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ABSTRACT
In this paper, we obtain unique fixed point theorems for expansive mapping by using rational expression in metric
spaces. These results extend the main results of many comparable results from the current literature.
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1. INTRODUCTION

The study of expansive mappings is a very interesting research area in the fixed point theory. Fixed point theory is one
of the famous and traditional theories in mathematics and has a broad set of applications. In this theory, contraction is
one of the main tools to prove the existence and uniqueness of a fixed point. Banach’s contraction principle which
gives an answer to the existence and uniqueness of a solution of an operator equation T x = x, is the most widely used
fixed point theorem in all of analysis. Rhoades (1977) summarized contractive mappings of some types and discussed
on fixed points. Wang, et al. (1984) proved some fixed point theorems on expansive mappings, which corresponds to
some contractive mappings in metric spaces. Further, Khan, et al. (1986) generalized the result of Wang et al. (1984)
by using functions. Park and Rhoades (1988) proved some fixed point theorems for expansion mappings. Also,
Rhoades (1985) and Taniguchi (1989) generalized the results of (1984) for pair’s mappings. Furthermore, Kang and
Rhoades (1992) and Kang (1993) extend and generalized the results of Khan, et al. (1986) Rhoades (1985) and
Taniguchi(1989). In (1992) the author defined on expanding condition for a pair of mappings and proved some
common fixed point theorems for two mapping in complete metric spaces. In 1996, Pathak et al. (1996) proved some
fixed point theorem for expansion mappings in metric space, which improve the results of Kang (1993), Khan et al.
(1986), (1985) and Taniguchi (1989).

Recently, Samet et al. (2011), introduced a new concept of a-¢ contractive type mappings and established fixed point
theorems for such mappings in complete metric spaces. In 2012, Priya, et al. (2012) proved fixed point theorems for
(&, a) —expansive mapping in complete metric spaces, which is extended, generalized and improved the results of
(2011). He is also derived coupled fixed point theorems in metric space for a-¢ contractive type mappings. In 2014,
Shrivasatava, et al. (2014), proved some fixed point theorems for expansion mappings in complete metric space. In the
same year, he is also proved fixed point and common fixed point results for same mappings in 2-metric spaces. In
2017, Gornicki, J. (2017) introduced a new concept of F-contraction and obtained some new fixed point results,
especially on a complete G- metric space. Very recently, Yesikaya, S.S. and Aydin, (2020), proved fixed point result
for expansive mappings in metric space.

The aim of this paper is to obtain a unique fixed point theorem for expansive mapping in metric spaces satisfying
rational expressions. Our results extend, generalize and improve several results from existing literature, especially the
work of Shrivastava et al. (2014.)
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2. PRELIMINARIES
The definition and properties of metric spaces are as follows:

Definition 2.1[Shrivastava et al. (2014.)]: Let X be a non-empty set and d: X x X — [0, ) be a function satisfying
the following conditions:

(i) d(x,y) =0,forallx,y € X;

(i) dx,y) =0 x=y, forallx,y €X;

(i) d(x,y) = d(y,x), forall x,y € X;

(iv) d(x,y) <d(x,z) +d(z,y) forall x,y € X.
If d is distance function on X. Then the pair (X, d) is called metric space.

Definition 2.2[Shrivastava et al. (2014.)]: A sequence {x,} in metric space(X,d) is called Cauchy sequence, if for
given € > 0 there exists n, € N such that, for all m,n > n,
d(x,, xp) < e.d.e. lim, L, d(x,, x,) <&

Definition 2.3 [Shrivastava et al. (2014.)]: A sequence {x,,} in metric space(X, d) is convergent to x € X, if
lim, L d(x,,x) =0, or x, - x.

Definition 2.4[Shrivastava et al.(2014)]: A metric spaces (X,d) is called complete, if every Cauchy sequence is
convergent.

Definition 2.5: Let (X, d) be a metric space and let S: X — X be a mapping on X. Then Sis called expansive mapping,
if for every x, y € X, there exists a number » > 1 such that

d(Sx,Sy) =rd(x,y)
3. MAIN RESULTS

In this section, we shall prove, generalize and extend the result of [13] and obtain unique fixed point for expansive
mappings satisfying rational expressions.

Theorem 3.1: Let (X, d) be a complete metric space and let S: X — X be a surjective mapping satisfying the following
condition

d(B,Sa)+d(a,SB) d(B,Sa)+d(a,SB)
d(Sa,SB) = A [Hdwmd(am +B [d(ammsm .d(B,SB) + Cd(a, B) (3.1.1)

For all a, € X, where A,B,C = 0 are real constants and B+ C > 1+ 24,C > 1+ 2A. Then S has a unique fixed
point on X.

Proof: Choose a, € X be an arbitrary point. We define the iterative sequence {a;}, n € N as follows
ag € X,ap = Say, ay = Sx,a; = Sas..... a; =Sa;

d(ait2, Sai+1)+d(ai+l,5ai+2):| +B [d(aHz Saip)+d(@i1,5ai42)
1+d(aiy2.5ai42)-d(@iq1, Sait2) d( @it1, a; +2)+d(az+2 Sait2)

d(Sai41,Saiy;) 2 A [ ] A(@i42,5i12)+ CA (@41, Xiiz)

d(aitz, ap)+d(@i11,0;,) d(a a; )+d(f1 @it1)

i1 i+2) i+1,%i41

d(ay, aiyq) ZAL T Vo d(@42,@41) + CA(Qi11, Xiy2)
+d(@i12,@41)- (al+1,al+1) i1y, )+d(@is2ai41)

B
d(ai, @) = Ad (@42, ;) +Ed(ai+2:ai) + C d(@i11,Qi42)

> Ald(a;, a;q) + d(@ip, Qi) + g [d(a;, a;41) + d(@i41, @i12)] + C d(@41, Qi)

Therefore,
B B
(1 —A- ;) d(aiy, aip1) = (A +5+ C) d(@it1, Aiy2)
B
= d(i41, Xy2) < TZ d(a;s, ait1)
A+Z+c

A+o+C

B
= d(ajyq, @42) < kd(a;4, a;41), where, k = [1 1; z]-
2

In general, we can write
d(@iy1, @iy2) < k™d(xq, x0).
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Since0<k<1lasi— o,k™ — 0.So, we have d(a;,1,a;4,2) = 0.

Hence {«;} is Cauchy sequence in the complete metric space X. So, there exists u € X such that a; — u. Since S is
continuous. So, we have Su = lim;_,; a;,; = u. Thus u is a fixed point of S.

Since S is a surjective map and hence, there exists a point v € X such that u = Sv.

Consider
d(a;,u) = d(Sa;11,5v)
>4 [d(v,Sai+1)+d(ai+1_Sv) + [d(v,Sai+1)+d(ai+1,5v)
- 1+d(v,Sv).d(a;+1,5v) d(a;4q1,v)+d(,Sv)
- [d(Vraz)+d(“i+1,5V) + [d(V:ai)+d(ai+1'S")
1+d (v,Sv).d(a;4+1,5v) d(a;y1,v)+d,Sv)

.d(,Sv) + Cd(a;41,v)
.d(v,Sv) + Cd(a;41, V).
Since {a; 1} is a sub sequence of {a;}, so, {a;} = v = {a;;1} = v, when i - co.

Therefore,
0> 4 [

d(ww)+d(vu) d(ww)+d(w,u)
1+d(w,v).d(vu) * [d () +d )]’ d(U, u) +Cd (’U, U)
=0=(A+B)du,v)

=>duv)=0>u=mw.
Thus, u has a unique fixed point of S. This completes the proof of the theorem.

Theorem 3.2: Let (X, d) be a complete metric space and S: X — X be a surjective self-map satisfying the following
condition

d(p,Sp).d(q,S d(q,Sq).d(p,S
0050,50) = ) + O S n

For all p,q € X, where a,8,y > 0 are all real constants f+y >1+ 2a,y > 1,y > 1+ 2a.Then S has a unique
fixed point.

Proof: Let p, be an arbitrary point in X. There is p, in X such that S(P;) = p,. In this way, we define a sequence {p; }
as follows:
Pk = Spk+1' fork = 0,1,2 ......

If pr, = Prs1, TOr some k,then we see p, is a fixed point of S. Therefore, we suppose that no two-consecutive term of
sequence {p; } are equal. Now we consider,

AP, Dic+1) = A(SPr+1,5Pk+2)

d@k+1.5Pk+1)-APk+2,5p ;15)
= ad (P41, Per2) + B

" AdPk+25Pk+2)-dPr+1.SPk+2)

d@k+1.Pk+2) AdPk+1Pk+2)+d@k+2SPk+2)
= ad(p Drsa)* B dPk+1.Pk)-dPr+2,Pk+1) + AdPk+2Pk+1)-d@r+1Pk+1)
e+l Plet2 d@k+1Pk+2) d@is12k+2)+dPrr2Pk+1)

= ad(Pr+1,Pe+2) + BA@r+1, D)
Therefore,

(1 = B Ak, Pk+1) = ad(Dr+1, Dic+2)
= d(Pp+1,Prs2) < p APk, Pr+1)
1_
= (e Pisz) < h d(Pr, Pisa), where =5 = h.

In general, we can write
= d(ie+1,Pe+2) < h" d(po, p1)-

Since0<h<1lask - oo,h™ - 0, we have
d(Pr+1,Pe+2) 2 0.

Hence {p; } is a Cauchy sequence in X. As X is a complete metric space, so, there exists a point u € X such that{p, } —
u,sincesS is a continuous, we have

Su = limy L P41 = U
Thus, u is a fixed point of S.

Since S is a surjective self-map and hence there exists v € Xsuch that u = Sv.

© 2020, IIMA. All Rights Reserved 9
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Consider,

d(py,u) = d(Spy41,Sv)
A@rr1.50k+D)-dWSY) | dWSV).d@g+1.5)

>

> ad(pr1,v) + B A@Prsv) d(Pg41,v)+d (v,Sv)
_ dPk+1.0k)-d(W,.SV) d(,5v).d(pj+1,5v)

= ad(p+1,v) + B APrsv) + A1) +d@,Sv)’

Since {p; 41} is a subsequence of {p, }. So, {pi} = u, {Pr+1} = u, when k - oo,

So,
d(u,u).d(,u) + d(wu).d(u,u)
d(u,v) du,v)+d(v,u)

0= ad(u,v) + B

0= ad(u,v)
=>d(u,v) <0.

Hence d(u,v) = 0 = u = v. Thus,u has a unique fixed point of S.
This completes the prof of theorem.

Theorem 3.3: Let (X,d) be a complete metric space and S: X — X be a surjective self-map satisfying the following
condition

d(p,Sp).d(q.S [14d (p,Sp)l.d (p,S d(q,5¢).d(®.S
d(Sp,Sq) = 11d(p, q) + 12 (p, Sp) + 13(q, Sq) + 1y (p, Sq) +r5 T 1 FELILLID oy TR

Forall p,q € X, wherer; > 0,7y + 1, + 13+ 15 > 1land r+r, > 0. Then S has a unique fixed point on X.

Proof: Let p, be an arbitrary point in X. There is p; in X such that S(P;) = p,. In this way, we define a sequence {p,,}
as follows:
Pn = SPps1,fork =012 ......

If p, = P41, fOr some n,then we see p,, is a fixed point of S. Therefore, we suppose that no two-consecutive term of
sequence {p, } are equal. Now we consider,
d(pn' pn+1) = d(spn+1, Spn+2)
= 11d(Pnt1,Pns2) + Tzd(PnJr(1,5Pn+1) ;" €3d(Pn+2'59Pn+z[) ( L )
APn+1,5Pn+1)-d®@n+2,5Pn+2 1+d(Pn+1,5Pn+1)1d (Pn+1,5Pn+2
+nr,d , S + 1 +7
44 (Pn+1, SPnv2) 5 d(Pn+1.Pn+2) d(Pn+1.Pn+2)
d(Pn+2,5Pn+2) dPn+1.5Pn+2)

d(Pn+1.Pn+2)

=11dPp+1,Pnt2) T 72 APn11,P) + 13 APns2, Prs1)
+13,d(Dy 11, Pss) + 75 d(Pn+1.Pn)-dPn+2.Pn+1) [1+d(Pn+1.00)ld Pn+1.Pn+1)

+7g
d(Pn+1.Pn+2) d(Pn+1.Pn+2)
d@n+2Pn+1) dPn+1.Pn+1)
d(Pn+1.Pn+2)

= (1 +13)d(Pns1,Pns2) T (12 +15)d @41, P0)-

+ry

+ 1y

Implies that
1= 0y +15)dPn, Prs1) = (11 + 13)d P41, Putz)
S d( )<1—(7‘2+7”5)d( )
Pn+1>Pn+2) = (7‘1 T 7‘3) PnsPn+1

1-(rz+rs)

asr+nr+ryt+rs > 1.
(r1+73) 1 2 3 >

= d(Pn41)Pns2) < 6d(Pp,Dn+1), Where § =

So, in general we can write
= d(Py+1,Pn+2) < 8" d(po, p1).

Since0<f<lasn— o,8" - 0, we have
d(pn+1ﬁpn+2) - 0.

Hence {p,} is a Cauchy sequence in X. As X is a complete metric space, so, there exists a point x € X such that
{or} - x.

Since S is a continuous, we have
Sx = 1lim,_o Ppiq = X.
Thus, x is a fixed point of S.
Since S is a surjective self-map and hence there exists y € Xsuch that x = Sy.
© 2020, IIMA. All Rights Reserved 10
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Consider,
APy, x) = d(Spn+1,5y)
2 1dPps1,Y) + 172 APpi1,SPp41) + 13 AV, SY) + 1d(Pr11,SY)
+r dPn+1,5Pn+1)-d(y.5y) +r [1+d(Pr+1,5Pn+1)1d Pn+1,5y) + d(y,Sy) d(pn4+1.5y)
5 dPn+1.y) d(Pn+1,Y) 7 d(Pn+1,y)

=1dPn11,Y) + 12 AP0, Pn) + 13 A, SY) + 12 d (P41, SY)
+r d(pn+1,pn).d(y,5y)+ [1+d (Pn+1,pn)]ld (Pr+1,5Y) n d(,5y) d(pn+1.5y)

dPn+1.y) 6 dPn+1.Y) 7 dPn+1.y)

Since {p, 1} is a subsequence of {p,,}. So, {p,} = x, {Pp+1} = x, when n - oo,

So,
d(x,x).d(y,x) " [14+d (x,x)]d (x,x) " d(y,x)d(x,x)

d(xy) 6 dey) 7 Ay

0=2nrdxy)+nrdxx)+rdy x)+ndxx)+rr

=0 = (rtr3) d(x,y)
= d(x,y) = 0= x = y. Thus x has a unique fixed point of S.
This completes the proof of the theorem.

Theorem 3.4: Let (X, d) be a complete metric space and S: X — X be a surjective self-map satisfying the following
condition

d(Sx,Sy) = qmax {d(x, ), d(x,5x).d(y.Sy) [1+d(x,Sx)].d(x.Sy) d(y,Sy)-d(x,Sy)} (3.4.1)

dxy) ' d(xy) T dxy)
Forall x,y € X and g > 1. ThenShas a unique fixed point.

Proof: Construct a sequence {a,} as in proof of theorem 3.1, we claim that inequality 3.4.1, for put x = a;,,; and
Y = a;4,. Then we have

d(@ys1,Sags1). d( @i, SA42) )
d(@p 41, Apr2) '
[1+ d(aps1, S 1)]d( i1, SAy2) d(Qpeqz, S y2)A(Xpy1, SApey2)

)
d(@p 41, Ap42) (@41, Apes2)
d(@p+1,ak)-d @k +2.2%+1)

d(a a :
( k+1 k+2)' d(ag+1,2k+2)
[1+d(ak+vai)ld(@r+1.2k+1) d@k+2.0k+1)d (@k+1.0k+1)

d(ap+1.2+2) ’ d(ag+1,ak+2)
= qmax{d(ay41, Ap42), d(@pr1, @)}

(41, Apes2),
d(Sai41,Say42) = qmax

d(a, @+1)= qmax

Case-1:  d(ay, ap41) = gmax{d(a;, a;+1)} = 1 = q, This is contradiction.
Case-IlI:
d(ap, agy1) = qd(@sr, Aisz)
= d(Apq1, Apg2) < ad(ak:ak+1)
= d(ak+1, ak+2) < Zd(ak, ak+1), Where% =A<1 as q> 1.

So, in general we have
d(ak, ak+1) < Zd(ak_l, (lk), fork = 0,1,2...

Therefore, d(ay, ax11) < Ad(@p, @) (3.4.2)

We find that {a,} is Cauchy sequence using (3.4.2) as proved theorem 3.1. As X is complete metric space, so, there
exists a point x* € X such that {a;, } - x™

Since S is a surjective self-map and hence there exists point y* € X such that
x*=Sy”".
Now, Consider,
d(ay, x") = d(Say41,5y")

( *
d(ak +1» y )l
= gmax

d(ay 41, S 4)d Y, Sy™) [1+ d(@sr, Sag)]d(@pr1, SY™))
d(@r+1,5%) ' d(ar+1,y*)
a@y, Sy"d(@g+1,Sy")
| d(@er1,y) J

© 2020, IIMA. All Rights Reserved 11
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Jd(akﬂ.y*).d(akﬂ‘ak)d(y*’x*) ‘[1 + d(akﬂ‘ak)]d(akﬂ'x*)l
d(as1,Y%) d(ags1,¥%)
d(y", x")d(@41,x")
L d(@rs1,Y%) J

= qmax

Since {a; 1} is a subsequence of{a, }. So, {a;} = x*, {41} = x*, when k — oo.
Therefore

d(x*,x") = qmax {d(x*,y*).

0=qd(x",y")
= qd(x",y*) = 0= x* = y*. Thus, x* has a unique fixed point of S.
This completes the proof of theorem.

dx*x)d@y*x®) [1+d(c*xM)]d(x*x*) dy*x*).d (x*,x*)}
d(x*y*) ’ d(x*y*) d(x*y*)

1

Theorem 3.5: Let (X, d) be a complete metric space and S: X — X be a surjective self-map satisfying the following
conditions
d?(Su, Sv) = ad(u,w)d(u,Su) + fd(v,Sv)d(u,v) + yd(u, Su)d(v, Sv) (35.1)

Forall u,v € X, where ¢,y 20,8 > 0and a +  +y > 1. Then S has a unique fixed point of X.

Proof: Construct a sequence {u,} as in proof of theorem 3.1, we claim that inequality 3.5.1, for put u = u;,; and
v = Uy4,. Then we have
d* (St 41, Stiey2) = ad (Uyeyr, Uyey2)d W1, Sipr) + BdWyes1, Sttyey2)d (W1, Uer2)
+yd U1, Supr1)d WUp 42, SUgr2)
= ad U1, Wer2)d W1, W) + BdWgeqr, Uy 1)d (U1, Uir2)
+yd (Wieqr, W) d (Wieq 2, Uger)

Therefore,
d? (g, Wi s1) = dUirr, W) (@ + B+ ). min{d (uy, Uy 41)d (U1, Upr2)}

Case-l:  d*(wp, 1) = (@ + B+ ¥)d Weqr, Uper2)d (U, Upei1)
2 d(Ups1, Ups2) < ————d Uy, Ugqq1)
( k+1» Yk +2 (a+,3+)’) ko Yk+1 )
= d(uk+1,uk+2) < rld(uk,uk+1), where n=———asa+ ﬁ +y> 1.

(a+B+y)

Case-l1:
d?(u, ups1) = (@ + B+ ¥)dWprr, Upr2)d Wy, Ups2)

= d?(Uppp, Upsy) € ——————d?(uy, Uy yq)
k+1 k+2 (6(+ﬁ+}/1)/ k k+1
2

= d(Upq1, Uks2) < [ d (U, Upe41)

a+pB+y

1
= d(uk+1,uk+2) <n d(uk,uk+1), where &) :[ ] 2 <l asa+ ‘8 +vy> 1.

at+f+y

Let r = max{r;, »}. Hence r < 1. So, in general, we can write
d(uy, upyr) < rd(uy-guy), fork = 0,1,2...
So,
d (e, weq1) S 7d (U uy).

Since0 <r<lasn— oo, r" = 0, we have
d(uy, w41) = 0.
Hence {u,} is a Cauchy sequence in X. As X is a complete metric space, so, there exists a point u* € X such that{u,} -

*

u.

Since S be a surjective self map and hence there exists a point v* € X such that
u* = Sv*.
Now consider,
d(uy, u*) = d(Suy4q, Sv*)
A2 (Super1,Sv7) 2 @d (U, V). d (g1, Sthgeyr) + BAW", SU)d (W1, )+ YA (Wpp1 Sttiy1)d (v, SV7)
d(uw, u") = ad(Uyqq, v)d U1, we) + BAW", u)d(UWpqq, V") + vd (U1, w)d (5, ub).

© 2020, IIMA. All Rights Reserved 12
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Since {uy, .1} is a subsequence of{w, }. So, {u,} - u*, {u,+1} » u*, when k — oo,

So,

dw",v) =z adw*,u)dw",v*) + pdw*, u’)dw",v) + yd(w*, u)d(v", u")
0 > pd*(’,v)
=>dw,v)=0=u" = v*.Thus,u* has a unique fixed point of S.

This completes the proof of theorem.

CONCLUSION

In the present work, we obtained some unique fixed point results for expansive type contractive mappings with rational
expression in metric spaces. Our results 3.1, 3.2, 3.3, 3.4 and 3.5 extend and improve some recent results of Shrivastava
et al.(2014).
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