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ABSTRACT

The purpose of this paper is to prove coupled fixed point theorem for non linear contractive mappings in partially
ordered complete quasi-metric spaces using the concept of monotone mapping with a Q — function q and Generalized
contractive condition. The presented theorems are generalization and extension of the recent coupled fixed point
theorems due to Bhaskar and Lakshmikantham [9]. We also give an example in support of our theorem.
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INTRODUCTION AND PRELIMINARIES

Al-Homidan et al. [1] introduced the concept of a Q-function defined on a quasi-metric space which generalizes the
notions of at —function and a » —distance and establishes the existence of the solution of equilibrium problem (see
also [2,3,4,5,6]).

Recently, Bhaskar and Lakshmikantham [9] presented some new results for contractions in partially ordered metric
spaces. Bhaskar and Lakshmikantham [9] noted that their theorem can be used to investigate a large class of problems
and discussed the existence and uniqueness of solution for a periodic boundary value problem.

Our aim of this article is to prove a coupled fixed point theorem in quasi-metric space by using the concept of
Q- function. We also extend and generalized the result of Bhaskar and Lakshmikantham [9].

Recall that if (X, <) is a partially ordered set and F : X - X such that for each x,y € X,x <y implies F(x) < F(y),
then a mapping F is said to be non decreasing. Similarly, a non increasing mapping is defined. Bhaskar and
Lakshmikantham [9] introduced the following notions of a mixed monotone mapping and a coupled fixed point.

Definition 1: Let (X,<)is a partially ordered set and F: X x X — X. The mapping F is said to have the mixed

monotone property if F is nondecreasing monotone in first argument and is a nonincreasing monotone in its second

argument, that is, for any x,y € X
X1,Xy € X, X1
yuy2 € X, n

X, = F(x1,y) < F(xp,y)

<
< vy,— Fxy) =2 Fxy2)

Definition 2: An element (x,y) € X x Xis called a coupled fixed point of a mapping F: X X X — Xif
Fxy) =x  F@x) =y

Definition 3: Let X be a nonempty set. A real valued function d: X x X — R* is said to be quasi metric space on X if
[(M;)]d(x,y) = 0forallx,y € X,
[(M)]d(x,y) =0ifandonlyifx =y,
[(M3)]d(x,y) < d(x,z) + d(z, y)forallx,y,z € X.

The pair (X, d) is called a quasi- metric space.
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Definition 4: Let (X, d) be a quasi metric space. A mapping q : X x X - R* is called a Q-function on X if the
following conditions are satisfied:

[(Q]ifx € Xand (y,), 1 [(Qq)] forall x,y,z € X, is a sequence in X such that it converges to point y (with respect
to quasi metric) and q(x,y,) < M for some M = M(x), then q(x,y) < M; [(Q3)]for any € > 0 there exists § > 0 such
that q(z,x) <98 andq(z,y) < impliesthatd(x,y) < €.

Remark 5: If (X, d) is a metric space, and in addition to (Q;) — (Q5), the following condition are also satisfied:
[(Q4)] for any sequence (x,),>1 in X with lim, _sup { q(x,,x,):m >n} =0 and if there exist a sequence
(Yu)n>1 In Xsuch thatlim, _, q(x,,y,) =0, then lim,, _,, d(x,,y,) = 0.
Then a Q- function is called t — function, introduced by Lin and Du [16]also in the same paper [16] they show that
every o — function, introduced and studied by Kada et al. [15], is at — function. In fact, if we consider (X,d) as a
metric space and replace (Q,) by the following condition:

[(Qs)] for any x € X, the function p(x,.) — R™ is lower semi continuous, then a Q- function is called a
o — function on X. Several examples of @ — functions are given in [15]. It is easy to see that if (q(x,.)) is lower semi
continuous, then (Q,) holds. Hence, it is obvious that every o — function is t — function and every t — function is Q-
function, but the converse assertions do not hold.

Example 6: Let X = R. Define d: X x X — R* by
0ifx=
dey) =] )

lyl otherwise
andq: Xx X - Rt by

qxy)=1yl, Vxy€eX
Then one can easily see that d is a quasi- metric space and q is a Q- function on X, but q is neither a T — function nor a

o — function.

Example 7: Define d: X x X - R* by

—x if x=
ay) =f, ) ’

2(x —y) otherwise
andq: Xx X - Rt by
qxy) =1 x -yl Vxye€ X
Then one can easily see that d is a quasi- metric space and q is a Q- function on X, but g is neither a
t — function nor a ® — function, because (X, d) is not a metric space.

The following lemma lists some properties of a Q- function on X which are similar to that of a @ — function (see [15]).

Lemma 8: Letq: X x X —» R* be a Q - function on X. Let {x,},en and { y,}.cn be sequences in X, and let
{a,},en and { Bn}neN be such that they converges to 0 and x,y,z € X. Then, the following hold:

i. ifq(x,,y) <a,andq(x,,z) <B_ foralln € N, theny = z. In particular, if q(x,y) = 0 and q(x, z) = 0 then
y=12

i, ifqx,,y,) <o,andq(x,,z) <B forallx€ N, then{y,},en convergestoz

iii. if q(x,,x,) <o, foralln,m € N with m>n, then {x,},cn isa Cauchy sequence ;

iv. ifq(y,x,) <a,forallne N, then{x,},cy isa Cauchy sequence ;

v. ifqgs,q,93....q, are Q- functions on X, then q(x,y) = max{q;(x,y),q:(xy),----. ,da(x,y) } is also a
Q- function on X.

MAIN RESULT

In this section we introduced a new concept of coupled fixed point for generalized contractive map in quasi ordered
metric spaces also we establish some coupled fixed point results by considering maps on quasi metric spaces endowed
with partial order.

Throughout this article we denote ¥ the family of non decreasing functions ¥ : [0, +o) — [0, +o0) such that
Th_1 PP(t) < oo forallt > 0, where ¥" isthe n iterate of W satisfying,

i ¥ oh = (0},

ii. Y@)<tforalt>o0,

iii. lim._ + ¥ (t) < tforallt> 0.

Lemma 9: If ¥ : [0,0] — [0,90] is non decreasing and right continuous, the "' (t) - 0 asn — oo for all t = 0 if and
onlyif P(t) <t forallt > 0.
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Definition 10: Let F: X x X —» X and a: X% X X% - [0, +o0) be two mappings. Then F is said to be (o) admissible if
(xy),Wv) =1-a (( F(xy),F(y, %), (F(u,v),F(v, u))) > 1,

forallx,y,u,v € X

Definition 11: Let (X,<,d) be a partially ordered complete quasi- metric space with a Q-function g on X and
F:X X X — X be a mapping. Then a map F is said to be a generalized contractive if there exists two functions
v € Yanda: X% x X? - [0,+c0) such that

0 (Goy), (ww)a(Feoy), Fwv) < \v(

forallx > uandy < v.

qxw) + qy,v) )
2

Now we give the main result of this paper, which is as follows.

Theorem 12: Let (X, <, d) be a partially ordered complete quasi — metric space with a Q — function g on X. Suppose
that F : X x X > Xsuch that F has the mixed monotone property. Assume that y € ¥ and a : X2 X X2 - [0, +o0)
such that for all x,y,u,v € X following holds,

o ( xv), (u, v))q(F(x,y), F(u, V)) <v (M) (2.1)
for all x < uandy = v. Suppose also that

[(@)]F is (o) — admissible
[(b)] there exist x,,y, € Xsuch that

a((XO'YO)’ (F(XO'YO)’F(YO'XO))) =1 and a((Yo'Xo), (F(Yo'xo),F(Xo'Yo))) =1
[(c)] F is continuous.

If there exists x,, y, € X such that
Xg < F(X0,¥0), Yo =F(y0,%0)
then there exist x,y € Xsuch that

x=Fxy), y=Fyx) (2.2)
that is F has a coupled fixed point.

Proof:- Letxy,y, € X be such that a((xo,yo), (F(xo,yo),F(yO,XO))) >1 and a((yo,xo), (F(yo,xo),F(Xg,YO))) >
1 andxq < F(Xg,¥0) = x_.1and y, = F(y, Xo) = yi.Let x,,y, € Xsuch that F(x;,y;) = x, and F(y,%X;) = ys.
Continuing this process, we can construct two sequences { x,,} and { y,,} in X as follows,

X_n+1 = F(Xn'Yn) and Yn+1 = F(Ynﬂxn)
for all n > 0. We will show that

Xn < Xn+1 and Yn 2 Yn+1 (23)
for alln > 0. We will use the mathematical induction. Letn = 0. Sincex, < F(xq,¥,), and y, = F(y,, %,) and
asx; = F(xq,y0), and y; = F(yy, X)- We have x, < x; andy, = y;.Thus (2.3) holds for n = 0. Now suppose
that (2.3) holds for somen > 0. Then sincex, < x,,; andy, = y,,1 and by the mixed monotone property of F,
we have

d Xny2 = F(Xn+1'Yn+1) 2 F(Xn'Yn+1) 2 F(Xn'Yn) = Xn41
an

Yn+2 = F(Yn+1ﬂxn+1) < F(Ynﬂxn+1) < F(Ynﬂxn) = Yn+1

From above we conclude that

Xn+1_ < ?(n+2 and Yn+1 2 Yn+2
Thus by the mathematical induction, we conclude that (2.3) holds for n = 0. If for some n we have

FnsrVnr1) = Xn,yn), then F(x,,y,) = x, and F(y,,x,) = y, thatis, F has a coupled fixed point.

Now, we assumed that (X,,1,Vn41) # X, yy) foralln = 0. Since F is (o) — admissible, we have
a((x0,¥0), (X1, ¥1)) = a((XO'YO)' (F(XO'YO)'F(YO'XO))) =1

whichimplies o ((F(xo,0), F(30,%0)), (FGy,y1), F(y1, 1)) ) = oGy, 1), (k2 ¥2)) 2 1
Thus, by the mathematical induction, we have

a((xn'Yn)'(Xn+1'Yn+1)) =1 (24)
and similarly,

o @nrXn)s U1, Xn41)) 2 1 (2.9)
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for all n € N. Using (2.1) and (2.4) , we obtain
q(Xn'Xn+1) = q(F(Xn—I'Yn—l)’ F(Xn'Yn))
<a ((Xn—I'Yn—l)’ (Xn'Yn))q(F(Xn—lﬂ}’n—l)’ F(Xn'Yn))

S lP (q(Xn—ern);q(Yn—erD)) (26)

Similarly we have

A0 Y1) = AF a1, Xa-1), FGn Xa))
0 (n-1 %) O X)) A(F Tt Xpo1), By, x,)) < W (Lamtiadt dbaotind) (2.7)
Adding (2.6)and (2.7), we get

4G, Xn11) + A0 Ynr1) _ (q(xn_l,xn)+ q(yn_l.yn)>

2 - 2

Repeating the above process, we get

qGns Xn41) + AWns Yn+1) < gn <Q(X0'X1) + Q(YO'Y1)>

2 2
foralln € N.Fore > 0 there existsn(e) € N such that
Xg,X1) + ) €
5 (q( 0-X1) - q(yo y1)> <<
Letm,n € N besuchthat m > n > n(e). Then, by using the triangle inequality, we have
AGn, Xm) + 400, Ym) _ sm-1 (X Xpr1) + Vi Yir1)
2 = Tk=n 2

q(xg,x1) + Q(Yo'}ﬁ))

2
q(xe,x;) + Q(Yo,}ﬁ)) < €
2

< TP e (

<z >n(e) b ( 2
This implies that q(x,, X, ) + qQ(Vn, Vm) < €
Since d(xp, Xm) < q(Xn, X ) + 90, Ym)) <€
and

d(¥n, Ym) < qGn X)) + 40, ym) <€
and hence {x, } and {y, } are Cauchy sequences in X. Since (X,d) is complete quasi metric spaces and hence
{x,}and {y, } are convergent in X. Then there exists x,y € X such that

lim, . x, = x lim, .y, = V.

Since F is continuous and x,,,; = F(x,,y,) andy,,; = F(y,,x,), taking limitn — oo we get
x = lim, | %, = lim, | ,F(x,,y,) =FXy)

and
y = lim, .y, =1im, ., F(y,,x,) =F(y,%)

that is, F(x,y) = x and F(y,x) =y and hence F has a coupled fixed point.

In the next theorem, we omit the continuity hypothesis of F.

Theorem 13: Let (X, <,d) be a partially ordered complete quasi- metric space with a Q — function g on X. Suppose
that F: X X X — Xsuch that F has the mixed monotone property. Assume that¥ € ¥ anda : X2 x X2 - [0, +)
such that for all x,y, u,v € X following holds,

(xuw+ qly,v)

0 (5 y), (1, v) )q(F G y), F(u,v)) < P (L2 90m) (2.8)
for all x <uandy > v. Suppose also that
[(@)]F is (o) — admissible
[(b)] there exist x,,y, € X such that

Ot((Xo'Yo), (F(XO'YO)’F(YO'XO))) =1 and a((Yo'Xo)' (F(YO'XO)'F(XO'YO))) =1
[(©)] if{x, }and {y, }are sequences in X such that

a((xn'Yn)'(Xn+1'Yn+1)) =1 and a((Yn'Xn)' (Yn+1'Xn+1)) =1
forallnandlim, , . x, = x € Xandlim, .y, = y € X, then

a((xn,yn),(x,y)) >1 and a((yn,xn), (y,x)) > 1.

If there exists x,, y, € X such that

xg < F(x0,¥0), Yo =F(yo,%0)
then there exist x,y € X such that

x = F(xy), y =F{y.x) (2.9)
that is F has a coupled fixed point.
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Proof: Proceeding along the same line as the above Theorem12, we know that {x,}and {y, } are Cauchy sequences
in complete quasi metric space X. Then there exists x,y € X such that

lim, , .x, = x and lim, .y, = y. (2.10)
On the other hand, from (2.4) and hypothesis (c) we obtain

(%, yn), (1 y)) =1 (2.11)
and similarly

a((yn %n), (1,%)) =1 (2.12)

for alln € N. Using the triangle inequality, \ref(eq7) and the property of ¥(t) < t for all t > 0, we get
qFEY),%) < q(Fy),F(xy,¥0)) + a(q41,%)
S a((xn’Yn)’ (X’ y))q(F(Xn’Yn)’F(X’ Y)) + Q(Xn+1,x)
) + n’
<y (q(xn X) : q(y y)) G )
< q(xy,x) + qyn,y)
2

+ q(Xn+1’X)'

Similarly, we obtain
qQF(¥,%),y) < q(FE%), Fyn %)) +aWnse,y)
< o((¥a %), %) 4(F @, ), F, %)) + qWns1,X)

<y (q(xn,X) + q(yn'y)> +qXp11,%)

2
< qWny) + 9y, %)
2

+q¥n+1,Y)-

Taking the limit n — o in the above two inequalities, we get
q(F(xy),x) = 0 and q(F(y,x),y) = 0.

Hence, F(x,y) = xand F(y,x) =y. Thus, F has a coupled fixed point.

In the following theorem, we will prove the uniqueness of the coupled fixed point. If (X, <) is a partially ordered set,
then the product X x X with the following partial order relation:

&Y< (Wv)ye x<uy =v,
forall (x,y),(u,v) € X X X.

Theorem 14: In addition to the hypothesis of Theorem 12 suppose that for every (x,y), (s,t) € X x X, there exists
(u,v) € X x Xsuch that

a((x,y),u,v)) =1 and a((s,t),u,v)) =1
and also assume that (u, v) is comparable to (x,y) and (s,t). Then F has a unique coupled fixed point.

Proof: From Theorem 12, the set of coupled fixed point is non empty. Suppose (x,y) and (s, t) are coupled fixed point
of the mappings F: X xX — X, that isx=F(xy),y = F(y,x),s = F(s,t) and t = F(t,s). By assumption, there
exists (u,v) € X x X such that (u,v) is comparable to (x,y) and (s, t). putu = uy and v = v, and choose u;,v; € X
such that u; = F(ug,v,) and v; = F(vy,u,). Thus, we can define two sequences {u, }and {v, } as

Upep = F(unﬂvn) and Vol = F(Vn' un)-

Since (u, v) is comparable to (x,y), it is easy to show that x < u; and = v;. Thus,x < u, andy > v, foralln > 1.

Since for every (x,y), (s,t) € X X X, there exists (u,v) € X x X such that
a((x,y),u,v)) =21 and a((s,t),u,v)) = 1. (2.13)

Since F is (o) — admissible, so from (2.13), we have
a(xy)uwv) 21 = a((Fxy) Fy,x), (Fu,v), F(v,u))) = 1.

Sinceu = uyyandv = v,, we get
a((%,y),u0,vo) =1 = a((F(x,y),F(y,%)), (F(ug, vo), F(vy, up)) = 1.
Thus

a(xy), W) =1- a(xy), (u,vy)) = 1.
Therefore by mathematical induction, we obtain

a((x,y),(un,vn)) >1 (2.14)
foralln € N and similarly a((y,x), (v,,u,)) = 1. From (2.13) and (2.14), we get
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qx u_(n+1)) =q(F&xy),Flu,,v,))
< a((xy), (uy, v))a(Fx y), F(uy, vy))

<y (Q(X,un)ZQ(ern)).

Similarly, we get
q@,v_(m+1)) = q(F(y, ), F(vy, u,))
< o((,%), (V, un))a(F(@, ), F(vy, X))

<y (q(YrVn)"Z'q(Xrun)).

Adding (2.15) and (2.16), we get
q(X, un+1) + Q(Y' vn+1) <y <Q(X, un) + Q(Y' Vn))
2 - 2

Thus
a&un+)+ayvnen) o (q(x,u1)+ q(yVV1))
2 - 2
foreachn > 1. Lettingn — oo in 2.17 and using Lemma 8, we get

hmn—»w[q(xﬂun+1) + Q(Y’Vn+1)] =0
This implies

lim, _, ,q(x,uy41) = 0 lim, , ,q(y,vy41) = 0.

Similarly we can show that
lim, |, ,q(s,u,41) = 0 lim, , , q(t, vy41) = 0.

From 2.18 and 2.19, we conclude that x = s and y = t. Hence, F has a unique coupled fixed point.

Example 15: Let X = [0,1], with the usual partial ordered <. Defined d: X x X — R* by
( y—xifx=y
dxy) = {Z(X —y) otherwise
andq: X x X >R+ by
axy)=Ix —yl, Vxy €X

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Then d is a quasi metric and g isa Q — function on X. Thus, (X, d, <) is a partially ordered complete quasi metric space

with Q- function g on X.
Consider a mapping a : X? X X? — [0, +o) be such that
a((x,y),(u,v)) :{1 ifx > yuz=v

0 otherwise

Let ¥ (t) = % for t > 0. Defined F: X X X —» X by F(x,y) = ixy forall x,y € X.

Sincelxy —uv|<|x —ul +|y — v| holds for all x,y,u,v € X. Therefore, we have

a(FGy), Fww) =15 - |
1
S%(I x-ul +ly-vl
=5 (axw + @)

It follows that
o (xy), (wv)qFEy), Fuv) < ﬁ Qxw) +q(y,v))

Thus 2.1 holds for ¥(t) = %for allt > 0and we also see that all the hypothesis of Theorem 12 are fulfilled. Then

there exists a coupled fixed point of F. In this case (0,0) is coupled fixed point of F.

Example 16: Let X = [0,1], with the usual partial ordered <. Defined d: X x X — R* by
( y—xifx=y
dxy) = {Z(X —y) otherwise
andq: X x X -» Rthy
axy) =Ix —yl, Vxy €X

(2.21)

Then d is a quasi metric and g isa Q — function on X. Thus, (X, q, <) is a partially ordered complete quasi metric space

with Q- function g on X.

Consider a mapping o : X? X X? — [0, +) be such that
_f1lifx=2yu=v
o((0y), (V) _{ 0 otherwise
© 2021, IIMA. All Rights Reserved
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Let (t) =2t fort > 0. Defined F:X X X - Xby F(x,y) = sinx+siny for allx,y € X.

Since | sinx — siny | <| x — y | holds for all x,y € X. Therefore, we have
q(F(x,y),F(u,V)) =| sinx +siny — sinu —sinv |
<|sinx — sinu| +| siny—sinv |
<lx—ul+ly—-vl

v ((q(x. w+ qy, V))>.

2
Then there exists a coupled fixed point of F. In this case (0,0) is coupled fixed point of F.

Corollary 17: Let (X, <,d) be a partially ordered complete quasi- metric space with a Q — function g on X. Suppose
that F: X x X — Xsuch that F is continuous and has the mixed monotone property. Assume that ¥ € ¥ and such that
for all x,y,u,v € X following holds,

A(F(y), F(u,v)) < W (L2 90) (2.22)
forallx < uandy > v.

If there exists x_0,y_0 € X such that

Xg < F(X0,¥0), Yo = F(yo,%0)
then there exist x,y € Xsuch that

x = F(xy), y=Fyx) (2.23)
that is F has a coupled fixed point.

Proof:- It is easily to see that if we take o ((%,y), (u,v)) =1 in Theorem 12 then we get Corollary 17.

Corollary 18: Let (X, <,d) be a partially ordered complete quasi- metric space with a Q- function g on X. Suppose
that F: X X X — Xsuch that F is continuous and has the mixed monotone property. Assume that ¥ € W and such
that for all x,y,u,v € X following holds,

k
q(F(xy), F(u,v)) < 7[qxw) +q(y,v)] (2.24)
for ke [0,1)andfor all x<uandy >v.

If there exists x_0,y_0 € X such that

Xo < F(Xo,¥0), Yo = F(yo,%0)
then there exist x,y € X such that

x = F(xy), y =F{y.x) (2.25)
that is F has a coupled fixed point.

Proof: It is easily to see that if we take ¥(t) = kt in Corollary 17 then we get Corollary 18.

Corollary 19: Let (X, <,d) be a partially ordered complete quasi metric space with a Q-function q on X. Assume that
the function ¥ : [0, +90) — [0,40) is such that ¥ (t) < t for each t > 0. Further suppose that F: X x X — Xis
such that F has the mixed monotone property and

A(F(xy),F(u,v)) < 9 (1e22) (2.29)

forallx,y,u,v € X for whichx < uand y < v. Suppose that F satisfies following,
[(a)]F is continuous or
[(b)] X has the following property:

[(] if anon decreasing sequence { x . n} — xthen x_n < x for all n,

[(i1)] if a non increasing sequence {y_n} — y theny_n >y for all n.

If there exists xy,y, € X such that

Xo < F(X0,¥0), Yo = F(yo,%0) (2.30)
then there exist x,y € X such that
x=Fxy) y =F{yx) (2.31)

that is F has a coupled fixed point.

Proof: It is easily to see that if we take a ((x,y),(u,v)) =1and from the property in Theorem 12 then we get
Corollary 19.
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Corollary20: Let (X, <,d) be a partially ordered complete quasi metric space with a Q-function g on X. Assume that
the function ¥ : [0, +0) — [0, +o0) is such that ¥ (t) < t for each t > 0. Further suppose that F: X x X — Xis such
that F has the mixed monotone property and

a(F&xy), F(u, ) < 3[a(xu) + q(y, v)] (2332)
forall k € [0,1),%,y,u,v € X for whichx <uand y <v. Suppose that F satisfies following,
[(@)]F is continuous or
[(b)] X has the following property:
[(1)] if anon decreasing sequence { x, } = xthenx, < x for all n,
[(iD)] if a non increasing sequence {y, } — y theny, =y for all n.
If there exists x,,y 0 € X such that
Xo < F(x0,¥0), Yo = F(yo,%o)
then there exist x,y € X such that

x=Fxy), y=Fyx) (2.33)
that is F has a coupled fixed point.

Proof: It is easily to see that if we take W (t) = kt in Theorem 12 then we get Corollary 20.

Now our next result show that (o) — admissible function is work like as a control function, but converges may not be
true in general. We also give an example in support of this fact.

Theorem 21: Let (X, <, d) be a partially ordered complete quasi- metric space with a Q- function g on X. Suppose that
F: X x X — Xsuch that F has the mixed monotone property. Assume that a: X? X X? — [0, +o0) such that for all
x,y,u,v € X following holds,

a((xy), (W v))qFEy),F(u,v) < § [a(xw) +q(y, V)] (2.34)
fork € [0,1)andforallx < uandy > v. Suppose also that
[(@)]F is (o) — admissible
[(b)] there exist x,,y, € X such that

o (G0,¥0), (FC0,¥0), Fy0,%0))) = 1
and

a((}’o'xo), (F(YO'XO)’F(XO'YO))) =1
[(c)] F is continuous.
If there exists x,, y, € X such that

Xg < F(X0,¥0), Yo =F(y0,%0)
then there exist x,y € Xsuch that

x=Fxy), y=Fyx) (2.35)
that is F has a coupled fixed point.

Proof: If we take ¥ (t) = kt in Theorem 12 then the remaining prove of the above Theorem 21 is similar to the prove
of Theorem 12.

Example 22: Let X = [0, «), with the usual partial ordered <. Defined d: X x X — R* by
_ y—xifx=y
dky) = {Z(X —vy) otherwise
andq: X x X - Rthy

axy)=lx—yl, Vxy EX.
Then d is a quasi metric and g is a Q- function on X. Thus, (X, d, <) is a partially ordered complete quasi metric space
with Q- function g on X.

Consider a mapping o : X? X X2 — [0, +x) be such that
_flifx=2yu=v
o((0y), (V) _{ 0 otherwise
Defined F: X x X — Xhy

X—-y . fy<
F(X,Y)={ 2 XY
0 otherwise
Then there is no any k € [0,1) for which satisfying all conditions of Theorem 12.
If we take a: X? X — [0, +o0) as follows,
_ (2 ifx=2yu=v
T((X' W) = { 0 otherwise
Then there isk = ;€ [0,1) such that all conditions of Theorem 21 are satisfies and (0,0) is a coupled fixed point of F.
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