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ABSTRACT 
The circular models based on the Rising Sun function are motivated by purely mathematical considerations as a 
smoothing function and possible application. This work takes a further step in this direction using several 
mathematical tools such as Real Analysis along with MATLAB and are applied to enlarge the horizon of Mathematical 
Statistics. Here an attempt is made to construct new circular model using the Rising Sun function on the Offset Pearson 
Type II model and both linear and circular representations of graphs of pdf are plotted using MATLAB. 
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1. INTRODUCTION 
 
The available methods of generating circular models are wrapping a linear model, offsetting a bivariate linear model 
and applying stereographic projection on a linear model. The Rising Sun function [Van Rooij and Schikoff (1982), 
p.10] smoothens the existing curve and many bumps disappear. This may lead to the effect of increasing the smoothing 
the curve in density estimation. Girija (2010) proposed a new method of generating circular model by using the Rising 
Sun function (RSF) and Radhika.et.al (2013) derived circular models based on the Rising Sun function motivated by 
the mathematical significance of the Rising Sun function behind the construction of circular models, here an attempt is 
made to construct a new circular model named The Rising Sun Offset Pearson Type II Model and various properties 
are discussed.  
 
2. CONSTRUCTION OF CIRCULAR MODELS USING THE RISING SUN FUNCTION 
 
The Circular Distribution [Jammalamadaka and Sengupta (2001)] is defined as under 
In the continuous case [ ): 0,  2g π →  is the probability density function of   a circular distribution if and only if g 

has the following basic properties  
• (g θ ) θ∀≥    ,0                                                                                                                    (2.1) 

• 
2

0

( ) 1g d
π

θ θ =∫                                                                                                                    (2.2) 
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• ( ) ( 2 )g g kθ θ π= +                                                                                                                                (2.3) 

for any integer k  (i.e., g is periodic ) (Mardia,1972)          
 
It may be noted that the circular distribution is a probability distribution whose total probability is concentrated on the 

unit circle { }(cos ,sin ) / 0 2θ θ θ π≤ <  in the plane which satisfies the properties (2.1) through (2.3).  
 
If ( )G θ  denotes the cdf of the r.v., the characteristic function of the circular model is given by 

( ) ( ) ( )
2

0

    tiit it
tt E e e dG e t

π
µθ θ

θϕ θ ρ= = = ∈∫ 

  
                                        (2.4) 

It is known that whenever ( )    1    , 0 2 =≠ it et πϕ  (Mardia 1972 p. 41). This suggests that the function ( )tϕ  should 

only be defined for integer values of t. accordingly the characteristic function ( ) pp ϕϕ =  is defined by  

( ) ( ) ( )     
2

0

pi
p

ipip edFeeEp µ
π

θθ
θ ρθϕ === ∫ p∈

                                                     
(2.5) 

Clearly, pp −== ϕϕϕ     ,10 . 
 
Trigonometric moments [Jammalamadaka and Sengupta (2001)] 
 
The value of the characteristic function pϕ  at an integer p is called the pth trigonometric moment of θ . The real and 

the imaginary parts of pϕ are denoted by pα  and pβ  respectively. We can also view these trigonometric moments 

in terms of  
( ),cos θα pEp = ( ),sin θβ pEp = ∈p  

  
The Rising Sun function (RSF) of a bounded function →],[: baf  is defined by   
 

{ }btxtfxf ≤≤=Θ :)(sup)(                               (2.6) 
 
It is easy to show that 

 when  f  is nonnegative then Θf is nonnegative 

 when  f  is continuous then Θf  is continuous 

 Θf is monotonically decreasing , hence Θf = f  when  f  is decreasing and Θf  is the smallest monotonically 

decreasing function such that Θf =  f. 

Imagine the Rising Sun on x – axis. Then ( ) ( ){ }2, :x y y f xΘ∈ ≥
 is illuminated by the sun whereas 

( ) ( ){ }2, :x y y f xΘ∈ <
 is covered by darkness. The set ( )( ) ( ) ( ){ }, :x f x f x f xΘ=  is the collection of 

those points of the graph of f  that receive light from the sun. 
 
If f is continuous on [a,b] then for any k in the range of fΘ , [ ] ( ){ }, :S x a b f x kΘ= ∈ =  is a closed and bounded 

interval  [Van Rooij and Schikoff (1982)].   
 

The Rising Sun Lemma 2.1: [Van Rooij and Schikoff (1982)]: Let [ ]: ,f a b →  be a continuous function. Then 

( ) ( ) ( ){ }, :E x a b f x f xΘ= ∈ >  is open. If ( ),α β  is a component of E then  

( ) ( ) ( ) ( )and for ,f f f f aβ β α α αΘ Θ= = ≠  and Θf is constant in that interval. 

The well known Lebesgue theorem is also proved using the Rising Sun function.  
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A new construction procedure of a class of Circular Models using RSF is obtained in the following theorem and 
an illustration is also included in this section. These distributions are named as ‘Rising Sun Circular models’.  
 
Theorem 2.2: [Girija (2010)]: If g is the pdf and G is the cdf of a random variable of a circular distribution then the 

Rising Sun function Θg , gives rise to the pdfgc of a circular model. The distribution function of gc is given by 

=cG

[ ]

[ ]

 1  1  1  1

 1  1

1
 ( ) ( ) ( )        for  

K
1

 g( )                                    for  
K

g G Gθ θ θ θ θ θ

θ θ θ θ

+ − <

≥





                                            (4.2.2)

 

 
Analogous to Theorem 2.1 the Rising Sun lemma for circular data is presented as follows 
 
The Circular Rising Sun Lemma 2.3 [Radhika et al (2013)]: Let [ ]: 0, 2g π →  be a continuous function. Then 

( ) ( ) ( ){ }0,2 :E g gθ π θ θΘ= ∈ >  is open. If ( ),α β  is a component of E then 

( ) ( ) ( ) ( )and for 0,g g g gβ β α α αΘ Θ= = ≠  and gΘ is constant in that interval. cg is the normalized 

function of gΘ , hence β  represents the mode of the circular model at which both gΘ and cg   have maximum value.  

Hence component of cg as well as gΘ  is (0, β  ) and cg is the pdf of circular model known as Rising Sun circular 
model. 
 
3. THE RISING SUN OFFSET PEARSON TYPE II MODEL 
 
The Offset Pearson Type II (OP-II) distribution is derived from the Bivariate Pearson Type II distribution 
[Balakrishnan and Chin (2008), p. 371]. Radhika et.al (2013) derived the Offset Pearson Type II model. 
 
The pdf ( ) ( )and  cdfg Gθ θ  of the Offset Pearson Type II model for the Bivariate Pearson Type II distribution with 

parameters q> 1 and where 1ρ ρ <  are respectively given by 

( )
( )

[ )
21

where 0,2
2 1 sin 2

g
ρ

θ θ π
π ρ θ

−
= ∈

−
                                                       (3.1) 

and 

( )

1 1
2 2

1 1
2 2

1 1
2 2

1 tantan tan , 0,
2 21 1

1 tan 3tan tan , ,
2 2 21 1

1 tan2 tan tan
2 1 1

G

θ ρ ρ πθ
π ρ ρ

θ ρ ρ π πθ π θ
π ρ ρ

θ ρ ρπ
π ρ ρ

− −

− −

− −

  − −    − ∈          − −     
  − −    = + − ∈          − −     

 − −    + −       − −    

3, ,2
2
πθ π










   ∈     

.            (3.2) 

 
The Rising Sun function of the Offset Pearson Type II distribution is defined as 

( )( )

( ) [ )
2

( ) Sup : 2

11Sup where 0,2 : 2
2 1 sin 2

g g t t

t
t

θ θ π

ρ
θ π θ π

π ρ

Θ = ≤ <

 −
 = ∈ ≤ <
 − 

                 (3.3) 
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Normalizing this function with the constant K1 =
2

0

( )  g d
π

θ θΘ∫   the pdf of the Rising Sun Offset Pearson Type II 

distribution (RSOP-II) is obtained.  
 

( )
( ) [ )

2

0

2

Sup

( )  

11 where 0,2 : 2
2 1 sin 2

cg
g d

t
t

π
θ

θ θ

ρ
θ π θ π

π ρ

Θ

=

 − ∈ ≤ <
 − 

∫
 

(3.4) 

The graphs of pdfof the Rising Sun Offset Pearson Type II distribution (RSOP-II) are plotted and population 
characteristics are studied using MATLAB.

 

 
Graph of pdf of RSOP-II (Linear Representation) 

 
 

Graph of pdf of RSOP-II (Circular Representation) 
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