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ABSTRACT

In this paper we determined some characteristics of simple semiring and also proved some results on simple semirings
which was introduced by Golan [1].

PRELIMINARIES

A triple (S, +, .) is called a semiring if (S, + ) is a semigroup; (S, .) is semigroup; a (b + ¢c) = ab + ac and
(b+c)a= ba+caforeverya, b, cinS. (S, +)issaidtobebandifa+a=aforallainS. A(S, +) semigroup is said to
be rectangular band if a + b + a = a for all a, b in S. A semigroup (S, .) is said to be a band if a = a’ forall ain S. A
semigroup (S, .) is said to be rectangular band if aba = a.

Definition 1.1: A semigroup (S, .) is said to be left ( right ) singular ifab =a (ab =b) forall a, b in S.

Definition 1.2: A semigroup (S, +) is said to be left (right) singular ifa+b =a(a+b=b) foralla, binS.

Definition 1.3: A semiring (S, +, .) is said to be zero square semiring if x* = 0 for all x in S.

Definition 1.4: An element ‘a’ of ‘S’ is called E - inverse if there is an element ‘x’ of S such that ax + ax = ax,
i.e ax ¢ E (S), where E (S) is the set of all idempotent elements of S.

Definition 1.5: A semigroup ‘S’ is called an E - inverse semigroup if every element of S is an E- inverse.
Definition 1.6: A semigroup (S, +) is said to be left regular if aba = ab.

Definition 1.7: A viterbi semiring is a semiring in which S is additively idempotent and multiplicatively
subidempotent. i.e.,a+a=aanda+a’=aforallains.

Definition 1.8: A semiring (S, +) is said to be Additively Idempotent Semiring ifa+a=aforallainS.
Definition 1.9: [3] A semiring S is called simple ifa+ 1 =1+a=1 forany aeS.

Theorem 1.10: Let (S, +,-) be a simple semiring then following are true.
() ab+a=a=a+ab(ii)ab+a+ab=a (iii)a+ab+a=a(iv)a’+a=a=a+a’

Proof: Since (S, +,) be a simple semiringb +1=1foreverybin (S, +)=a(b+1)=al=ab+a=a
Similarly, a + ab = a.

iijab+a=a=>ab+al=a=ab+a(l+b)=a=ab+at+ab=a
iiijatab+a=a(l+b)+a=-al+a=a+ta=-a(l+l)=al=-a=a+ab+a=a

iv) aca=al=-a=a(a+1)=a=>a’+a=a

Similarly, a + a° = a. therefore, 8> +a=a=a+a’
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Theorem 1.11: Let (S, +,-) be a simple semiring then (S, +) is a band.

Proof: Since (S, +, -) be asimple semiringb + 1 =1 foreverybin (S, +,)=>a. (b+1)=al=ab+a=a,forallainS
=al+a=a(takingb=1)=>a+a=a- (S, +)isaband.

Theorem 1.12: Let (S, +, ) be a simple semiring then (S, +, -) is viterbi semiring.
Proof: From the theorem 1.10, S satisfiesa’+a=a=a + a’.

From the theorem 2, (S, +) is a band.

Therefore, S is viterbi semiring.

Theorem 1.13: Let S be a simple semiring. If (S, +) is a cancellative then (i) (S, -) is a band. (ii) (S, -) is a rectangular
band.

Proof: Since From the theorem 1.10, a° + a=a=a’+ a=a+a = a2 = a ((S, +) is cancellative) =(S, -) is a band.

Since from the theorem 1, a + ab = a= (a + ab)a = a.a= a?+ aba=a?>a+aba=a=a+aba=a+a=aba=a.
((S, +) is cancellative) = (S, -) is a rectangular band.

Theorem 1.14: If S is a simple semiring and (S, .) is a left singular then (S, +) is a band.

Proof: From the theorem 1.10, a + ab = a. Since (S, .) is left singular impliesab=a=a+a=a= (S, +)isaband

Example 1.15:

a| 2a . a | 2a
alal a alal a
2al a| 2a 2a| 2a| 2a

Theorem 1.16: If S is a simple semiring and (S, +) is a right singular semigroup, then (S, +) is a rectangular band.

Proof: From the theorem 1.10, a + ab = a, forall a, binS=>a+ab+b=a+b=a+ab+b=b (- (S +)isa
rightsingular) > a+ab+b+a=b+a=>a+ab+b+a=a(- (S, +)isarightsingular) = a+ b + a=a. Hence (S, +) is
a rectangular band.

Theorem 1.17: If S is a zero square and simple semiring where 0 is the additive identity in S then aba = 0 and bab =0
foralla, binsS.

Proof: a+ab=aforalla, bin$, fromtheorem1.10, = a’ + aba = a’°= 0 + aba=0 (> S is a zero square semiring,
a®=0)=aba=0

Also, b+ba=hforallb,ainS = b?+bab=b?= 0+bab=0 (- Sis azero square semiring, b? =0) =bab = 0.
Hence, aba = 0 and bab = 0.

Theorem 1.18: Let S be a simple Semiring.
(i) IF(S,.) is left regular semigroup and (S, .) is commutative then S is an E — inversesemigroup.
(i) If(S,.) is band, then S is an E — inversesemigroup.

Proof:

(i) From theorem1.10,a +ab =aforall a, b in S

= (a+ab)b=ab = ab+ab’=ab = aba+ ab% =aba= ab + a.bb.a= ab(~ S'is leftregular)= ab + (bab) a=ab ((S, .)
is commutative ) = ab + baa=ab = ab + aba=ab

=ab + ab=ab(~ S is leftregular)=S is an E — inverse semigroup.

ii) From theorem 1.10,a+ab=aforalla,bin S

= (a+ab)b=ab = ab+ab?=ab= ab + ab=ab ((S, .) is band)
= Sisan E — inverse semigroup.
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Theorem 1.19: If S is a Simple Semiring with additive identity 0 then ab = o for all a, b in S when (S, +) is
cancellative.

Proof: From theorem 1.10,a+ab =aforalla,bin S
—atatab=za+ta—=a+tatab=a+a+0= ab=0 (~+(S, +) is cancellative)

Theorem 1.20: If a, b, ¢ and d are elements of a simple semiring S satisfyinga+c=bandb +d =aand (S, +) is
commutative, then a = b.

Proof: If Sis a Simple Semiring, i.e,a=a+aNow,a=a+b+d(va=b+d)=a+a+c+td(~b=a+c)=a+c+d
(va=a+a)
=pb+d+ctd (va=b+d)=b+d+d+c(~ (S, +)is Commutative)
=b+d+c (wd=d+d)=a+c=b (+b=a+c)
Theorem 1.21: If S is a Simple Semiring then a"+ 1 = 1 for every ain S.
Proof: Let S be a simple semiring then we have a + 1 =1 for every a in S. If n = 1 then proof is obvious.
Ifn=2thena’+1=aa+1l=aa+a+l=ala+1)+1l=al+l=a+1=1.
If n = 2 then the statement is true.
Assume that the statement is true for n = k the a“ + 1 = 1.
We have to prove that the statement is true for n =k + 1.
Considera?+1=aa+1=aa+a+1=a@+1)+1=al+l=a+1=1
Hence the result is true forn = k + 1.
Therefore, If S is a Simple Semiring then a"+ 1 = 1 for every ain S.
Theorem 1.22: If S is a Simple Semiring then ab+ 1 =1 forevery a, b in S.
Proof: If Sis a Simple Semiringthena+1=1andb+1=1foreverya, binS.
ab+l=ab+a+l=ab+1)+1=al+1l=a+1=1.
Hence, ab+ 1 =1.

Theorem 1.23: If S is a Simple Semiring then a; a, az a4 .....a,+ 1 = 1 for every a;in S.

Theorem 1.24: Let S be a simple semiring and (S, +) be commutative. Then (S, .) is commutative if
(S, +) is not a rectangularband.

Proof: Suppose (S, +) is a rectangular band

Considerab +a=a, foralla,binS=ab+a+ab=a+ab=a(b+1+h)=ab+a(Since (S, +) iscommutative)
= ab = ab+ a (Since (S,+) is a rectangularband) = ab = a

Nowab+a=a(Puta=1)then=1.b+1=1=b+1=1 forallbin S
Alsoba+b=b,foralla,binS=ba+b+ba=b+ba=b(a+1+a)=ba+b (Since (S,+) is commutative)
=ba = ba+b (Since (S,+) is a rectangularband)=ba = b= ab #ba, which proves the result. Also ab = a

—ab+b=a+b=>(a+1l)b=a+b=1.b=atb (fromb+1=1)=>b=a+b=b+a

This is evident from the following example

Example 1.25:
+|1]A]Db 1] alb
11111 1/1] al b
All1|A|Db ala| al a
B|1|B]|b blb| al b
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Theorem 1.26: Let S be a simple semiring. Let (S, +) be commutative and (S, .) is rectangular band then ab = a and
ba =b

Proof: Consider ab + a=aforall a, biin Sand ba+ b =b forall b, a inS
—ab=a(ba+tb)=ab=aba+ab=ab=at+ab (Since (S, .) is a rectangularband)

—ab=ab+a (Since (S,+) iscommutative) = ab=a

Also ba = b (ab + a) =ba = bab + ba=ba = b+ba (Since (S, .) is a rectangular band)=ba = ba+b (Since (S,+) is
commutative) = ba = b. Therefore, ab =aandba =b foralla, b in S.

Theorem 1.27: Let S be a simple semiring and (S,-) be a left singular, then (S, +) is a right singularsemigroup.
Proof: By hypothesisab = a, forall a, b in S (.- (S,") is left singular) > ab+b=a+b=(@+1)b=a+b= 1. b=atb
(~-Sissimple semiring) =>b=a+bAlsoba=b=hata=b+a=(b+1)a=b+a=1a=b+a

(-~ Sis simple semiring) >a=b +a=
atb=bandb+a=a,foralla, binS. Hence (S, +) is a right singular semigroup.

Theorem 1.28: Let S be a simple semiring. If (S, +) is a right singular semigroup, then (S, +) is a rectangular band.

Proof: By hypothesisa+ b =b, foralla, bin S (- (S, +) is rightsingular) >a+b+a=b+a=a+b+a=a, forall g

b in S, which proves the theorem. (-.- (S, +) is a right singular semigroup) i.e., (S, +) is a rectangular band.

Theorem 1.29: Let S be a totally ordered simple semiring. If (S, +) is p.t.o (n.t.0.) and (S, ) is commutative, then (S, -)
isn.t.o.(p.t.o.).

Proof: Since S istotally ordered simple semiringab + a=a, forall a, b in S=a=ab +a>ab (" (S, +) isp.t.0.) > a>ab
Supposeab>b=ab+a>b+a=a >b+a (-ab+a=a)=>b+a<a

Which contradicts the hypothesis that (S, +) is p.t.o.=ab <b
-.ab <a &ab <bHence (S,) isn.t.o.

Similarly we can prove that (S,-) is p.t.o if (S, +) is n.t.o.

Theorem 1.30: If S be a simple semiring then (S, +) is weakly seperative semigroup.

Proof: If S be a simple semiring then (S, +) is a band.
Considera+a=a+b=b+b=a=a+b=b=a=b= (S, +) is weakly seperative semigroup.
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