM-1), (FM-2), (FM-3) are replaced
respectively, with (GV-1), (GV-2), (GV-3) below the axiom (GV-2) is reformulated as in [7, Remark 1]:

(GV-1) M(x,y, t) >0, for all t > 0;

(GV-2) M(x, x,t)=1forallt>0and x #y = M(x, y, t) <1. for all t > 0;

(GV-5) M(x, y, -) = (0, ©) — [0, 1] is continuous for all x, y € X.
Then M is called a fuzzy metric on X. Then M(x, y, t) denotes the degree of nearness between x and y with respect to t.
In the following example, it is showed that every metric induces a fuzzy metric:

Example 2.1: [4] Let (X, d) be a metric space. Define axb = ab (or axb = min {a, b}) for all 3, b € X and let M be fuzzy

seton X2 x [0, o) defined as follows: M(X, y, t) = t+dEX 5

Then (X, M, #) is a fuzzy metric space and the fuzzy metric M induced by the metric d is the standard fuzzy metric.

Example 2.2: [3] Let X =R, the set of all real numbers. Define a*b = ab and
-1
M(x, y, t) = [exp (?)] for all X, y in R and te [0, «). then (X, M, *) is a fuzzy metric space.

Lemma 2.1: [5] For all x, y € X, (X, M, -) is non decreasing function.

Definition 2.3: [4] Let (X, M, *) be a fuzzy metric space. A sequence {x,} in X is said to be Convergent to a point
x ¢€ Xif lim,_.,, M (x,, X, t) = 1 for all t > 0. Further, the sequence {x,} is said to be a Cauchy sequence if
liMn_.e M (Xn, Xn4p, t) = 1 for all t > 0 and for all p.

The space is said to be Complete if every Cauchy sequence in it converges to a point on it.
Proposition 2.1: [4] In a fuzzy metric space (X, M, *) the limit of a sequence is unique.

Definition 2.4: [9] A pair (A, S) of self mappings defined on a fuzzy metric space (X, M, =) is said to be compatible if
and only if M(ASXx,,SAX,,t) — 1 for all t > 0 whenever {x,} is a sequence in X such that Ax,, Sx,— z for some z € X
as n —oo.

Definition 2.5: [13] A pair (A, S) of self mappings defined on a fuzzy metric space (X, M, *) is said to be semi-
compatible if lim,_, ASx, = Sx whenever there exists a sequence {x,} € X such that lim,_,., Ax, = lim,_,,, Sx, = x for
some x € X.

Definition 2.6: [6] A pair (A, S) of self mappings defined on a fuzzy metric space (X, M, *) is said to be Sub-
compatible if and only if there exists a sequence {x,} such that
limg_. AX, = lim,_,,, SX, = z for some zeX and lim,_,,, M(ASX,, SAX,, t) =1 for all t > 0.

Definition 2.7: [2] A pair (A,S) of self mappings defined on a fuzzy metric space (X, M, *) is said to be reciprocally
continuous if for a sequence {x,} in X,

limp_. ASX, = Az and lim,_. SAX, = Sz, whenever

limy_. AX, = limy_. Sx, = z for some zeX.

Definition 2.8: [11] Two self maps A and B of a fuzzy metric space (X, M, *) are said to be weak compatible if they
commute at their coincidence points, i.e. Ax = Bx= ABx = BAx.

In this section, we define the concept of sub-sequentially continuous and semi-compatible mapping and we introduced
the common fixed point of pairs, coincident point of pair and unique common fixed point.

Definition 2.9: [6] A pair (A, S) of self mappings defined on a fuzzy metric space (X, M, *) is said to be sub-
sequentially continuous if and only if there exists sequence {x,} in X such that lim,_, AX, = limy_,,, Sx, = z for some
z € X and lim,_. ASx, = Az and lim,_., SAX, = Sz

Theorem 2.1: Let A, B, S, T, P and Q be self mappings of fuzzy metric space (X, M, *) with a-b = min {a, b} for all
a, b e [0, 1]. If the pairs (A, PQ) and (B, ST) are semi-compatible and sub-sequentially continuous mappings, then
(a) The pair (A, PQ) has a coincidence point.
(b) The pair (B, ST) has a coincidence point.
(c) Further, the mapping A, B, S, T, P and Q have a unique common fixed point in X provided the involved maps
satisfy the inequality
M?(AX, By,1)-[M(PQx, Ax,t).M(STy, By,t)] = [pM(PQx, Ax,t) + qM(PQx, STy, t)]M(PQx, By, 1) (1.1)
for all x, y € Xand t > 0, where 0< p,q < 1 and p+g=1.
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Proof: The pairs (A, PQ) and (B,ST) are Semi-compatible and Sub-sequentially continuous mappings, there exists a
sequence {x,} in X such that
lim,_., Ax, = lim,_,,, PQx, =z for some z € X
and lim,_,,, M(A(PQ)x,, (PQ)AX,, t) =1, for all t< 0.
and lim,_, M(Az, PQz,t) =1 (1.2)
then we have Az=PQz,
Similarly, lim,_., By, = lim;_,, STy, = we X
lim,_, M(B(ST)ya, (ST)By,, t) =1, for all t< 0

and lim,_,,M(Bw,STw, t) = 1 (1.3)

Hence z is coincidence point of A, PQ and w is coincidence point of B, ST

then we get  Az=PQz. (1.4)
Bw=STw. (1.5)

Step-1:- First we prove that z = w. Putting X =X, Y =Y, in inequality (1.1) we have
MZ(Aan BYm t)*[M(PQXn, AXni t)M(STYm BYm t)] Z [pM(PQXm AX’ t) + qM(PQXm STYm t)]M(PQXn, BYm t) (16)
Now
M?(z, w, 1)*[M(z, z, t).M(w, w, t) = pM[(z, Z, t) + gM(z, w, Y)]M(z, W, 1)
M%(z, w, t) = [p + qM(z, w, 1)]M(z, w, 1)
M(z, w, t) = 1%1
M(z, w, t) =1 1.7)
Thus we have z = w

Step-2:-Now we prove that Az =z, Putting x =z andy =y, in (1.1)
M?(Az, By,, 1)-[M(PQz, Az, t).M(STy,, By, 1)] = [PM(PQz, Az, t) + qM(PQz, STy,, t)]M(PQz, By, 1)
M%(Az, w, 1)[M(PQz, Az, t).M(w, w, t)] =[pM(PQz, Az, t) + qM(PQz, w, t)]M(PQz, w, 1)
M?(Az, w, t)-[M(Az, Az, t).M(w, w, t)] = [pM(Az, Az, t) + gM(Az, w, t)]M(Az, w, t)
M?(Az, w, t) =[p + qM(Az, w, t)]M(Az, w, t)
M(Az, w, t) = 1%1
M(Az, w, t) =1
Hence Az=w=z

Step-3:-Again we prove that Bz =z
Then we have X = x,,y=2zin (1.1)
M?(Ax,, Bz, t)«[M(PQX,, AX,, t)M(STz, Bz, t)] =[pM(PQX,, AXy, t) + QM(PQX,, STz, t)] M(PQx,, Bz, 1)
M?(z, Bz, t)[M(Az, Az, t).M(z, z, t)]= [DM(Az, Az, t) + gM(z, Bz,t)]M(z, Bz, t)
M%(z, Bz, 1) = [p + qQM(z, Bz, 1)] M(z, Bz, 1)
M(z, Bz, t) = 1%1
M(z, Bz, t) =1
we getz=Bz (1.8)

Step-4:-Again we claim that Tz = z,
putting x=Tzandy=zin (1.1)
M%(ATz, Bz, 1)[M(PQTz, ATz, 1).M(STz, Bz, t)=[pM(PQTz, ATz, t) + qM(PQTz, STz, t)] M(PQTz, Bz, t)
M%(TAz, z, )[M(TPQz, TAz, 1).M(Bz, Bz, t)] = [pPM(TPQz, ATz, t) + gM(TPQz, Bz, t)] M(TPQz, Bz, 1)
M?(Tz, z, )«[M(Tz, Tz, 1).M(z, z, t)] = [pM(TZ,Tz, t) + qM(Tz, z, t)] M(Tz, 2, 1)
M%(Tz, z,t) = [p + qM(Tz, z, )] M(Tz, z, t)
M(Tz, z,t) = 1%1
M(Tz, z,t) =1
wegetTz=z (1.9)

Step-5:- Again we show that Sz = z,
puttingx=Szandy =z in (1.1)
M?(ASz, Bz, t)-[M(PQSz, ASz, t).M(STz, Bz, t)] = [pM(PQSz, ASz, t) + gqM(PQSz, STz, t)] M(PQSz, Bz, 1)
M%(SAz, z, t)[M(SPQz, SAz, t).M(Bz, Bz, )] = [pM(SPQz, ASz, t) + qM(SPQz,Bz, t)] M(SPQz, Bz, 1)
M%(Sz, z, t)[M(Sz, Sz, ).M(z, z, t)] = [PM(Sz, Sz, t) + qM(Sz, z, t)] M(Sz, , 1)
M%(Sz, z, t) = [p + qQM(Sz, z, 1)] M(Sz, z, 1)
M(Sz, z, t) = 1%1
M(Sz, z,t) =1
wegetSz=z (1.10)
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Step-6:- Again we prove that Qz=z,
putting x=Qz and y=z in (1.1)
M%(AQz, Bz,1)-[M(PQQz, AQz, t).M(SQz, Bz, t)] = [pPM(PQQz, AQz,t) + gM(PQQz, SQz, t)] M(PQQz, Bz, t)
M%(QAz, z, )[M(QPQz,TAz, t).M(Bz, Bz, 1)] = [PM(QPQz, ATz,_t) + qM(QPQz, Bz, t)] M(QPQz, Bz, 1)
M%(Qz, z, t)-[M(Qz, Qz, t).M(z, z, 1)] = pM(Qz, Qz, t) + gM(Qz, z, t)] M(Qz, z, 1)
M?*(Qz, z, t) = [p+aM(Qz, z, )] M(Qz, 2, )
M(Qz, z,t) = 1%1

M(Qz, z,t) =1
wegetQz=z (1.11)

Step-7:- Again we prove that Pz = z, putting x=Pzandy =z in (1.1)
M?(APz, Bz, t)}<[M(PQPz, ATz, t).M(SPz, Bz, 1)]
[PM(PQPz, APz, t) + gM(PQPz, SPz, t)] M(PQPz, Bz, t)
M?(PAz, z, t)[M(PPQz, PAz, t).M(Bz, Bz, )] = [pM(PPQz, APz, t) + qM(PPQz, Bz, t)] M(PPQz, Bz, 1)
M?(Pz, z, t)[M(Pz, Pz, t).M(z, z, t)] = [pPM(Pz, Pz, t) + qM(Pz, z, )] M(Pz, z, t)
M?(Pz, z, t) = [p+qM(Pz, z, t)] M(Pz, z, t)
M(Pz, z,t) = 1%1

M(Pz, z,1) =1

we getPz=z (1.12)
i.e.Az=Bz=Tz=Sz=Pz=Qz=z

Hence z is a common fixed point of A, B, S, T, P, and Q.
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