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ABSTRACT

In 2010, Tamilarasi and Megalai introduced a new class of algebras called as TM-algebras. In this paper, we discuss
the notion of An L-Fuzzy a-Supracontinuous in a- Supratopological TM-system.
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1. INTRODUTION

Recently in 2010, Tamilarasi and Megalai introduced a new class of algebras, called TM-algebras [12]. In their paper
they investigated the relationship between TM-algebras and other algebras.They claimed that the TM-algebra is a
generalization of BCH /BCK/BCI and Q algebras.

In 1965, L.A.Zadeh [14] introduced the notion of fuzzy sets, to evaluate the modern concept of uncertainty in real
physical world. In the notion of fuzzy sets, the boundaries are not crisp or sharp but flexible. In 1967, J.A.Goguen [8]
introduced the concept of L- fuzzy sets.

The theory of fuzzy topological spaces is developed by Chang [6], Wong [13], Lowen [9] and others. Mashhour et al
[10] introduced the concepts of supratopological spaces. In 1987 M.E.Abd EIl-Monsef and A.E.Ramadan [11]
introduced fuzzy supratopological spaces. R.Devi, S.Sampathkumar and M.Caldas [7] introduced supra a- open sets
and S a- continuous functions.

In [1], we studied Fuzzy Topological subsystem on a TM-algebra. In [2], we studied L- Fuzzy Topological TM-system.
In [3], we studied L- Fuzzy Topological TM-subsystem. In [4], [5] we studied Fuzzy Supratopological TM-system,
Fuzzy a-supracontinuous functions. In this paper, we discuss the notion of An L-fuzzy a-supracontinuous in
a-supratopological TM-system and investigate some simple properties.

2. PRELIMINARIES
In this section we recall some basic definitions that are required in the sequel.

Definition 2.1: Let X be a non-empty set. A mapping u: X — L is called an L-fuzzy set of X, where L is a complete
lattice, with sup 1 and inf 0.

Definition 2.2: Let A and B be any two fuzzy sets in a non-empty set X.
(1) The union of A and B denoted by, AUB is defined to be the L-Fuzzy set
(AUB)(X)=pa(X)Vpg(x) for all xeX.
(2) The intersection of A and B, denoted by, ANB is defined to be the L- fuzzy set
(ANB)(X)=pa(x)Aug(x) for all xeX.
(3) AcB = A(X)<(B)x for all xeX.
(4) The Complement of A is defined to be A’ (x) =1- A(x) for all xeX
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Definition 2.3: A lattice is a partially ordered set in which any two elements have a least upper bound and a greatest
lower bound.

Definition 2.4: A lattice L is called a complete lattice if every subset A={a.} of L has a sup denoted by 1= Va, and an
inf denoted by 0 = Aa,

Definition 2.5: A TM-Algebra (X,*, 0) is a non-empty set X with a constant 0 and a binary operation * satisfying the
following axioms;

(1) x*0=x

(2) (x*y)*(x*z)=z*y forall x,y, ze X

Definition 2.6: L — Fuzzy TM-Subalgebra
Let L be a complete lattice with sup 1 and inf 0. An L-fuzzy subset p of a TM-Algebra (X,*, 0) is called an L —fuzzy
TM-Subalgebra of X if, for all x,yeX, p(x*y) >u(x) AR(Y).

Definition 2.7: Let (X,*) be a TM Algebra. X is said to be a fuzzy Supratopological TM-system if there is a family T
of fuzzy subalgebras in X which satisfies the following conditions.

(1) ¢ XeT
(2) If AT for each i€l then U,A;€T where | is an indexing set
If X is a TM system with a fuzzy supratopology T, then (X, T) is called a fuzzy supratopolgical TM system and any

element in T is called a T-fuzzy supraopensubalgebra in X. The complement of T — fuzzy supraopensubalgebra in X is
called a T-fuzzy supraclosedsubalgebra.

Definition 2.8: Let f be a function from X to Y. Let o be a fuzzy set in Y. The inverse of function, £ is defined as
op-1(x) = a(f(x))forall xin X

Let u be a fuzzy set in X, satisfying supremum property. The image of u is defined as

sup {u(2)}, f~'isnotempty
wr) = {ZEf-lm Vy€eY
0 otherwise

Definition 2.9: Let (X,*) be a TM Algebra. Let (X, T) be a fuzzy supratopological TM-system. Consider a fuzzy
supraopensubalgebra p in (X, T). The fuzzy suprainterior TM-system of p is the union of all fuzzy
supraopensubalgebras contained in . It is denoted by SI(p).

Definition 2.10: Let (X,*) be a TM Algebra. Let (X, T) be a fuzzy supratopological TM-system. Consider a fuzzy
supraopensubalgebra p in (X, T). The fuzzy supraclosure TM-system of p is the intersection of all fuzzy
supraclosedsubalgebras contained in . It is denoted by SC(p).

Definition 2.11: [7] Let (X,T) be a fuzzy supratopological TM — system. If the L- fuzzy supraopensubalgebra [ in
(X, T) satisfics the condition W< SISCESI()) then it is called as fuzzy o — supraopensubalgebra in (X, T)

Definition 2.12: [5] Let (X, T) be a fuzzy supratopological TM — system. If every fuzzy supraopensubalgebra in (X, T)
isa fuzzy a—supraopensubalgebra then (X, T) is called a fuzzy a—supratopological TM — system and it is denoted by
(X, To).

3. AN L- FUZZY a- SUPRACONTINUOUS IN a-SUPRATOPOLOGICAL TM-SYSTEM

In this section we introduced the notion of an L-fuzzy a-supracontinuous in a-supratopological TM-system.

Definition 3.1: Let (X,*) be a TM Algebra. Let (X, L) be an L-fuzzy supratopological TM-system. Consider an
L- fuzzy supraopensubalgebra p in (X, Ly). An L — fuzzy suprainterior TM-system of W is the union of all an L—fuzzy
supraopensubalgebra contained in . It is denoted by LSI().

Definition 3.2: Let (X,*) be a TM — Algebra. Let (X, Ly) be an L- fuzzy supratopological TM — system. Consider an
L—fuzzy supraopensubalgebra p in (X, Ly). An L — fuzzy supraclosure TM — system of [ is the intersection of all an

L—fuzzy supraclosedsubalgebra containing . It is denoted by LSC(l).

Definition 3.3: Let (X,Lt) be an L — fuzzy supratopological TM — system. If the L- fuzzy supraopensubalgebra i in
(X, Ly) satisfics the condition W< LSILSC(LSI(W)) then it is called as L-fuzzy a — supraopensubalgebra in (X, Ly).
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Definition 3.4: Let (X, L) be an L- fuzzy supratopological TM — system. If every L — fuzzy supraopensubalgebra in
(X, Ly) is an L — fuzzy o — supraopensubalgebra then (X, L) is called an L — fuzzy o — supratopological TM — system
and it is denoted by (X, Lt).

Example 3.5: Consider the set X= {0, 1, 2, 3} with the following cayley table

0 2

w|N[k|of *
w|N ko
N[Ok~
Rlo|w|N
olw|N|w|w

Then (X, *) is a TM-algebra. Let L be a complete lattice with sup(L)=1 and inf(L) = 0.
Letty, t, t3, ty, ts€ L such that 0 <t; <t,<t3<t,<t5< 1. Let the L — fuzzy subalgebras |; : X—L,i=1, 2, 3,4,5, 6 be
given by

1 ifx=0
WX)={1 ifx=01w(X)=x1 if x=01ps(X)=} t3 ifx=1
ty ifx=23 ts ifx=23 t; ifx=23
1 ifx=01 1 ifx=0
u4(x):{0 if x = 2,3u5(x):{0 if x=0123 Me(X)=9 tz ifx=1
0 ifx=23

Then an L—fuzzy supratopology on X is Ly = {¢&, X, W, Hy, Mg, Ky, Mg, He }

Hence (X, Ly) is an L—fuzzy supratopological TM — system.

L-Fuzzy a — Supraopensubalgebras:

M1 < LSI(LSC(LSI(1)))=H2 [LSI(H1)=pa, LSC(Ms)=p' LSI(p'5)=}e]
H2 < LSI(LSC(LSI(H2)))=H2 [LSI(k2)=H1, LSC(H1)=p5 LSI(w'5)=}r]
Hs < LSI(LSC(LSI(H3)))=Hz [LSI(Hs)=He, LSC(Hs)=15, LSI(t5)=H]
Ha = LSI(LSC(LSI(Ma)))=H2 [LSI(Ma)=Hs, LSC(e)=p'5, LSI(1'5)=He]
Ms = LSI(LSC(LSI(Ms)))=Hs [LSI(Ms)=ps, LSC(s)=p,, LSI(p,)=Hs]
He < LSI(LSC(LSI(e)))=Hz [LSI(He)=Hs, LSC(Hs)=15, LSI(t5)=H]

Thus every L-fuzzy supraopensubalgebra in X is also an L — fuzzy o — superaopensubalgebra.
Hence an L—fuzzy supratopological TM-system (X, Lt) becomes an L—fuzzy o—supratopological TM-system (X, Lr,).

Definition 3.6: Let (X, Ly,) be an L- fuzzy o-supratopological TM-system. The complement of an L-fuzzy
a — supraopensubalgebra in (X, Ly,) is called an L- fuzzy a-supraclosedsubalgebra of X.

Definition 3.7: Let (X, Ly,), (Y, Ly,) be any two L- fuzzy a-supratopological TM-system. A mapping f: (X, L1,) —
(Y, Ly,) is called an L- fuzzy a-supracontinuous if the inverse image of each L- fuzzy o - supraopensubalgebra in Y is
an L- fuzzy a-supraopensubalgebra in X.

Example 3.8: Considet the set X={0, 1, 2, 3, 4} with the following Cayley table

WIN|P|IOO
RO~ WIN

WIN|FR(O|~|-

RO~ WINW

AIWINFRO| %

4 2
Then (X,*) is a TM-algebra. Let L be a complete lattice with supiil)

4
1
2
3
4
0

o

land inf#L) = 0.

Let the L- fuzzy subalgebras p; : X —L, i=1,2,3,4,5,6 be given by

1 ifx=0 1 ifx=0
W)= 2 ifx =1 w(X)=10 if x =0,1,23,4us(x)={ t3 if x=1
0 ifx=234 t; ifx=234
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1 ifx=0 1 ifx=0 t, ifx=0
Ma(X)=0 if x = 1,2,3,4us(X)=3t,  if x = 1,2,3,446(X)=40 if x=1234

Then the collection Ly,={ @ ,X, 1Mo Ha Ha Hs He}is an L-fuzzy a-Supratopology on X. Hence (X, Ly,) isan L - fuzzy
a- Supratopological TM-system.

Considet the set Y = {0,a,b,c} with the following Cayley table

*|0ja|b|c
0O|0ja|b|c
ala|0|c|b
b|b|c|0]a
c|lc|bla]oO

Then (Y, *) is a TM-algebra.. Let L be a complete lattice with supffL) = infifL) = 0.

Lett; t, ts t,€ L such that 0 <t;<t,<ty<t,<1.
Let the fuzzy subalgebrasc;: Y—L, i=1, 2, 3, 4, 5 be given by

( (
1 ify=0 !1 ify=0 !1 ify=0
oiy) =9ty if y =a,b,coyy)={ tz if y=b osly)=) t2 if y=0 o,y)={0 if y=0,a,b,cosly)= t3 if y=b
LO ify=a,c 0 ifx=a,b,c Ltl ify=a,c

Then the collection  Ly,={ ¢ ,X,61,02,03040s}is an L-fuzzy a-Supratopology on Y. Hence (Y, Ly,) isan L - fuzzy o-
Supratopological TM-system.

Let f: X — Y be the function given by, f(0) = 0, f(1) = b, f(2) = a, f(3) = c, f(4) = a.
op-1(x) = a(f (x)) forall x in X for any fuzzy subalgebrac in Y.
(00)f "(X) = Ms(x), (02" (X) = Ha(X), (03)r (%) = He(X), (0a)f (%) = Ha(X), (05) (X) = Ha(X), X € X.

Hence the inverse image of each L-fuzzya-supraopensubalgebra in Y isan L- fuzzya-supraopensubalgebra in X.
Hence the function f is L-fuzzy a-supracontinuous.

Theorem 3.9: Let (X, Ly, (Y, Ly, be any two L-fuzzy a-supratopological TM-systems. Every L-fuzzy o-
supracontinuous mapping from X to Y is an L- fuzzy supracontinuous mapping.

Proof: Let (X, Ly,), (Y, Ly,) be any two L-fuzzy a-supratopological TM-systems.
Let f:(X, Lto) — (Y, Ly,) be an L- fuzzy a-supracontinuous.

Let o ELycbe the subalgebra of L- fuzzy o — supraopensubalgebra in Y. Then f'(o) is an L- fuzzy o -
supraopensubalgebrain (X, Lr,).

Thus (o) is an L- fuzzy « - supraopensubalgebra in (X, Ly). Hence f is an L- fuzzy supracontinuous mapping.

Theorem 3.10: Let (X, Lg,), (Y, Ly,) be any two L- fuzzy a-supratopological TM-systems. f: (X, L) — (Y, Ly,) iS
an L- fuzzy a-supracontinuous mapping if and only if the inverse image of every L-fuzzy o — supraclosedsubalgebra in
Y is an L- fuzzy o — supraclosedsubalgebra in X.

Proof: Suppose the function f is an L- fuzzy a-supracontinuous mapping. That is the inverse image of each L- fuzzy o
—supraopensubalgebra in Y is an L-fuzzy o — supraopensubalgebra in X.

LetL, be the subalgebra of an L-fuzzy o — supraclosedsubalgebra in Y. Then L, is a fuzzy o — supraclosedsubalgebra
inU,.
By definition 2.9, L“f—l(u},)(x) = LUU;, (fx) = Ll_gya (fx)
=L _ X)=1L (x
1 cff_l(ua)( ) d(f_l(Ua)) ( )
:)Lf—l(uéc): L{f—l(Ua)}' y fOI‘ a” X in X.

Since f is an L-fuzzy a-supracontinuous mapping, the inverse image of each L-fuzzy o — supraclosedsubalgebra in Y is
an L-fuzzy o — supraclosedsubalgebra in X.
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Conversely, letL, € Ly, be the subalgebra of an L- fuzzy a — supraopensubalgebra in Y. Then by definition 2.9,

L(,f_lw)(x) =L, (f(x)) for all x in X.

Since the inverse image of each L- fuzzy a — supraclosedsubalgebra in Y is an L- fuzzy o — supraclosedsubalgebra in
X, the inverse image of each L-fuzzy o — supraopensubalgebra in Y is an L-fuzzy o — supraopensubalgebra in X.
Therefore the function fis L- fuzzy o — supracontinuous.

Theorem 3.11: Let (X, L), (Y, Ly,) be any two L-fuzzy a-supratopological TM-systems. If the function  f:
(X, Lto) —(Y, Ly,) isan L-fuzzy a-supracontinuous, then
a—LSC(f*(UL,)) = f*(a—LSC(L,)) foreveryL, € Ly,.

Proof: Let (X, L), (Y, Lu,) be any two L- fuzzy a-supratopological TM-systems. Let L, € Ly, ,L, € Ly be an L-
fuzzy a-supraopen subalgebras in XY respectively. Then L, L, are subalgebras of an L- fuzzy a-supraclosed
subalgebras in X,Y respectively.

Since the function f: (X, Lt)— (Y, Ly,) is an L- fuzzy a-supracontinuous, then the inverse image of each L-fuzzy a-
supraopen subalgebra in Y is an L-fuzzy a-supraopen subalgebrain X.
Thatis f~*(L,) = L,.
a—LSC(f~'(L,)) = a—LSC(L,)
= L#r
= (L")
=f 7 (a = LSC(Ly)).
Hence a — LSC(f(L,)) = f~'(a — LSC(L,)) forevery L, € Ly,.

Theorem 3.12: Let (X, Ly, (Y, Ly,) be any two L- fuzzy a-supratopological TM-systems. If the function
f:(X, Lto)—=(Y, Ly,) is an L- fuzzy a-supracontinuous, then

a—1SC(f(L,)) = fa—LSC(L,)).

Proof: Let(X, L), (Y, Lu,) be any two L- fuzzy a-supratopological TM-systems. Let L, € Ly, L € Ly, be the L-
a

fuzzy a-supraopen subalgebras in X,Y respectively.
Since the function f:(X, Ly,)—> (Y, Lu) is an L- fuzzy a-supracontinuous, f~*(L,) = L, =f(L,) = L,

By theorem 3.11, @ — LSC(f~*(L,)) = f~*(a — LSC(L,)).
= fl@a=LSC(f*(L))) = f(f (a—LSC(L,)).
= f(a—LSC(L,)) = a—LSC(L,).

= fla—1SC(L,)) = a—LSC(f(L,)).
Hence the theorem.

Theorem 3.13: Let (X, L), (Y, Lus) and (Z,Ly,) be any three L- fuzzy a-supratopological TM-systems. If the
functions f:(X, Lyo)—(Y, Lus) and g:(Y, Luy)— (Z Ly,)are an L-fuzzy a-supracontinuous, then gof : (X, Ly,)—
(Z,Ly,) isan L- fuzzy a-supracontinuous.

Proof: Let (X, L) (Y, L) and (Z, Ly, ) be any three L-fuzzy a-supratopological TM-systems.
LetL, € Ly, ,L, € Ly,, L, € Ly, be the subalgebras of L-fuzzy a-supraopen subalgebrasin X, Y, Z respectively.

Since the functions f, g are L- fuzzy a-supracontinuous, the inverse image of each L- fuzzy a-supraopen subalgebra in
Y is an L- fuzzy a-supraopen subalgebra in X.
Thatis f~'(L,) = L,.

Similarly, the inverse image of each L- fuzzy a-supraopen subalgebra in Z is an L- fuzzy a-supraopen subalgebra in
Y, g7\ (L) = L.
Then (gof)™"(L,) = (frog (L) = f (g7 (L))

= f~Y(L,)[Since g is an L-fuzzy a-supracontinuous].

Sincef ~1(L,) is an L-fuzzy o — supraopensubalgebra in X, (gof)~1(L,)is an L- fuzzy o — supraopensubalgebra in X.
Hence the function gof :(X, Lt,) — (Z,Ly, ) is an L- fuzzy a-supracontinuous.
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