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ABSTRACT

Recently, Kulli-Basava indices were introduced and studied their mathematical and chemical properties which have
good response with mean isomer degeneracy. In this paper, we introduce the multiplicative symmetric division Kulli-
Basava index, first and second multiplicative Kulli-Gourava indices, multiplicative F;-Kulli-Basava index,
multiplicative (a, b)-Kulli-Basava index of a graph. We compute these indices for regular, wheel, gear and helm
graphs.
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1. INTRODUCTION

Let G(V(G), E(G)) be a finite, simple connected graph. The degree dg(u) of a vertex u is the number vertices adjacent to
u. The degree of an edge e=uv in G in defined by dg(e)= dg(u) + dg(v) — 2. Let S¢(u) denote the sum of the degrees of
all edges incident to u. We refer [1] for undefined term and notation.

A graph index or a topological index is a numerical parameter mathematically derived from the graph structure. Graph
indices have been found to be useful in chemical documentation, isomer discrimination, QSPR/QSAR study. There has
been considerable interest in the general problem of determining graph indices. Recently some new multiplicative
graph indices were studied, for example, in [2, 3, 4, 5, 6, 7, 9].

In [10], Kulli introduced the first multiplicative Kulli-Basava index of a graph and it is defined as

KB I (G)= [T [S.(w+S, (W]

uveE(G)
Recently, some Kulli-Basava indices were studied in [11, 12, 13, 14, 15, 16, 17].

We propose the multiplicative F;-Kulli-Basava index of a graph, defined as

FKBIG) = T [S.?+s,(v?]

uveE(G)

We define the general Kulli-Basava index of a graph G as

KBI1(G)= [T [Sew?+s,?*]

uveE(G)

We now propose the multiplicative symmetric division Kulli-Basava index of a graph G, defined it as

~ S.(u) S, (v)
SDKBII (G)_ung)(Se(v) +—Se(u)}
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We also introduce the first and second multiplicative Kulli-Gourava indices of a graph G, defined as
KGOI(G)= [T [Se(w+S,(v)+S,(u)s,(v)]

uveE(G)

KGO,I1(G)= [T [Se(w+S,(v)]S, (WS, (v).

uveE(G)
Recently some Gourava indices were studied in [18].

Motivated by the work on multiplicative Kulli-Basava indices, we define the multiplicative (a, b)- Kulli-Basava index
of agraph G as

Napl1 (@)= T IS W?s, )+, (s, (v)?*]
uveE(G)
where a, b are real numbers.

Recently, some (a, b)-indices were studied in [19, 20, 21].

In this paper, the multiplicative F;-Kulli-Basava index, multiplicative symmetric division Kulli-Basava index, first and
second multiplicative Kulli-Gourava indices, multiplicative (a, b) Kulli-Basava index for regular graphs, wheel graphs,
gear graphs, helm graphs are determined.

2. OBSERVATIONS

We observe the following relations between multiplicative (a, b)-Kulli-Basava indices with some other multiplicative
Kulli-Basava indices.

(i) KBII(G) =Nl (G).
(i) RKBII(G) =N, Il (G).
(iii) KBII,(G)=N, 11 (G).
(iv) SDKBII(G)=N,; 411 (G).
(V) KG,11(G)=N,,11(G).

3. RESULTS FOR REGULAR GRAPHS

Theorem 1: The multiplicative (a, b)-Kulli-Basava index of an r-regular graph G with n vertices is
nr

b1
Na’bII(G):[Z[Zr(r—l)]M ]2. 1)
Proof: Suppose G is an r-regular graph with n vertices, Then G has % edges. For any vertex u in G, Sg(u) = 2r(r — 1).

Thus
Naol (@)= [T [Se?s, (W) +5, W), (v)?]

uveE(G)

= [T Liere-0* far(r-0)° +{2r (r -0} {2r (r-D}* ]
uveE(G)

“[2far(r—n}* ]2 .

We obtain the following results from Theorem 1.
Corollary 1.1: Let G be an r-regular graph with n vertices and % edges. Then
E
(i) KBII(G)=Ny l1(G)=[4r(r-1)]z.

(i) F,KBII(G) =Nyl (G)=[8r2(r-1?]2.
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nr

(i) KBII, (G)=N, 11 (G)= 2{2r(r-1}* |2

(iv) SDKBII(G)=N, ,11(G)=22,
(v) KGO, I (G)=N,,I1(G)=[16r3(r-1°%]2.

Corollary 1.2: Let K, be a complete graph with n vertices. Then
n(n-1)

b T
Ny pll (Kn)z[z{z(n—l)(n—z)}a+ ] 2
Proof: Putr = n -1 in equation (1), we obtain the desired result.

Note 1: By using observations and corollary 1.2, We obtain the values of (i) KB1I1(K,), (ii) FiKBII(K,), (ii))KBI,(K,),
(iv) SDKBII(K,) (V) KGO, II(Kp).

Corollary 1.3: Let C, be a cycle with n vertices. Then
Na, b 11 (Cr) = [2x47"T".

Proof: Put r = 2 in equation (1), we obtain the desired result.

Note 2: By using observations and corollary 1.3, we establish the values of (i) KBlI(C,), (ii) FiKBII(C,),
(iii) KBII4(Cy), (iv) SDKBII(C,), (v) KGO, lI(Cy).

Theorem 2: The first multiplicative Kulli-Gourava index of an r-regular graph G is

KGO (G) =L 4r (r-D(r?-r+1)]2 . )

Proof: Let G be an r-regular graph with n vertices and % edges. For any vertex u in G, Sg(u) = 2r(r — 1). Thus

KGO, (G)= [ [Se(u)+S,(v)+S,(u)S, (V)]
uveE(G)

=[2r(r-D+2r(r-D+2r(r-12r(r-1]2
nr
“[ar(r-n(r2—r+1)]2.
We establish the following results from Theorem 2.
Corollary 2.1: The first multiplicative Kulli-Gourava index of a complete graph K, is

n(n-1)
KGO (K,)=[4(n-1D(n-2)(n? -3n+3)] 2 .

Proof: Put r = n -1 in equation (2), we get the desired result.

Corollary 2.2: The first multiplicative Kulli-Gourava index of a cycle C,, is
KGO Il (Cn ) =24",
Proof: Put r = 2 in equation (2), we obtain the desired result.

4. RESULTS FOR WHEEL GRAPHS

A wheel graph W, is the join of K; and C,. A wheel graph Ws is shown in Figure 1.
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Figure-1: Wheel graph Ws

A wheel graph W, has n+1 vertices and 2n edges. Then wheel graph W, has two types of edges as given in Table 1.
S, (u), S, (V)\uve E(W,) (n(n +1),n+9) (n+9,n+9)

Number of edges n n
Table-1: Edge partition of W,

Theorem 3: The multiplicative (a, b)-Kulli-Basava index of a wheel graph W,, is

Napll (Wn)=[{n(n D (9 +{n(n+D (n+ 9)b]n L2tro ]

Proof: Let W,, be a wheel graph with n+1 vertices and 2n edges. From definition and by using Table 1, we deduce

NapllWo)= T [Se(@?Se(0)° +8, (W) S, (v)°]

weE(W,)
[ +D}* (149 + (n(n+D}* (n+9)* | x[(n+9)°(n+9)° +(n+9)° (n+9)*]'
(D (0149 + n(n+D)° (n+9)* ] +[2(n+9)* "
From Theorem 3 and by using observations, we find the following results.
Corollary 3.1: Let W, be a wheel graph with n + 1 vertex and 2n edges. Then
() KB (W,)=Nyoll(W,)=2"(n+9)"(n’ +2n+9)".
(i) FKBII (Wi )=Nooll (W, )=2" (n+9)*" [n2 (n+1)% +(n+9)2] .
(i) KBIL, (W, ) =N, oll (W,)=[{n(n+D}* +(n+9) | x[2(n+97]".
n(n+1) = n+9 T.

(iv) SDKBII (W, )=N, ;11 (W,)=2 { n+9  n(n+1

n

(V) KGO,II (W)= Ny 1l (W,)=2"n"(n+1)" (n+9)*"(n? +2n+9)

Theorem 4: The first multiplicative Kulli-Gourava index of a wheel graph W, is

KGO, I (W, ) =(n® +11n% +11n+9)" (n+9)" (n+11)".

Proof: Let W, be a wheel graph with n+1 vertices and 2n edges. Then
KGO (W, )= [T [Se(u)+S,(v)+S,(u)S,(v)]

ueE(W,)
“[nn+D)+(n+9)+n(n+D)(n+9]" x[n+9+n+9+(n+9)(n+9)]
=(n®+11n2 +11n+9)" (n+9)" (n +11)".
5. RESULTS FOR GEAR GRAPHS

A graph is a gear graph obtained from W, by adding a vertex between each pair of adjacent rim vertices and it is
denoted by G,. A graph G, is presented in Figure 2.
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Figure-2: Gear graph G,

A gear graph G, has 2n+1 vertices and 3n edges. In G, there are two types of edges as given in Table 2.
S (u),S;(W\uve E(G,) (h(n+1),n+7) (n+7,6)

Number of edges n 2n
Table-2: Edge partition of G,

Theorem 5: The multiplicative (a, b)-Kulli-Basava index of a gear graph G, is

Na o 11 (Gy) =L (4 D (47 4 tn(n+ D (477 ] [+ P60 4 (ne P62 ]

Proof: Let G, be a gear graph with 2n+1 vertices and 2n edges. From definition and by using Table 2, we derive

Napl1(Go)= [T [Se(?s, () +5,(w)’s,(v)}]

uvekE(G,)
n 2n
:[{n(n D (+7)° +{n(n+D° (n+ 7)3] x[(n + 726 +(n+7) 6a] .
By using Theorem 5 and observations, we obtain the following results.

Corollary 5.1: Let G, be a gear graph with 2n +1 vertices and 3n edges. Then

() KBII(G,)=Nyoll(Gy)=(n2+2n+7)" x(n+13)™".

(i) FKBII(G,)=Nyoll (Gy)=(n*+2n° +2n% +14n+49)" x(n? +14n +85)"

(iii) KBIIa(Gn):Na’OII(Gn):[{n(n+l)}a+(n+7)aJnx[(n+7)a+Ga]2n.
n(n+1) n+7 T (n+7 6 jzn
+ X .

+
n+7 n(n+1) 6 n+7

(iv) SDKBII(G,)=N, 4l (Gn){

(V) KGO,I1(Gy)=Nyyl1 (G)=[n(n+D(n+7)(n2+2n+7)] [6(n+7)(n+1 )"

Theorem 6: The first multiplicative Kulli-Gourava index of a gear graph G, is

KGO, I (G, )=(n® +9n% +9n+7)" x(7n+55)>".

Proof: Let G, be a gear graph with 2n+1 vertices and 3n edges. Then

KGO (G,)= ] [Se(u+S,(V)+S,(u)S,(v)]
uveE(G,)

—[n(n+D+n+7+n(n+D(n+D]" x[n+7+6+(n+7)6]"
—(n®+9n2 +9n+7)" x(7n+55)>".
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6. RESULTS FOR HELM GRAPHS

A helm graph H, is a graph obtained from wheel graph W, by attaching an end edge to each rim vertex. A helm graph
H, is depicted in Figure 3.

L ]
Us

Figure-3: Helm graph H,

Clearly, a helm graph H, has 2n+1 vertices and 3n edges. In H,, , there are three types of edges as given Table 3.

S (u),S;(W\uve E(H,) (n(n +2), n +17) (n+17,n+17) (n+17, 3)

Number of edges n n n
Table-3: Edge partition of H,

Theorem 7: Let H, be a helm graph with 2n+1 vertices and 3n edges. Then the (a, b) Kulli-Basava index of a helm

graph H, is
N1 (Hy ) =L{n(n+2)}* (1+17)° + {n(n+2)} (n 72 x[2004172 ] < [(n+17)7 2 + (n+17)° 32 ]

n

Proof: Let H, be a helm graph with 2n+1 vertices and 3n edges. By using definition and Table 3, we obtain

Napl (Ho)= ] [se (s, (W +s, (u)s, (v)""]

uveE(H,)
:[{n(n-fz)}a(n-+17)b4—{n(n-+2)}b(n-+17)aJn

L1702 (n+17° + (417 (17 | x[(n+17)% 3 + (n+17)° 62 ]
[tn(n+ 2} (n 417 +{n(n+2))° (1417 | x[2(n+17)7 ]

a Ab b ~a n
«[(N+17)* 2 +(n+17)°32 ] .
By using Theorem 7 and observations, we get the following results.

Corollary 7.1: Let H, be a helm graph with 2n+1 vertices and 3n edges. Then
i) KBl (H,)=Nyoll (H,)=(n2+3n+17)" (2n+34)" (n+20)".
n n n
(i) FKBII(Hy)=Nyoll (Hy)=[n2(n+2)? +(n+17)2] x[2(n+17)] x[(n+17)? +9] .
n n n
(i) KBIL, (H, )= N, oll (Hy) =L in(n+21% + (0417 | x[2(n 4177 ] x[(n+17)* +32] .
n(n+2) n+17 }” [n+17 3 }”
+ x| ————+ :
n+17 n(nh+2) 3 n+17

(iv) SDKBII(H,)=N, Il (Hn)zzn{

(v) KGO I (Hy)= Nyl (H,)=2"3"[n(n+2)(n? +3n+17)(n+20)] (n+17)°".
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Theorem 8: The first multiplicative Kulli-Gourava index of a helm graph H,, is

KGO, I (H, ) =(n® +20n% +37n+17)" x (n+17)" x(n+19)" x (4n + 71)".

Proof: Let H, be a helm graph with 2n+1 vertices and 3n edges. Then

KGO (Hy)= [T [Se+S,(V)+S,(w)s, (V)]
uveE(H,)

“[n(h+2)+n+17+n(n+2)(n+17)]" x[n+17 +n+17+ (n+17)(n+17)]"
«[n+17+3+(n+17)3]"
—(n®+20n2 +37n+17)" x(n+17)" x(n+19)" x(4n+71)" .
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