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ABSTRACT
In this paper, some properties of intuitionisticmultifuzzy graph are studied and proved. Fuzzy graph is the
generalization of the crisp graph, intuitionisticfuzzy graph is the generalization of fuzzy graph and intuitionisticmulti
fuzzy graph is the generalization of intuitionisticfuzzy graph. A new structure of an intuitionisticmulti fuzzy graph is
introduced.
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INTRODUCTION

In 1965, Zadeh [13] introduced the notion of fuzzy set as a method of presenting uncertainty. Since complete
information in science and technology is not always available. Thus we need mathematical models to handle various
types of systems containing elements of uncertainty. After that Rosenfeld [10] introduced fuzzy graphs. Fuzzy graphs
are useful to represent relationships which deal with uncertainty and it differs greatly from classical graph. It has
numerous applications to problems in computer science, electrical engineering system analysis, operations research,
economics, networking routing, transportation, etc. Nagoor Gani.A [7, 8] introduced a fuzzy graph and regular fuzzy
graph. Multi fuzzy set was introduced by Sabu Sebastian, T.V.Ramakrishnan[11].After that the fuzzy sets have been
generalized with fuzzy loop and fuzzy multiple edges, this type of concepts was introduced by K.Arjunan and
C.Subramani[1,2]. The intuitionistic fuzzy graph with multiple edges and selfloops has been introduced by K.Arjunan
and C.Subramani[3]. In this paper a new structure is introduced that is intuitionistic multi fuzzy graph with selfloop and
multiple edges and some results of intuitionistic multi fuzzy graph are stated and proved.
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1. PRELIMINARIES

Definition 1.1[4]: An intuitionistic fuzzy set (IFS)A in X is defined as an object having the form A ={(X, pa(X), Ya(X))
Ix € X},where pa: X —>[0,1] and ya: X —> [0,1]define the degree of membership and the degree of non-membership of
the element x € X respectively and every x in X satisfying 0 < pa(X) + ya(x) < 1.

Example 1.2: An intuitionisticsubset A= {(a, 0.3, 0.6), (b, 0.3, 0.5), (c, 0.2, 0.5)} of aset X={a, b, c}.

Definition 1.3[12]: Anintuitionisticmulti fuzzy subset A of a set X is defined as an object of the form
A = {(X, Ha1(X), Ha2(X), ., Han(X), Ya1(X), Ya2(X),...¥an(X))/ XX}, where pai . X—[0, 1] and yai . X—[0, 1] for all
i, define the degrees of membership and the degrees of non-membership of the element x € X respectively and every x
in X satisfying & p Ai(x) + yai(x) < 1 for all i. It is denoted as A = (Ua, ya), Where pa = (Ma, Ma2... Han) and
Ya= (YL YA2s- - Y An)-

Example 1.4: Let X = {a, b, c} be a set. Then A ={(a, (0.4, 0.3, 0.2), (0.2, 0.4, 0.4)), (b, (0.2, 0.4, 0.3), (0.3, 0.5, 0.7)),
(c, (0.4,0.1, 0.5), (0.5, 0.6, 0.4)} is a intuitionisticmulti fuzzy subset of X with the dimension three.

Definition 1.5: Let A and B be any two intuitionisticmulti fuzzy subset of X. We define the following relations and
operations:

(i) AcBifand only if pai(X) < ugi(x) and yai(X) > ygi(x) for all x € X and for all i.

(i) A =B ifand only if pai(x) = Hgi(X) and yai(x) = ygi(x) for all x € X and for all i.

(iii) AnB if and only if (ANB) (x) = {min{pai(X), Usi(x)},max {yai(X), yei(X)}}for all x € X and for all i.

(iv) AUB if and only if (AUB) (x) = {max{pai(X), Hgi(X)},min{yai(X), yei(X)}}for all x € X and for all i.

Definition 1.6: Let A be aintuitionisticmulti fuzzy subset in a set S, the strongest intuitionistic multi fuzzy relation
on S, that is an intuitionisticmulti fuzzy relation with respect to A given by pvi(x,y) = min {dai(X), Hai(y)} and
wi(X, ¥) = max {yai(x), yai(y)} for all x and y in S and for all i.

Definition 1.7: Let V be any nonempty set, E be any set and f: E —VxV be any function. Then A is aintuitionistic
multi fuzzy subset of V, Sis anintuitionisticmulti fuzzy relation on V with respect to A and B is an intuitionisticmulti

fuzzy subset of E such that /; (€) < ,Usi (X, y) and 75 (8) 2> 75i (X, y) for all i. Then the ordered triple F= (A, B, f)

eef(xy) ee fH(xy)

is called an intuitionistic multi fuzzy graph, where the elements of A are called intuitionisticmultifuzzy points or
intuitionistic multifuzzy vertices and the elements of B are called intuitionistic multifuzzy lines or intuitionistic
multi fuzzy edges of the intuitionisticmulti fuzzy graph F. Iff(e) = (X, y), then the intuitionistic multi fuzzy points
X, Ma(X), va(X)), (Y, Ha(Y), va(y)) are called intuitionistic multi fuzzyadjacent points and intuitionisticmulti fuzzy
points (X, Ha(X), Ya(X) ), intuitionisticmulti fuzzy line (e, Kg(€e), ys(e)) are called incident with each other. If two district
intuitionisticmulti fuzzy lines (e;, Kg(€1),ys(e1)) and (e,, Ug(€2), ya(€2)) are incident with a common intuitionisticmulti
fuzzy point, then they are called intuitionisticmultifuzzy adjacent lines.

Definition 1.8: Anintuitionistic multi fuzzy line joining anintuitionisticmulti fuzzy point to itself is called an
intuitionistic multi fuzzy loop.

Definition 1.9: Let F= (A, B, f) be an intuitionisticmulti fuzzy graph. If more than one intuitionisticmulti fuzzy line
joining two intuitionisticmulti fuzzy vertices is allowed, then the intuitionisticmulti fuzzy graph F is called an
intuitionisticmultifuzzy pseudo graph.
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Definition 1.10: F= (A, B, f) is called anintuitionisticmulti fuzzy simple graph if it has neitherintuitionisticmulti
fuzzy multiple lines nor intuitionistic multifuzzy loops.

Example 1.11: F = (A, B, f), where V ={v;,v,,v3,V4,vs}, E={a, b, ¢, d, e, h, g} and f:E = VxV is defined by f(a) = (v,
V), () = (vy, V), T(C) = (Va, v3), F(d)= (3, V4), T(€) = (va, V4), f(h) = (V4, Vs), f(Q)= (v, V5). An Intuitionisticfuzzy
subsetA = {(vy, (0.3, 0.2,0.5), (0.4,0.2,0.3) ), (v2, (0.2,0.2,0.4),(0.3,0.1,0.2)),
(v3,(0.3,0.2,0.5),(0.3,0.2,0.2)),(v4,(0.3,0.3,0.5),(0.4,0.2,0.3)),(vs,(0.3,0.2,0.5),(0.3,0.2,0.2)) }of V. An intuitionistic multi
fuzzy relation S={ ( (v1,v41), (0.3, 0.2, 0.5), (0.4, 0.2, 0.3) ),((v1,v2),(0.2, 0.2, 0.4), (0.4, 0.2, 0.3) ),((v1,v3),(0.3, 0.2, 0.5),
(0.4,0.2,0.3) ),((v1,v4),(0.3,0.2,0.5),(0.4,0.2,0.3)),((v1,5),(0.3,0.2,0.5),(0.4,0.2,0.3)),((v2,v1),(0.2,0.2,0.4),(0.4,0.2,0.3)
),((v2,v2),(0.2,0.2,0.4),(0.3,0.1,0.2) ),((v2,v3),(0.2,0.2,0.4),(0.3,0.2,0.2)),((v2,v4),(0.2,0.2,0.4),(0.4,0.2,0.3)),
((v2,vs),(0.2,0.2,0.4), (0.3,0.2,0.2)), ((va,v1), (0.3,0.2,0.5), (0.4,0.2,0.3)), ((v3,v2), (0.2,0.2,0.4), (0.3,0.2,0.2)),
((vs,v3),(0.3,0.2,0.5),(0.3,0.2,0.2)),((v3,v4),(0.3,0.2,0.5),(0.4,0.2,0.3)),((v3,vs),(0.3,0.2,0.5),(0.3,0.2,0.2) ), ( (V4,V1),
(0.3,0.2,0.5), (0.4,0.2,0.3) ),((V4,v2),(0.2,0.2,0.4),(0.4,0.2,0.3) ), ((V4,v3),(0.3,0.2,0.5),(0.4,0.2,0.3)), ((Va, Va),
(0.3,0.3,0.5), (0.4,0.2,0.3)), ((va4, v5),(0.3,0.2,0.5),(0.4,0.2,0.3)), ((vs,v4),(0.3,0.2,0.5),(0.4,0.2,0.3) ),((Vs, V2),
(0.2,0.2,0.4), (0.3,0.2,0.2)), ((vs,v3),(0.3,0.2,0.5),(0.3,0.2,0.2)), ((Vvs, v4),(0.3,0.2,0.5),(0.4,0.2,0.3)), ((Vs, Vs),
(0.3,0.2,0.5), (0.3,0.2,0.2))} on V with respect to A and an intuitionisticmulti fuzzy subset B = {(a,(0.1, 0.2, 0.3), (0.5,
0.3,0.6)), (b, (0.1, 0.2, 0.3), (0.3, 0.2, 0.2) ),(c,(0.1,0.2,0.3),0.4,0.3,0.3)),(d,(0.1,0.2,0.3),(0.4,0.2,0.3)), (&,(0.2,0.1,0.2),
(0.4,0.3,0.3)), (h,(0.2,0.2,0.3),(0.4,0.2,0.3)),(g,(0.2,0.3,0.3),(0.4,0.3,0.4)) }of E.

(v1, (0.3,0.2,0.5),(0.4,0.2,0.3))
(g (0.2.0.2.0.3).(0.4,0.3.0.4)) (a,(0.1,0.2,0.3),(0.5,0.3,0.6

(vs.(0.3,0.2,0.5),(0.3,0.2,0.2))

(h,(0.2,0.2,0.3),(0.4,0.2,0.3))

Fig.-1.1

In figure 1.1, (i) (v, (0.3,0.2,0.5),(0.4,0.2,0.3)) is an intuitionisticmulti fuzzy point.(ii) (a,(0.1,0.2,0.3),(0.5,0.3,0.6)) is
an intuitionisticmulti fuzzy edge.(iii) (v4, (0.3, 0.2, 0.5), (0.4, 0.2, 0.3)) and (v,,(0.2,0.2,0.4), (0.3,0.1,0.2)) are
intuitionisticmulti fuzzy adjacent points.(iv) (a, (0.1, 0.2, 0.3), (0.5, 0.3, 0.6) ) join with (v4, (0.3, 0.2, 0.5), (0.4, 0.2,
0.3)) and (v,, (0.2,0.2,0.4),0.3,0.1,0.2) and therefore it is incident with (vy, (0.3, 0.2, 0.5), (0.4, 0.2, 0.3) ) and (v», (0.2,
0.2, 0.4), (0.3, 0.1, 0.2) ).(v) (a, (0.1, 0.2, 0.3), (0.5, 0.3, 0.6) ) and (g,(0.2,0.2,0.3),(0.4,0.3,0.4)) are intuitionisticmulti
fuzzy adjacent lines. (vi) (b,(0.1,0.2,0.3),(0.3,0.2,0.2)) is an intuitionisticmulti fuzzy loop.(vii) (d,(0.1,0.2,0.3),
(0.4,0.2,0.3)) and (e,(0.2,0.1,0.2),(0.4,0.3,0.3)) are intuitionisticmulti fuzzy multiple edges. (viii) It is not an
intuitionisticmultifuzzy simple graph.(ix)It is an intuitionisticmulti fuzzy pseudo graph.

Definition 1.12: The multi fuzzy graph H= (C, D, f) where C = <uc ,yc> and D = <pp,yp> is called an
intuitionisticmultifuzzy subgraph of F = (A, B, f) if Cc A and Dc B.

Definition 1.13: The intuitionisticmultifuzzy subgraph H = (C, D, f) is said to be an intuitionisticmultifuzzy spanning
subgraph of F= (A, B, f) if C= A.
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Definition 1.14: The intuitionisticmulti fuzzy subgraph H = (C, D, f) is said to be anintuitionisticmulti fuzzy induced
sub graph of F = (A, B, f) if H is the maximal intuitionisticmulti fuzzy subgraph of F with intuitionisticmulti fuzzy
point set C.

Definition 1.15: Let F = (A, B, f) be anintuitionisticmulti fuzzy graph with respect to the sets V and E. Let C be an
intuitionistic multifuzzy subset of V, the intuitionisticmulti fuzzy subset D of E is defined as ppi(e) = min{uci(u),
Mci(V), Ugi(€)}, voi(e) = max{yci(u),yci(v),ysi(€)}for all i, where f(e)= (u, v)for all e in E. Then H=(C, D, f) is called
intuitionisticmulti fuzzy partial subgraph of F.

Definition 1.16: Let F = (A, B, f) be anintuitionisticmulti fuzzy graph. Let A is a intuitionisticmulti fuzzy sub graph of
F obtained by removing the intuitionisticmulti fuzzy point (X, pa(x), ya(X)) and all the intuitionisticmulti fuzzy lines
incident with (X, pa(X), va(X)) is called the intuitionisticmulti fuzzy subgraph obtained by the removal of the
intuitionistic multi fuzzy point (X, pa(Xx), Ya(x)) and is denoted F—(X, Ha(X), Ya(X)). Thus if F=(x, pa(X), ya(x)) = (C, D, f)
then C = A—{(X, ua(X),ya(X))} and D={(e, us(e), ya(e))/ (e, ug(e),ys(€)) € B and(X, pa(X), ya(X)) is not incident with
(e, uB(e), yr(e))}. Clearly F—(X, Ha(X), ya(X)) is intuitionisticmulti fuzzy induced subgraph of F. Let (e, ug(e),
ve(€)) € B. Then F —(e, ug(e), ys(e)) = (A, D, f) is called intuitionisticmulti fuzzy sub graph of F obtained by the
removal of the intuitionistic multifuzzy line (e, ps(e), ys(e)), where D =B—{(e, Ug(e),ys(€))}. Clearly F—(e, ps(e), v&(€))
is an intuitionisticmulti fuzzy spanning sub graph of F which contains all the lines of F except (e, ps(e),ys(e)). Here
Ha(€) = (Me1(e), Ha2(€),--., Man(€)) and yg(e) = (vga(€), YBa(€)s- - ---,YBn(€))-

Definition 1.17: By deleting from a intuitionistic multi fuzzy graph F all intuitionistic multifuzzy loops and in each
collection of intuitionisticmulti fuzzy multiple edges all intuitionisticmulti fuzzy edge but one intuitionisticmulti fuzzy
edge in the collection we obtain an intuitionisticmulti fuzzy simple spanning subgraph F, called
intuitionisticmultifuzzy underling simple graph of F.

Example 1.18:
(v. (030205 (0402030

(0 (0202031 (040304) (0102030503
(020203 (0503086 171 0.2.0 31631 202N

(v= (0.3.0.2.05.(0.3.0.2.020
(v» (0202.04(03010220
(i (010204Y(0 304

(h(02.0203).(0.402.030
(d (0102 (0402 023) (c. (01.02031(040303N0

(v.(0.3.0.3.05Y.(0.4.02.03) (6 (020209) (0403030 (V- (030305)(0302020)
Fig.-1.2: Anintuitionisticmulti fuzzy pseudo graph F = (A, B, f)

(v1.(0.3.0.2.0.5).(0.4.0.2.0.3))

(0. (0.2.0.2.0.3).(0.4.0.3.0.3)) (b.(0.1.0.2.0.3).(

(v (0.3.0.2.0.4).(0.3.0.1.0.2))
(v» (0.2.0.2.0.3).(0.3.0.1.0.2))

(h.(0.2.0.2.0.3).(0.4.0.2.0.3)) (c.(0.1.0.2.0.3).(0.4.0.2.0.4))

(d.(0.1.0.2.0.3).(0.4.0.2.0.3))

(v4(0.3.0.2,0.4).(0.4,0.2,0.3)) (6. (0.2.0.2.0.2).(0.4.0.2.03)) (v-.(0.3.0.2.0.3).(0.3.0.1.0.2))

Fig.-1.3: An intuitionisticmulti fuzzy subgraph of F
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(v, (0.3,0.2,0.5),(0.4,0.2,0.3))

(g, (0.2,0.2,0.3),(0.4,0.3’0.4)) a ,(O.1,0.2,0.3),(0.5,0.3,0.6

(v5(0.3,02,05),(03,0.2.0.2) (v, (0.2,0.2,0.4),(0.3,0.1,0.2))

(h,(0.2,0.2,0.3),(0.4,0.2,0.3)) (c, (0.1,0.2,0.3),(0.4,0.3,0.3))

(v4(0.3,0.3,0.5),(0.4,0.2,0.3)) (. (0.2,0.3,0.2) (0.4.0.3.0.3)) (v5,(0.3,0.3,0.5),(0.3,0.2,0.2))

Fig.-1.4: An intuitionisticmulti fuzzy spanning subgraph of F

(v1, (0.3,0.2,0.5),(0.4,0.2,0.3))

(a,(0.2,0.2,0.3),(0.4,0.3,0.4))

(vs (0.3,0.2,0.5),(0.3,0.2,0.2))

(h(02.0.2.0.3).(0.402.0.3) (d,(0.1,0.3,0.3),(0.4,0.2,0.3))

(v+(0.3,0.3,0.5),(0.4,0.2,0.3)) (v2,(0.3,0.3,0.5),(0.3,0.2,0.2))

(e, (0.2,0.3,0.2),(0.4,0.3,0.3))

Fig.-1.5: An intuitionisticmultifuzzy subgraph Induced by P = {vy, V3, V4,V5}

(v1, (0.3,0.2,0.4),(0.4,0.5,0.3))

(9, (0.2,0.2,0.3),(0.4,0.7,0.5))

(vs (0.4,0.3,0.4),(0.3,0.6,0.5))

(0020203040608 | ;010503 040507

(v3,(0.3,0.4,0.3),(0.4,0.4,0.6))

(v4.(0.2,0.4,0.3),(0.4,0.5,0.4))

(e, (0.2,0.3,0.2),(0.4,0.6,0.7))
Fig.-1.6: A partialintuitionistic multi fuzzy subgraph induced by C,

where C(v) = ((0.3, 0.2, 0.4), (0.4, 0.5, 0.3)), C(v3) = ((0.3, 0.4, 0.3), (0.4, 0.4, 0.6)), C(va) = ((0.2, 0.4, 0.3), (0.4, 0.5,
0.4)), C(vs) = (0.4, 0.3, 0.4), (0.3, 0.6, 0.5)).
(v1. (0.3.0.2,0.5),(0.4.0.2,0.3))

(0, (0.2.0.2.0.3),(0.4.0.3,0.4))

(vs (0.3,0.2,0.5),(0.3,0.2,0.2))

(h,(0.2,0.2,0.3),(0.4,0.2,0.3)) (d.(0.1.0.3.0.3.(0.4.0.2.0.3))

(v2(0.3,0.3,0.5),(0.4,0.2,0.3)) (v2,(0.3,0.3,0.5),(0.3,0.2,0.2))

(e, (0.2,0.3.0.2),(0.4,0.3.0.3))
Fig. -7: F — ((v2, 0.2,0.2, 0.4), 0.3, 0.1, 0.2) )
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(v, (0.3,0.2,0.5),(0.4,0.2,0.3))

a,(0.1,0.2,0.3),(0.5,0.3,0.6))
(0.2,0.2,0.3),(0.5,0.3,0.8

(9, (0.2,0.2,0.3),(0.4,0.3,0.4))

V2. (0.2,0.2,0.4),(0.3,0.1,0.2))

(c, (0.1,0.2,0.3),(0.4,0.3,0.3))

(v4(0.3,0.3,0.5),(0.4,0.2,0.3)) (v5,(0.3,0.3,0.5),(0.3,0.2,0.2))

(vs,(0.3,0.2,0.5),(0.3,0.2,0.2))

(h,(0.2,0.2,0.3),(0.4,0.2,0.3))

(v4.(0.3,0.3,0.5),(0.4,0.2,0.3))

(e, (0.2,0.3,0.2),(0.4,0.3,0.3))
Fig.-1.8: F— (b ,(0.1, 0.2, 0.3), (0.3, 0.2, 0.2) )

(v1, (0.3,0.2,0.5),(0.4,0.2,0.3))

(g, (0'210'210'3),(0'410'3'0.4)) a,(0.1,0.2,0.3),(0.5,0.3,0.6))

(v2.(0.2,0.2,0.4),(0.3,0.1,0.2))

(c, (0.1,0.2,0.3),(0.4,0.3,0.3))

(e, (0.2,0.1,0.2),(0.40.303)) (v(0:3.02,05),(03,020.2))
Fig.-1.9: Underling intuitionisticmultifuzzy simple graph of F.
Definition 1.19: Let A be a intuitionisticmulti fuzzy subset of X then the level subset or (O B)-cut of A is A, p) = {X

€ Alpai(X) 2 0 and yai(x) SB}, where o, B, €[0,1] foralliand o, +B< 1. Here o means (as, d, -..,0tn).

Note: ameans (o, 0y, ..., oy) and B means (By, Ba, ..., Bn) -

Theorem 1.20: Let F = (A,B, f) be aintuitionistic multi fuzzy graph with respect to the set V and E.Leta, 3, A,n€[0,1]
and oo < Bandr>n.Then (A4, , B, , f) isasubgraphof (A, ,),B, ). T).

Proof: The proof follows from definition 1.19.

Theorem 1.21: Let F = (A, B, f) be a intuitionistic multi fuzzy graph with respect to the set V and E, the level subsets

A2y B yof A and B subset of V and E respectively. ThenF, ;= (A(a‘l),B(aJ), f)is a subgraph of

G=(V,E ¥

Proof: The proof follows from definition 1.19 and Theorem 1.20.
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Theorem 1.22: Let H = (C, D, f) be a intuitionistic multi fuzzy subgraph of F = (A, B, f) and o, A €[0,1]. Then
H.»=(C. Dy, T)isasubgraphof F, ;)= (A, ;B F)-

Proof: Let H = (C, D, f) be a intuitionistic multi fuzzy subgraph of F = (A, B, f). Therefore pci(v) < pai(v) and
Yei(Vv) = yai(v) for all uin V and for all i. ppi(e) < pgi(e) and ypi(e) > ygi(e) for all e in E and for all i. We have to prove
that (Cs, 1), Do, 2y, T) is @ subgraph of (A, 2, B, 2y, T). 1tis enough to prove that C, = A, 1) and D, 3= B, ). Let
ue C, 1) = Hei(U) = o and yci(u) <A = pai(u) = pei(U) = o and yai(U) < yei(u) <4 = pai(u) = o; and yai(u) <A, for all
i = u€E Ay, ;). Therefore Cy < A, 2)- Let €€ Dy, )= upi(€) > o and ypi(e) <A = ugi(e) > ppi(e) > a; and
78i(e) < vpi(€) <hi= pgi(e) > o and ygi(e) <Ai—=> e € By, ). Therefore D, y= By, ») - Hence Hy, » is a subgraph of
Fa -

Definition 1.23: Let A be a intuitionistic multi fuzzy subset of X. Then the strong level subset or strong( Ot B)-cut of

Ais A, pn= {XE A luai(X)> L | and YAi(X)<Bi} forall i and o +p<1 where a.,pe [0,1] for all i.

Theorem 1.24: Let F=(A,B,F) be a intuitionisticmulti fuzzy graph with respect to the set V and E. Let a, B, A,n €[0,1]

anda. < Banda>nthen (A, , ), B. ., T) isasubgraphof (A,, ;.. B. . ).

Proof: The proof follows from definition 1.23 and Theorem 1.22.

Theorem 1.25: Let F = (A, B, f) be a intuitionisticmulti fuzzy subgraph with respect to the set V and E, the level

subsets A, ;. B, 44y Of A and B subset of V and E respectively. ThenF . , \=(A,, ,,):By. .., f)isa

subgraph of G = (V, E, f).
Proof: The proof follows from definition 1.23 and Theorem 1.24.

Theorem 1.26: Let H = (C, D, f) be a intuitionisticmulti fuzzy subgraph of F = (A, B, f) and a,A€[0,1]. Then
Ho+ = (Cosy Do, ) isasubgraph of F,, v =(A,, 1) Bian, F)-

Proof: The proof follows from definition 1.23 and Theorem 1.25.

Theorem 1.27: Let F = (A, B, f) be a intuitionisticmulti fuzzy subgraph with respect to the set V and E, let o, B, A,n €
[0,1] and F, ;) and F .,y be two subgraphs of G. Then (i) F, »)nF . is a subgraph of G. (ii) F 1) F@ is a subgraph
of G.

Proof: Since A, 3yand A ., are subset of V. Clearly F, 5nFg ) is a subgraph of G. Also F, »)UF ) is a subgraph of
G.

Definition 1.28: Let F = (A, B, ) be an intuitionisticmulti fuzzy graph. Then the degree of an intuitionisticmulti
fuzzy vertex is defined by d(v) = (dy(v), d,(v)) where

d, (V)= D us(®)+2 Y ug(e)and d, (V)= > ys()+2 > 75(e).

ee f1(u,v) ee fL(v,v) ee fL(u,v) ee f1(v,v)

Defination 1.29: The minimum degree of the intuitionisticmulti fuzzy graph F=(A, B, 1) is 8(F) =(3,(F), §,(F) ) where
Su(F)=~r{dy(v)/iveV} and 5,(F) =a{d,(v)/ veV} and the maximum degree of F is A(F) = (A.(F), A,(F)) where
A(F) = v{d,(v)/veV} and A,(F) =v{d,(V)/veV}.
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Definition 1.30: Let F = (A, B, f) be an intuitionisticmulti fuzzy graph. Then the order of intuitionisticmultifuzzy
graph F is defined to be o(F) = (0,(F),0,(F) ) where 0, (F) :Z,UA (v) and o, (F) =Z7/A (v) .

veV veV

Definition 1.31: Let F= (A, B, f) be an intuitionistic multi fuzzy graph. Then the size of theintuitionisticmulti fuzzy
graph F is defined to be S(F) = (S,(F), S,(F)) where S (F)= > ugz(e)and S (F)= > yg(e).

ec f1(u,v) ec f(uv)

Example 1.32: (b, (0.2,0.3,0.2),(0.4,0.5,0.3))
(v1,(0.2,0.3,0.4),(0.3,0.4,0.2))) (a, (0.1,0.3,0.2),(0.4,0.4,0.3))

V2, (0.2,0.3,0.4)40.4,0.2,0.3))

(f, (0.1,0.2,0.3),(0.4,0.5,0.3)) (C, (0.2,0.2’0.3),(0_4,0_3,0.3))
(e, (0.1,0.2,0.2),(0.4,0.6,0.3))

(Va, (0.3,0.2,0.5),(0.3,0.5,0.2)) — (v, (0.3,0.2,0.5),(0.4,0.2,0.3))

(d,(0.3,0.2,0.2),(0.4,0.5,0.3))
Fig.-1.10: Intuitionisticmulti fuzzy graph F

Here d(v1) = ((0.2, 0.5, 0.5), (0.8, 0.9, 0.6)), d(v») = ((0.7, 1.1, 0.9), (1.6, 1.7, 1.2)), d(vs) = ((0.6, 0.6, 0.7), (1.2, 1.4,
0.9)), d(v2)=((0.5, 0.6, 0.7), (1.2, 1.6, 0.9)),5(F) = ((0.2, 0.5, 0.5), (0.8, 0.9, 0.6)),A(F) = ((0.7, 1.1, 0.9), (1.6, 1.7, 1.2)),
o(F) = (1.0, 1.0, 1.8), (1.4, 1.3, 1.0)),S(F) = (1.0, 1.4, 1.4), (2.4, 2.8, 1.8)).

Theorem 1.34:
(i)The sum of the degree of membership value of all intuitionisticmulti fuzzy vertices in an intuitionisticmulti fuzzy
graph is equal to twice the sum of the membership value of all intuitionisticmulti fuzzy edges .i.e.,

Zdﬂ (v) =2S,,(F).(ii)The sum of the degree of non membership value of all intuitionisticmulti fuzzy vertices in

veV

an intuitionisticmulti fuzzy graph is equal to twice the sum of the non membership value of all intuitionisticmulti fuzzy

edges. i.e., Zdy(v) =25 (F).

veV

(iii) The sum of the degree of all intuitionisticmulti fuzzy vertices in an intuitionisticmulti fuzzy graph is equal to twice

the sum of the all intuitionisticmulti fuzzy edges. i.e., 3. d(v) = 2S(F) .
veV

Proof:

(i) Let F = (A, B, f) be an intuitionistic multi fuzzy graph with respect to the set V and E. Since degree of an
intuitionisticmulti fuzzy vertex denote sum of the membership values of all intuitionisticmulti fuzzy edges incident on
it. Each intuitionistic multifuzzy edge of F is incident with two intuitionisticmulti fuzzy vertices. Hence
membershipvalue of each intuitionisticmulti fuzzy edgecontributes two to the sum of degrees of intuitionisticmulti
fuzzy vertices. Hence the sum of the degree of all intuitionisticmulti fuzzy vertices in an intuitionisticmulti fuzzy graph

is equal to twice the sum of the membership value of all intuitionistic multifuzzy edges. i.e., Z d,(v) =2S,(F).

veV
(ii) Let F = (A, B, ) be an intuitionisticmulti fuzzy graph with respect to the set V and E. Since degree of an
intuitionisticmulti fuzzy vertex denote sum of the non membership values of all intuitionisticmulti fuzzy edges incident
on it. Each intuitionisticmulti fuzzy edge of F is incident with two intuitionistic multi fuzzy vertices. Hence non
membership value of each intuitionistic multi fuzzy edge contributes two to the sum of degrees of intuitionisticmulti
fuzzy vertices. Hence the sum of the degree of all intuitionistic multi fuzzy vertices in an intuitionisticmulti fuzzy graph
is equal to twice the sum of the nonmembership value of all intuitionisticmulti fuzzy edges. i.e.,
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>d, (v) =2S,(F).

veV

(iii) From (i) and (ii)
The sum of the degree of all intuitionistic multi fuzzy vertices in an intuitionisticmulti fuzzygraph is equal to twice the
sum of the all intuitionisticmulti fuzzy edges.

ie, 3 d(v)=2S(F).

veV

Theorem 1.35: Let F = (A, B, f) be anintuitionisticmulti fuzzy graph with number of intuitionisticmulti fuzzy vertices
n, all of whose intuitionistic multifuzzy vertices have degree s=(s,, s,) or t=(t,, t,). If F has pintuitionisticmulti fuzzy
vertices of degree s and (n—p) intuitionistic multifuzzy vertices of degree t, then 2S(F) = ps + (n—p)t.

Proof: Let V, be the set of all intuitionisticmulti fuzzy vertices with degree s. Let V, be the set of all intuitionisticmulti

fuzzy vertices with degree t. Then > d(v) = >, d(v)+ Y. d(V)which implies that

veV veV, veV,

2S(F) =( Z d,(v), Z d,(v)+ ( Z d,(v), z d, (v)) which implies that 2S(F) = p(s,, s,)+ (n-p)(t. t,) which

veVy VeV, VeV, VeV,

implies that 2S(F) = ps + (n—p)t.
2. INTUITIONISTIC MULTI FUZZYREGULAR GRAPH:

Definition 2.1: An intuitionistic multi fuzzy graph F=(A, B, f) is called intuitionistic multi fuzzy regular graph if
d(v)=(s k) for all vin V, where s = (51 S5, ....,Sy) and k = (Ky Ko, .. kn).

Remark 2.2: F is an intuitionisticmultifuzzy (s, k)-regular graph if and only if 5(F) = A(F) = (s k).

Example 2.3:
(v4, (0.3,0.4,0.5),(0.3,0

7(0.1,0.2,0.1),(0.3,0.2,0.2))

(a, (0.2,0.2,0.4),(0.3,0.4,0.2)) (d, (0.2,0.2,0.4),(0.3,0.4,0.2))

0.2,0.3,0.3),(0.4,0.4,0\

(sz (02,03,04),(03,02,02)) (C, (02'03'03)'(05'04104)) (V3, (03,04,05),(03,02,01))
Fig.-2.1

Here d(v;) = ((0.6, 0.8, 1.0), (1.2, 1.2, 0.8)) for all i, 8(F)=( (0.6, 0.8, 1.0), (1.2, 1.2, 0.8) ), A(F)=( (0.6, 0.8, 1.0), (1.2,
1.2, 0.8) ). Clearly it is an intuitionisticmultifuzzy ((0.6, 0.8, 1.0), (1.2, 1.2, 0.8) )-regular graph.

Definition 2.4: An intuitionistic multi fuzzy graph F = (A, B, f) is called an intuitionisticmultifuzzy complete graph
if every pair of distinct intuitionisticmulti fuzzy vertices are fuzzy adjacent and

He;(8) = g (X, y) and yg,(€) = 7, (X, y) forallxyinVand foralli.

eef(xy) eefl(x,y)

Definition 2.5: An intuitionistic multi fuzzy graph F = (A, B, f) is an intuitionisticmultifuzzy strong graph if
i (8) = g (X, y) and yg,(€) = y, (X, y) foralleinEand foralli.

eef(xy) eefl(x,y)
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Example 2.6:
0.2,0.3,0.4),(0.4,0.2,0.2))

(d, (0.2,0.2,0.4),(0.4,0.5,0.2))

(V4, (0.2,0.3,0.4),(0.4,0.2,0: (v1,(0.2,0.2,0.4),(0.4,0.5,0.2))

(c, (0.2,0.3,0.4),(0.4,0.2,0.2)) | (b, (0.2,0.2,0.4¥1€0.4,0.5,0.2)) (a, (0..2,0.2,0.4),(0.4,0.5,0.2))

(v5,(0.3,0.2,0.5),(0.3,0.2,0.2)) (V2. (0.3.02,05),(0.4.0.2.0.2))

Fig.-2.2: An intuitionistic multi fuzzy strong graph

(v, (0.3,0.2,0.5),(0.4,0.2,0.3))

(v2,(02.0.404),030402) (. 020304)(030505) (V2(030405)(030503)

Fig.-2.3: An intuitionisticmulti fuzzycomplete graph

Theorem 2.7: If F is an intuitionisticmulti fuzzy (s, k)-regular graph with p-intuitionisticmulti fuzzy vertices. Then
2S(F) = (ps,pk) .

Proof: Given that the intuitionisticmulti fuzzy graph is an intuitionisticmulti fuzzy (s, k)-regular graph, so d(v) = (s, k)
for all v in V. Here there are p-intuitionisticmulti fuzzy vertices, so Zd (v) = (Zs, Zk) = (ps, pk) which implies

veV veV veV

that 2S(F) = (ps, pk).

Theorem 2.8: Let F = (A, B, f) be intuitionisticmulti fuzzy complete graph and A= (s, K) is constant function. Then F is
an intuitionisticmulti fuzzy regular graph.

Proof: Since A is a constant function, so A(v) =(s, k) (say) for all v in V and F is an intuitionisticmulti fuzzy complete

graph, so 4 (€) =, (X, y) and yg;(€) =y, (X,y) forall xand y in V, for all I and xzy. Therefore membership
eef(x,y) eef(x,y)

and non membership value of all intuitionisticmulti fuzzy edges are s,k respectively. Hence d(v) = ((p-1) s,(p—1)k) for
allvin V.

Theorem 2.9: If F = (A, B, f) is intuitionisticmulti fuzzy complete graph with p-intuitionisticmulti fuzzy vertices and A
is constant function then S(F) = (°C, pa(V),"C,ya(V)), for all vin V.

Proof: Suppose F is an intuitionisticmulti fuzzy complete graph and A= (ua, va) is a constant function.
Let A(v) = (s, k) for all vin V and d(v) = ((p—1)s,(p—21)K) for all vin V. Then

> dv) = (p-Ds, D (p—Dk)=(p(p—1)s, p(p—1)k) which implies that

veV veV veV
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25(F) = (p(p-1)s,p(p—1)k). Hence S(F) = (°C,s,’C, k).
i.e., S(F) = (°C, pa(v),"Co ya(v)) for all vin V.

Definition 2.10: Let F = (A, B, f) be an intuitionistic multi fuzzy graph. The total degree of intuitionisticmulti fuzzy
vertex vis defined by dr(v)=(dr,(v),dz,(v) )

Where

dy (V)= D ug(€)+2 D pg()+ua(v)=d, (v)+pz,(v) and
ee f1(u,v) ee f1(v,v)

dT:, (v) = Z}/B (e)+2 Z;/B (&) +ya(v)=d, (V) +y,(v) forallvinV.
ee f L(u,v) ee f1(v,v)

Definition 2.11: An intuitionisticmulti fuzzy graph F is intuitionisticmulti fuzzy (s, k)-totally regular graph if each
intuitionistic multi fuzzy vertex of F has the same total degree(s, k).

1,0.2,0.1),(0.3,0.3,0.2))

(d, (0.2,0.2,0.4),(0.3,0.2,0.3))

Example 2.12:
(vy, (0.4,0.5,0.5),(0.3,0,

(a, (0.2,0.2,0.4),(0.3,0.2,0.3))

b, (0.2,0.4,0.3),(0.4,0.4.,0.

(V. (0.3,0.4,0.5),(0.3,0.2,0.3))  (c, (0.3,0.3,0.3),(0.5,0.4,0.3) (V5 (0.3,0.4,0.5),(0.3,0.2,0.3))
Fig.-2.4

Here d(vy) = ((1.0, 1.3, 1.5),(1.5, 1.2, 1.2) ), d+(v2) = ( (2.0, 1.3, 1.5),(1.5, 1.2, 1.2) ),d(v3) = ( (1.0, 1.3, 1.5), (1.5, 1.2,
1.2)), itisintuitionisticmulti fuzzy ( (1.0, 1.3, 1.5), (1.5, 1.2, 1.2) )-totally regular graph.

Example 2.13: Fig.2.1 it is an intuitionisticmulti fuzzy regular graph, but it is not an intuitionisticmulti fuzzy totally
regular graph since d(v¢) = ((0.9, 1.2, 1.5), (1.5, 1.4, 0.9), dr(v») =((0.8,1.1, 1.4), (1.5, 1.4, 1.0)) and d+(vy) = d1(v,).

Example 2.14: Fig 2.4, it is an intuitionisticmulti fuzzy totally regular graph but it is not an intuitionisticmulti fuzzy
regular graph since d(vy) = ((0.6, 0.8, 1.0), (1.2, 1.0, 1.0)), d(v) = ((0.7, 0.9, 1.0), (1.2, 1.0, 0.9)) and d(v;) = d(v2).

(O.1,0.2,0.1),(0.3,0.2,0.2))

(d, (0.2,0.2,0.4),(0.3,0.4,0.2))

Example 2.15:
(v4, (0.3,0.4,0.5),(0.3,0

(a,(0.2,0.2,0.4),(0.3,0.4,0.2))

(v2.(0304,05),(030202) (¢ (020303)(050404) (Va(0.30405)(03020.2)
Fig.-2.5

Here d(v;) = ((0.6, 0.8, 1.0), (1.2, 1.2, 0.8)) for all i,d+(v;) = ((0.9, 1.2, 1.5), (1.5, 1.4, 1.0)) for all i. It is both
intuitionisticmulti fuzzy regular graph and intuitionisticmulti fuzzy totally regular graph.
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Example 2.16:
(v4, (0.3,0.4,0.5),(0

(0.3,0.2,0.1),(0.3,0.2,0.2))

(a, (0.2,0.2,0.4),(0.3,0.4,0.2))
(d, (0.2,0.2,0.4),(0.3,0.4,0.2))

b,(0.2,0.3,0.3),(0.4,0.3,0.2)

(v2,(0.2,0.3,0.4),(0.3,0.2,0.2)) (c, (0.2,0.3,0.3),(0.5,0.4,0.3)) (v3,(0.3,0.4,0.5),(0.3,0.2,0.2))

Fig.-2.6
Here d(v1)=((1.0, 0.8, 1.0), (1.2, 1.2, 0.8)), d(v,) =((0.6, 0.8, 1.0), (1.2, 1.1, 0.7)),d(vs) = ((0.6, 0.8, 1.0), (1.2, 1.1, 0.7)),
dr(vy) = ((1.3, 1.2, 1.5), (1.5, 1.4, 0.9)), d+(v2) = ((0.8, 1.1, 1.4), (1.5, 1.3, 0.9)),d+(vs) = ((0.9, 1.2, 1.5), (1.5, 1.3, 0.9)),
it is neither intuitionisticmulti fuzzy regular graph nor intuitionisticmulti fuzzy totally regular graph.

Theorem 2.17: Let F= (A, B, f) be intuitionisticmulti fuzzy complete graph and A=(s, k) is constant function. Then F is
an intuitionisticmulti fuzzy totally regular graph.

Proof: By theorem 2.8, clearly F is intuitionisticmulti fuzzy regular graph. i.e., d(v) = ((p-1)s, (p-1)k) for all v in V.
Also given A is constant function. i.e., A(v) = (s, k) for all v in V. Then dr(v) = (d,(v) + pa(v), dy(v) + ya(V)) = ((p-1)s
+5,(p—1)k + k) = (ps, pk) for all vin V. Hence F is intuitionisticmulti fuzzy totally regular graph.

Theorem 2.18: Let F = (A, B, f) be an intuitionisticmulti fuzzy regular graph. Then H = (C, B, f) is an
intuitionisticmulti fuzzy totally regular graph if

n n
C(v) =( Z,UA(Vi),z]/A(Vi))S 1for all v; in V.
1=1 1=1
Proof: Assume that F = (A, B, f) is an intuitionisticmulti fuzzy (s, k)- regular graph. i.e., d(v;) = (s, k) for all v; in V.

Given C(v) = (Zn:,uA (Vi),znlyA (v;)) < tfor all viin V. Then C(v) = (c1.c;) (say) for all v; in V and dy¢(vi) = (dp(vi)
1=1 1=1

+ pc(vi), dy(vi) + ve(vi)) = (s + ¢y, k+cy) for all viin V. Hence H is intuitionisticmulti fuzzy totally regular graph.

Theorem 2.19: Let F = (A, B, f) be an intuitionisticmulti fuzzy graph and A is a constant function (ie. A(v) = (c4,Cy)
(say) for all veV). Then F isintuitionisticmulti fuzzy (s k)-regular graph if and only if F is intuitionisticmulti fuzzy
(s+cq,k+cy)-totally regular graph.

Proof: Assume that F is an intuitionisticmulti fuzzy (s k)-regular graph and A(v) = (c4,¢;) for all vin V, so d(v) = (s k)
for all v in V. Then dr(v) = (d.(v) + pa(v), dy(v) + ya(v)) = (s + ¢1, k+cp) for all v in V. Hence F is intuitionistic
multifuzzy (s +cy, k+c,)-totally regular graph. Conversely, Assume that F is intuitionisticmulti fuzzy (s+cy,k+c,)-totally
regular graph. ie., dr(v) = (s + ¢y, k+cy) for all v in V which implies that (d,(v) + pa(v), d,(v) + va(Vv)) = (s + ¢1, k+Cy)
for all v in V implies that (pa(Vv), ya(v)) = (1, C,) for all v in V implies that d,(v) + ¢, = s + ¢; and d,(v) + ¢, = k+c, for
all vin V. Therefore d,(v) = s and d,(v) =k for all v in V. ie., d(v) = (s, k) for all v in V. Hence F is intuitionisticmulti
fuzzy (s, k)-regular graph.
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Theorem2.20: If F = (A, B, f) is bothintuitionisticmulti fuzzy regular graph and intuitionisticmulti fuzzy totally regular
graph then A is a constant function.

Proof: Assume that F is a both intuitionisticmulti fuzzy regular graph and intuitionisticmulti fuzzy totally regular
graph.

Suppose that A is not constant function. Then pa(u) = p a(Vv) or ya(u) # v a(v) for some u, v in V. Since F is an
intuitionisticmulti fuzzy (s, k)-regular graph. Then d(u) = d(v) = (s, k).Then d+(u) = d+(v) which is a contradiction to
our assumption. Hence A is a constant function.

Remark 2.21: Converse of the above theorem need not be true.
(v4, (0.3,0.4,0.5),(0.3,0.2,0.2))

(a, (0.2,0.2,0.4),(0.3,0.4,0.2)) (d, (0.2,0.3,0.4),(0.3,0.4,0.3))

b,(0.2,0.3,0.4),(0.4,0.4,0.2)

(v2,(0:304,0.5),(03020.2) (¢ (02,030.3)(050404) (Va(03 0405),(0.3020.2)
Fig.-2.7

Here A(v;)=((0.3, 0.4, 0.5), (0.3, 0.2, 0.2)) for all i, d(v,)=((0.4, 0.5, 0.8), (0.6, 0.8, 0.5)),d(v2)=((0.6, 0.8, 1.1),
(1.2,1.2,0.8)), d(v3) = ((0.6, 0.9, 1.1), (1.2, 1.2, 0.9)), dr(v1) = ((0.7, 0.9, 1.3), (0.9, 1.0, 0.7)), d+(v2) = ((0.9, 1.2, 1.6),
(1.5, 1.4, 1.0)), d+(vas) = ((0.9, 1.3, 1.6), (1.5, 1.4, 1.1)). Hence F is neitherintuitionisticmulti fuzzy regular graph nor
intuitionisticmulti fuzzy totally regular graph.

Theorem 2.22: If F = (A, B, f) is an intuitionisticmulti fuzzy (cy, c,)-totally regular graph with p-intuitionisticmulti
fuzzy vertices. Then 2S(F) + o(F) = p(cy, C,).

Proof: Assume that F is an intuitionisticmulti fuzzy (c;, c,)-totally regular graph with p-intuitionisticmulti fuzzy
vertices.

Then dr(v) = (C1,¢2) for all v in V implies that (d,(v) + pa(v), dy(v) + va(V)) = (C1, C) for all v in V which implies that
Cdu()+>pa(v), 2d,(W)+Yya(V))=(Cc1.x.c,) for all v in V which implies that (2S,,(F)+o0.(F), 2S,(F)+0,(F)) = (pc1, pcy)
for all v in V implies that (2S,(F), 2S5,(F)) + (0,(F), 0,(F)) = (pcs,pc,). Hence 25(F) + o(F) = p(cy, C2).

Theorem 2.23: If F = (A, B, f) is both intuitionisticmulti fuzzy k=(s, k)-regular graph and intuitionisticmulti fuzzy
¢ = (cy, Cy)-totally regular graph with p-intuitionisticmulti fuzzy vertices. Then o(F) = pc—pk.

Proof: Assume that F is intuitionisticmulti fuzzy k-regular graph with p-intuitionisticmulti fuzzy vertices. Then
2S(F) = pk. By theorem 2.22, 2S(F) + o(F) = pc implies that o(F) = pc—pk.
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