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ABSTRACT

In this study it is proved that in a triangle if difference of two angles are 90° & top angle is divided in two parts (al &
a2), and separation line divide base in two equal parts then difference of, Cosine & Sine ratio of angle( o2 & a/ )and
Cosine & Sine ratio of angle (al & a2 ) is a Constant.
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1. INTRODUCTION

In present (m+ n) cot ® = m cotal — n coto2 is relation among separated angles (a1l & a2) and separation line
inclination angle® . This study establish relation between separated angles (a1 & a2) and says in a triangle, if
difference of two angles are 90 and separation line divide base in two equal parts then difference of, Cosine & Sine
ratio of angle (a2 & al) and Cosine & Sine ratio of angle (a/ & o2) is a Constant .

2. OBTUSE TRIANGLE WITH DIFFERENCE OF TWO ANGLE 90°

2.1 In a triangle when difference of two angle is 90and base of triangle is divided in two equal parts by line drawn
from top of the triangle (Figure 2) then

‘Difference of, Cosine and Sine ratio of second & first (a2 & al) separated angles and Cosine & Sine ratio of first &
second (al & a2) separated angles, is a Constant’.

It can be written as,
cosa?2 cosal

sinal sina2

= Constant =2
ol ol
A \ A /
12

B C B I C
I E E\B

Figure-1 Figure-2

Abbreviation & various Steps used in this paper:

al = First separated angle
a2 = Second separated angle
E is mid of BC line
AB=c ,BC=a,AC=b
Angle ABC = B, Angle BAC =a, Angle ACB =C
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For max. area of A ADE in AABC

1) a= (b—c?) a
~(bz+c?)
2) o +28 =270°0r f-C=90°
3) Cosa = — Sin23 =Sin2C = —22¢
b2+c?

4) BC Sin(o. +28) +2DE Sin o. = 0
5? AB2Z +AC? = (2DE)?

6’ 2DExAD = ABxAC

7) cosal cosa?2

sina2 sinal

=20

2.1 Proof.

in A ABC (Figurel)
E is mid of BC

D is perpendicular at at BC
BD = (a/2-DE) , DC = (a/2+DE)

In A ADB
AD?2 = ¢2 - (a/2-DE)?

In A ADC
AD? = b2 - (a/2+DE)?

After solving (1) & (2)
c2- (a/2-DE)2 = b?- (a/2+DE)?
c2- (a/2)? - DE?+ DExa = bh? - (a/2)? - DE2- DExa
c2+ DE xa=Db2-DExa
b2—c?
2a

DE =

Put the value of DE in equation (2)

bZ—C2 ’ 2ab)2—(a2+ph2—c2)2
ADZ:bZ—[E.Fu] OR AD:\/( a ) (a + C)
2 2a 2a

Area of A ADE (Al) =% ADx DE
2ab)? -(a2+b2—c2?)2 2_(2
_ 1 @by )2 (b=c)

2a 2a
b2_ 2
A1l 8af)x\/[(2ab)2 ~(az+ b7 - ¢?)7]
b2_ 2\2
Ar-{ 64;4) «[(2ab)2 (a2 + b2 - c?)7]

For being area of A ADE Max. Or Mini.
dAL_dAL_dAL_
da db dc
Take dAl/da =0
2_p2)\2
ardAL_ 1 d ()
da 64da a*

dA1 d 1
128A1E=(b2—c2)2£a—4x[(2ab)2 —(a?+ b2 - ¢2)2]

x[ (2ab)2 -(a2+ b2 — ¢?)2]

d

:(bZ—CZ)Zd—[4b2/a2 —(1 + b4/ad+ 2b2/a2+ c4/a4—2c?/a2—2b2c2/ ad]
a
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% [4b2/a2—(1+b4/ad+2b2/a2+ c4/ad—2c2/a2—-2b%c2/ad] = 0 put %= 0
-8b2/a3 + 4b4/a5 + 4b2/a3 + 4c4/a5 - 4c?/a3 - 8b2c2/a5 =0

-2b2 + b4/a2 + b2 + c4/a? - c2 - 2b2c2/a2 =0

b4/az + c4/a? - 2b2c?/a2 = b2 + ¢?

[(b?- c?)/a]? = b2+ c?

a=b2-c?\ (b2 +c?) For Max. area of A ADE

Put the value of a in egn. (3)

Al- (b;;fz) V[ (28b)?—(a2+ b2 - c2)2]
Almax — (b2 —c?) X\/4 (b2 —c2)2b2 [ (b2 —c?)2+ b2 — 2|2
8(b? — 2)? b2 +c2
(b? +c2)
(b2+c?) N4 (b2 —c?)2b2 — [ b4 +c4 —2b2c2+ b4 — cA]?
= X
8(b2 — c?) (b2 +c?)?
(bz+c?) V4 (b2-c?)2b? [2b2(b2—c? ]2
= X —
8(b? — ¢?) b2 +c2 (b2 +c2)2
(b2+c2)  V4b? (b2—c?)?(b?+c?)—[2b2(b2 - c?]?
= X
8(b? —c?) (b2+c2)2
2 2 2_ 2
_ (b?+c?)x 2b(b?—c?) « [Tt
8(b2 — c2)x (b2 +c?)
Almax = bxc

2.2 According to Cosine rule
(b?+c2—-a?)
2bc

Cosa =

Put the value of a
b2+ c2— M
(b2 + CZ) _ b4+c4+2b2c2 — b4 —cd +2b2c2 4h2c2

C = = =
oS 2bc 2bc(b2+ c2) 2bc(b2+ c2)

2bc

Cosa = (b2+cz)

Add 1 both side
Cosa +1=(2bc +b2 + c2)/(b? + c?)
Cosa +1=(h + ¢)2/(b? +c?)

Equation (2) can also be written as
[a/(b - ¢)]? = (b + c)?/(b* + c?)

Hence
Cosa +1 =[a/(b - ¢)]2
al/(b - ¢) = V(1 + Cosa)
=(1 +2 Cos?0/2 - 1)
V2 Cosa /2 (b —c)
= or =
a V2Cosal2

Using Sine rule
(Sing-SinC) 1
Sina V2 Cos a /2

C =180 - (a + f)
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B Sina

“N2Cosal2

2Sin (e /2)Cos(a/2)
V2Cos a2

Sinp -Sin (o +f) = V2 Sin a/2

2Cos[(B+o+B)/2]Sin[(B-a-B)/2] = V2 Sin(a/2)

Sinp-Sin[180—(a +4)]

Sing-Sin(a + )=

Using (SinC -SinD) formula
—2Cos(a + 2p) _2
2

Cos @t 2A) . 1 _ cos(180-45)
2 V2

a+2p=270°

a+p+p=270°

180-C +p=270° or p—C=90°
Cosa, = 2bc/(b* + ¢?)

And

a+2B=270°Or a=270"- 2B
Cos(270°- 2B ) = 2bc/(b* + ¢?)

. 2bc
_Sin2f=—""

Py o)
B =90+C

. 2bc . 2bc
—SIn2(90+C):m:—SIn(l80+2C):m
sin2c = 2%¢

(b2 + ¢?)

Cos = Sin2 3 = Sin2C = bfi";z

In figure (1)
E is mid of BC line

Area of A ADE (Al):wx \/[(Zalb)2 —(a2+b? —02)2]
8a2

And

Area of A ABC (A) =%X\/[(2ab)2—(a2+b2 —02)2]

Dividing AL/A
apy (2082 x N[(2aD)2 —(a%+ b2 — c2)2]
1/4xV[(2ab)? —(a2+ b2 — ¢?)?]
Al/A = (b2 -c?)/2a2 .

According to figure 1
Alzéx DE x AD

AZ%XBCXAD

Hence A1/A =DE/BC, Put the value of AL/A in equation no. (5)

DE/BC = (b? - c?)/2a2 (6)

Using Sine rule
2DE _Sin?2f — Sin2C
BC  Sin%
_(Sing + SinC) (Sing - SinC)
- Sin2a
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[Sing + Sin(180°- & + B)I[ (Sing - Sin(180°- & + B)]
- Sin2a
[SinB+ Sin(a + B)I[ Sing - Sin(a + B)]
- Sin2a
2sin[(a + 2B)/2]Cos(a/2)x — 2Cos[(a +28)/2]Sin(a/2)
Sin2a

C = 180°-(a +p)

use SinC +SinD and SinC - SinD

formula
2sin[(a + 2B)/2] Cos[(a + 28)/2]x2Sin(a/2)Cos(a/2)
B SinZa
=-Sin[(a + 28) x Sinax /Sin%a
2DE/BC = - Sin[(a + 2p)/ Sina

2DE Sino = - BC Sin[(a + 2p)
BC Sin[(a + 2B) + 2DE Sina = 0

By previous relation it is proved that for maximum area of A ADE
a+2p=270°

Put this value in above equation
BC Sin 270°+ 2DE Sina.=0 , - BC +2DE Sino.= 0
Sino =BC/2DE =~ asBC=a and DE =al So, Sina = a/2al @)

According to equation no. (5) 2DE/BC = (b? - ¢?)/a?
Sina = BC/2DE
=1/(b? - c?)/a?

Sina = a?/(b? - ¢?) (8)
According to equation no. (4)
aZ = gbZ - 02)2
b? +c?
put the value of a2 in equation no.(8)
(bz _Cz)z
b2 + c?
Sina = —( )
(b° — c2)
A 2 _ c 2
Sina = ©)
b2 + c2
b2 + ¢2
According to equation no. (7) Sina = a/2al
Put the value of a from equation no4 and Sina from equation no. (9) in equation no. (7)
(bz_ CZ) bz —c?
(b2 +¢2) (b2 +c?)
2al
(bz _Cz) B b2 —c2
(b2 +¢2)  2alx V(b2 + c?)
b2 + c?
zalzu
V(b2 + c?)
(2al)2=b2+c2 OR (2DE)2=AC?+ AB2 As,AB=cAC=b & DE =al
AC2+ AB2 = (2DE)? (10)

As we are knowing Max. area of AADE = bc/4

In figure 1 area of AADE = 1/2xADxDE
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Hence
1/2xADxDE = bc/4
AD = bc/2DE Or bc/2al, DE=al
And al=a/2Sina
Hence AD= bc_ _ beSina (11)
2a/2Sina a
Inegn. no. (4) & (9)
b2 _CZ b2 —_ 02
a:—( ) andSina:—( C)
V (b2+c?) (b2+c2)
Put the value of a & Sina in eqn. no. (11)
2 _p2
pex (22 =)
(b2—-c?) be

AD=————~ Or AD=———

V(b2 +c?) V(b2 +c?)

b 2
AD? =& weknow b2+c2 = (2al)?
(b2+c?)
L)
(2a1)2

2alxAD =bxc Or 2DExAD = ABxAC (12)
We know,

Cosar = ~Sin2/3 = Sin2C = —22¢
b2 +c

And
b2 +c2 = (2DE)?, bc = 2AD x DE

Cosar = —Sin23 = Sin2C = —22¢_ _ A4ADxDE _ AD
b2 +c  4DE?  DE

In figure 2, AD/DE=Tan®

Hence
Cosa =- Sin2p = Sin2C = Tan©

In figure 2

(CE+BE) Cot® =CE Cotal - BE Coto2

BC Cot® =BC/2(Cotal - Cota2) As BE=CE=BC/2
2CotO =Cotal - Coto2 Tan® = Cosa.

2/Tan® =Cotal - Cota2

2/Cosa, =Cotal - Cota2

2 Cosal Cosa2
Cosa Sinal  Sina2

_ Sina2Cosal- Cosa2Singl _ Sin(a2- al)

Sina1Sina2 Sina1Sina2

2 Sina1Sina2 = Cosa Sin(02- al)
2 SinalSin(a—al) = Sin(a- 2al1) Cosa As o2=a-0l and o =al +o2

Cos(al-at+al) — Cos(al +a —al) =1/2[ sin(o -201+0) +sin(a-201-at) Using 2SinASinB & 2SinACosB Formula
Cos(2al-a) — Cosa = 1/2[ sin2(a -al) - sin2al]

Cos(2al-a) — Cosa = 1/2[2 sin(a -a.1)cos(a-al) - 2sinalcosal] using, Sin20 = 2sinacosa

Cos(2al-a) — Cosa = sin(a -al)cos(a-al) - sinalcosal

Cosa = Cos(2a1-a) +sinalcosal- sin(o -ol)cos(a-al) \
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Cosa = Cos (2al-al-02) + sinalcosal- sina2coso2, As a- al =02
sin2al  sin2a2
2

Cosa =Cos(al—-a2)+

Cosa = Cos(al-a2) +1/2(sin2al - sin2a?2)
2c0s(al+a2)sin(al — a2)
2

= Cos(al-02) + cos(al+a2) sin(al - 02)

=Cos(al-a2)+

= Cos(al-02) + cosa sin(al - a2)
Cosa = Cos(al-02) - cosa sin(a2 — al) As sin(-a) = -sina
Cosa + cosa sin(02 — al) = Cos(al-a2 )

Cosa [1 + sin(a2 — al)] = Cos(a2-al)
Cos(a2-al)

Cos(a2-al)) Cos(a2-al)
Cosa - Cos(a2+a1)
sin(a2- al) :%—l
_ Cos(a2-al)-cos(a2+a)l
Cos(a2+a1)
2 in[s(aZ—al+a2+al)/Z]Sin[(a2+al —a2+al)/2]
Cos(a2+al)

1 +sin(a2 - al):

using (Cos C-Cos D) formula

sin (a2 _ al) _ 2sina2 xsinal
COS(aZ + al)

2sin(a2 — al)x Cos(o2+al )= 2% 2sina2xsinal

sin(a2 — al+o+ al) + sin(o2+al-02-al )= 2% 2sina2xsinal
sin2a2 - sin2al = 2% 2sino2xsinal

2sina2coso?2 - 2sinalcosal = 2x 2sina2Xsinal

sino2cosa? - sinalcosol = 2sina2Xsinal
sina2cosa 2 sinalcosal

sina2xsinal sina2xsinal

cosa2  cosal 5
singl  sina2
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