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ABSTRACT

This paper considers the seemingly unrelated regressions (SUR) model when the errors are first-order serially
correlated as well as the explanatory variables are highly correlated. We proposed new ridge estimators for this model
under these conditions. Moreover, the performance of the classical (Zellner’s and Parks’) estimators and the proposed
(ridge) estimators has been examined by a Monte Carlo simulation study. The results indicated that the proposed
estimators are efficient and reliable than the classical estimators.

Keywords: Biased estimators; GLS estimation method; Multicollinearity; Parks® SUR model; Seemingly unrelated
regressions model; Zellner’s SUR model.

1. INTRODUCTION

The SUR model has been proposed by Zellner (1962) under the assumption that the errors of the model are related by
contemporaneous correlation. Then, Parks (1967) developed this model by assume that the errors are related by both
serial and contemporaneous correlation. But the two models assume that the explanatory variables in the model are
independent. But this assumption is very hard in empirical work, because most empirical datasets contain the correlated
explanatory variables. This problem defined in econometrics literature with the multicollinearity problem. This problem
arises in situations when the explanatory variables are highly inter-correlated. Then it becomes difficult to disentangle
the separate effects of each of the explanatory variables on the dependent variable. As a result, the estimated
coefficients may be statistically insignificant and/or have, unexpectedly, different signs. Thus, conducting a meaningful
statistical inference would be difficult for the researcher.

To solve the multicollinearity problem in Zellner’s SUR model, Srivastava and Giles (1987) proposed the general ridge
estimator for this model.! Also several ridge estimators are proposed and compared by Alkhamisi and Shukur (2008)
and Rana and Al Amin (2015). However, these papers not provided any solution of the multicollinearity problem for
the SUR model under Parks’ assumption. Therefore, in this paper, we develop the ridge estimators for Parks’ SUR
model.

This paper is organized as follows. Section 2 presents a background about Parks” SUR model. The proposed ridge
estimators of this model are provided in Section 3. While in Section 4, a simulation study is conducted to investigate
the performance of the proposed estimators. Finally, Section 5 offers the concluding remarks.
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YIn general, the ridge estimator was first proposed by Hoerl and Kennard (1970a,b), and later followed by many
papers, such as Saleh and Kibria (1993), Kibria (2003), and Alkhamisi et al. (2006). Also, in many empirical applications
across the different fields, the ridge estimators are used to get more efficient estimation than the classical estimation,
see for example, Locking et al. (2013) and Rady et al. (2018).
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2. PARKS’ SUR MODEL
Consider the following SUR model, with m regression equations:
Yy _ X B U 1)
mnx1l mnXKKx1 mnxl1
where Y = (y1, ..., ¥y)" is the vector of endogenous variable, and X = diag[X;]; with X; (fori = 1, ...,m) is the matrix
of the exogenous variables of equation number i with dimension n X k;, and B is the vector of the parameters with
K =Y k;, while U = (uy, ..., uy,)" is the errors vector.

Assumptions:
Al:u; = pu; 4 + ¢ for all i =1,..,m, whrere u; _, is the first lag vector of u;, and p; is the first-order serial
correlation coefficient; where —1 < p; < 1.

A2:E(uy, ..., up) =EWU) =0,E(g,...,em) = E(e) = 0,and Cov(U,&) =0

0'11V1 0-12111 O-lmln
A3: Cov(U) = E(UU") = 02:1 n 022: 2 0‘2_(:'1 - q
Umlln O'mzlzn oee O-m‘rfl[/m
1 Pi P vee pz’l
where V; = —| P 1 pi P!
1—Pi
pl?l_l pf_z pl:n_3 1

A4: X is non-stochastic matrix, cov(X, &) = 0, and cov(X,U) = 0.
A5: X is full column rank matrix, i.e., rank(X) = K

Under these assumptions, we can apply the generalized least squares (GLS) method on equation (1) to estimate B:
By = (X'Q7'X)7'X'Q7'Y, and MSE(Bp ) = (X'Q71X)71.

The model above with these assumptions is discussed by Parks (1967). But if V; = I,,;, we will back to Zellner’s SUR
model, and then Zellner’s estimator is

B, = [X'C7'®L)X]'X'(Z7'®I,)Y, and MSE(B;) = [X'C'®L,)X]™, @)
011 012 = Oim

Where 3 = 021 O3 - Om
Om1 Om2 *° Omm

3. PROPOSED RIDGE ESTIMATORS

In this paper, we develop the ridge estimation of the Parks’ model, to solve the multicollinearity problem. The ridge
estimator of this model and MSE of it are given by:
Brp = (X'Q7X + R)IX'Q7YY;

MSE(Bgp) = (X'Q7'X + )" 1(X'Q™*X + RBB'R)(X'Q'X + R) ™, 3
where R isa K x K matrix with nonnegative elements:
R, 0 - 0
R= O R:Z 0 swith R; = diag{ryy, ., 7y, }Vi=1,..,m
0 0 - R,

The canonical version of model (1) is given by:
Y*=Za+ U~ 4)

where Y*=Q Y2y |, U*=Q7Y20 , Z=X"® with X*=Q"Y2X and & eigenvectors of (X*'X*), then
ZZ O'X'X*®d =A, where A the eigenvalues of (X*X*). The corresponding GLS estimator of (4) is
= (Z Z)™1Z'y*. Srivastava and Giles (1987) and Firinguetti (1997) proved that the optimum elements of R are

fij = o i=1,...m;j =1,..,k; if and only if the following conditions are holds: a¢’'Aa < 1and a'R a < 2. Note
]
that if R = rlI then these conditions are reduced to one condition: 0 < r < (2/a’a).
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In this paper, we propose new ridge estimators of this model basing on the following ridge parameters:

1- The median of r;; that proposed by Kibria (2003) for single equation version and Alkhamisi and Shukur
(2008) developed it for SUR model:

7;j(SK) = median (aiz) .

i
2-  The max of r;; that proposed by Alkhamisi and Shukur (2008):
7;j(AS) = max (aiz) .

ij
3- Let K = K/m, we suggest using the following ridge parameters:
o n 1/Kr . 1/K
T'”(neW1) = [T'”(SK)] [T'U(AS)] )

fij(new2) = [sum (aiiz')]lﬂ( [ﬁ-]-(AS)]l/E.

Since By estimator still involves the unknown parameters, therefore it needs to estimate these parameters to make this
estimator feasible. We suggest using the following consistent estimators:?

ala

5 Drep Wil ~ 2les ,
="=0=——2— and 6, =———~——Vi=s=1,..,m
pi te2 8y T (n-kp /2 (n—ks)1/? re T

where ; = (@, ..., U;,)" is the residuals vector obtained from applying OLS on equation number i ,
A (& A N ~2 Ao A~ _
& = (&1, s €i)s € = U1 —p7,and &, = 0y — p; U4 fort=2,..,n.

Proposed Estimator

Parks’ (1967) Estimator R=Ix& Srivastava and Giles
(1987) Estimator

L N Zellner’s (1962) g
/ Estimator %’—

"

Figure-1: The transformations from the proposed estimator to other estimator

Figure 1 shows that the proposed estimator is a general estimator of three estimators (Srivastava and Giles (1987),
Parks’, and Zellner’s estimators). In other words, we can say that these estimators are special cases of the proposed
estimator.

4. MONTE CARLO SIMULATION STUDY

In this section, we conduct a comparative study between the classical (Parks’ and Zellner’s) estimators and the four
ridge estimators (SK, AS, newl, and new2) through the Monte Carlo simulation study. In our simulation study, Monte
Carlo experiments were performed based on the model in (1). To investigate the performance of these estimators in
differegnt situations, we will use different simulation factors as show in Table 1. R software is used to perform this
study.

> The properties of these estimators are studied by Parks (1967).
* For using R software to create the Monte Carlo simulation studies, see Abonazel (2018)
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To judge the performance of six estimators, the total mean squared error (TMSE) criterion is used:
A 1 A 15
TMSE(B) = © Zi1(B = B)' (B — B),
where B, is the vector of estimated values at [t* experiment of L = 1000 Monte Carlo experiments, while g is the
vector of true coefficients.

Table-1: The simulation factors of our study

Simulation factor Levels

The number of parameters (B) in each equation (without

intercept) k;=40r6
The number of equations (m) m=2,4,0r6
The true values of B (as Mansson and Shukur, 2011 and B'B =1and
KaCiranlar and Dawoud, 2018) Bi=-=PBm

The sample size in each equation (n) n =95 50. 75 or 100

The explanatory variables: X~MVN(1, Zy), where diag
(Z,) = 1 and off-diag (Z,) = p, (as Alkhamisi and

Shukur, 2008 and Abonazel and Farghali, 2018) p, = .90, .95, or .99
The error term: U~MVN(0,Q), where a;; =1, 0 =
80Vi*s;,i=s=1,..,m,andp;is p; =p=.750r.90

The results are given in Tables 2-7. Specifically, Tables 2, 4, and 6 present the TMSE values of the estimators when
k; = 4, while case of k; = 6 is presented in Tables 3, 5, and 7. From Tables 2-7, we can summarize some effects for all
estimators in the following points:

e Ifthe value of n is increased, the values of TMSE are decreasing for all simulation situations.

e If the values of m and p are increased, the values of TMSE are increasing in all situations.
However, if the values of k;, p,,and p are increased, the TMSE values of Parks’ and Zellner’s estimators are increased
more than ridge estimators. In other words, the ridge estimators are efficient than Parks’ and Zellner’s estimators.
Specifically, the new?2 estimator is the best estimator because it has minimum TMSE in all simulation situations.

5. CONCLUSION

In this paper, we developed new ridge estimators for SUR model when there are high inter-correlations between the
explanatory variables as well as the errors are serially correlated. A Monte Carlo simulation study was conducted to
evaluate the performance of the classical estimators and different ridge estimators. The simulation results indicated that
the ridge estimators are efficient than classical estimators in all situations. Moreover, the ridge estimators which based
on the proposed parameters 7;;(new1) and 7;;(new2) are more efficient than other ridge estimators. And the new2
estimator is the best ridge estimator for this model.

Table-2: TMSE values for the different estimators when m = 2 and k; = 4
n GLS estimators Ridge estimators
Zellner  Parks SK AS newl  new2
p=.75p, =90
25 3.3093 2.8132 0.5662 0.4290 0.4107 0.2434
50 1.9638 0.8717 0.1898 0.4322 0.1995 0.1365

75 1.4756 0.8921 0.2873 0.4425 0.2978 0.2187
100 0.7433 0.5846 0.1850 0.4023 0.2111 0.1444
p=.75p, =95
25 10.5349 6.8406 0.6441 0.3898 0.3819 0.2005
50 3.2643  2.4891 0.4964 0.3292 0.3774 0.1977
75 1.9457 15986 0.3309 0.3485 0.2808 0.1617
100 1.7389 1.0083 0.2293 0.3833 0.2359 0.1537
p=.75p, =99
25 645727 29.0269 1.1529 0.2699 0.3252 0.1682
50 14.9609 15.3605 1.5979 0.2907 0.4549 0.1938
75 10.6514 6.8152 0.7066 0.2744 0.3761 0.2069

100 5.4922 4.0121 0.5068 0.2736 0.2491 0.1095
p=.90p, =90

25 6.9896 8.7574 1.2625 0.4675 0.6063 0.3352

50 7.3234  2.2401 0.4410 0.4503 0.3603 0.2265

75 52763 1.8146 0.4578 0.4246 0.4092 0.2603
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100 1.6578 1.0216 0.2294 0.4804 0.2302 0.1695
p=.90,p, =.95
25 17.3703 13.4405 1.3889 0.4474 0.5614 0.3325

50 7.2449  3.5487 0.4274 0.4183 0.2965 0.1898
75 47687  2.1814 0.3775 0.4086 0.2872 0.1822
100 6.4977 1.7847 0.3213 0.3787 0.2833 0.1820

p=.90p, =99
25 76.2155 40.0421 22786 0.3703 0.5024 0.2536
50 35.1001 15.7828 0.8277 0.2770 0.3008 0.1646
75 249208 20.3456 2.1830 0.3659 0.6939 0.3422
100 37.7388 7.9543 0.6389 0.2339 0.2798 0.1299

Table-3: TMSE values for the different estimators whenm = 2 and k; = 6
n GLS estimators Ridge estimators
Zellner  Parks SK AS  newl new?2
p=.75p,=.90

25 6.0869 4.9353 0.4805 0.4744 0.5549 0.2602
50 21677 1.6487 0.2374 0.4843 0.4070 0.2136
75 21376 1.6900 0.3605 0.4338 0.5612 0.3078
100 1.1635 0.8936 0.1945 0.4622 0.3883 0.2320

p=.75p,=.95
25 18.8283 10.7105 1.4818 0.3611 1.0309 0.4630

50 8.0270  5.0371 0.6325 0.3790 0.6987 0.3335
75 3.9324 29416 0.5416 0.3878 0.6590 0.3314
100 2.8857 15957 0.2380 0.4277 0.4339 0.2247

p=.75p,=.99
25 80.0961 50.8054 4.8144 0.3225 1.0006 0.4121
50 23.0518 21.7883 1.9871 0.2899 0.7741 0.3087
75 33.2683 12.1523 1.0189 0.2484 0.6152 0.2440

100 16.0482 7.0348 0.6724 0.2693 0.5094 0.1950
p=.90p,=.90
25 22,7738 17.0336 2.4325 0.5397 1.3022 0.6262

50 10.0682  6.0696 0.7376 0.5305 0.7956 0.3895
75 6.2711 3.0931 0.5817 0.5007 0.7453 0.4126
100 32779 13125 0.1958 0.5475 0.3745 0.2122

p=.90,p, =.95
25 26.8653 22.1972 1.2221 0.4851 0.6291 0.2887

50 12,8952 6.6694 0.6216 0.4551 0.5674 0.2573
75 9.9596 9.5709 16845 0.3875 1.2132 0.5635
100 6.1629  3.0764 0.3267 0.4544 0.4918 0.2307

p=.90p, =99
25 136.6920 92.4660 6.9209 0.4154 0.9572 0.4599

50 52.7980 28.2602 1.2997 0.2877 0.4473 0.1843
75 43.6389 24.2276 1.7502 0.2691 0.6378 0.2645
100 26.2401 16.3303 1.2590 0.2946 0.5539 0.2267
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Table-4: TMSE values for the different estimators when m = 4 and k; = 4
n GLS estimators Ridge estimators
Zellner Parks SK AS  newl new2
p=.75p, =90
25 7.0932 5.4229 0.6376 0.6180 0.4221 0.2427
50 2.7313 1.8013 0.2767 0.6812 0.2699 0.1900

75 2.4684 1.6725 0.3218 0.6406 0.3099 0.1996
100 1.3302 0.6680 0.0903 0.7315 0.1246 0.1242
p=.75p,=.95
25 20.7810 15.8471 1.3541 0.5581 0.5878 0.2783
50 5.5935 3.6247 0.4217 0.5929 0.3089 0.1707
75 6.6071 4.7564 0.6663 0.5255 0.4559 0.2136
100 2.1297 1.2059 0.1279 0.6167 0.1536 0.1091
p=.75p, =99
25 113.6974 95.0786 7.8941 0.4621 0.8608 0.3342
50 25.9463 16.9079 0.7986 0.4420 0.2752 0.1318
75 27.6831 16.4686 0.9874 0.3851 0.3463 0.1339

100 9.3053 55652 0.3359 0.5057 0.1669 0.0846

p=.90,p,=.90
25 15.8385 11.3784 1.3109 0.6949 0.7106 0.4109
50 6.2572 2.9468 0.3763 0.7426 0.3202 0.2751
75 7.1595 2.7141 0.4380 0.6666 0.3467 0.2228
100 3.4778 1.2267 0.1622 0.7427 0.1786 0.1834
p=.90,p, =.95
25 42.7804 23.5079 1.8264 0.6190 0.6827 0.3665
50 11.3087 5.6150 0.5294 0.6180 0.3570 0.2307
75 11.3110 5.6140 0.7155 0.6171 0.4577 0.2646
100 5.2760 21381 0.2182 0.6520 0.1989 0.1549
p=.90,p,=.99
25 173.9707 105.3340 4.8775 0.4448 0.5924 0.2755
50 51.3406  23.0601 0.9171 0.5306 0.3147 0.2129
75 547160 24.7351 1.4043 0.4557 0.3935 0.2078
100  19.0941 9.1932 0.4137 0.5390 0.2216 0.1566
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Table-5: TMSE values for the different estimators whenm = 4 and k; = 6
n GLS estimators Ridge estimators
Zellner Parks SK AS  newl new?2
p=.75p, =90
25 16.8465 13.1986 1.0562 0.6676 0.9840 0.3417
50 4.6038 3.4177 0.3246 0.7259 0.6209 0.2279

75 3.7594 3.2273 0.4822 0.7142 0.7731 0.3087
100 1.7489 1.1432 0.1022 0.7779 0.3624 0.1579
p=.75p, =95
25 36.5553  25.6178  2.2447 0.5874 1.2485 0.3990
50 10.8707 8.8997 0.8008 0.6222 0.8868 0.3196
75 7.4498 5.8000 0.6238 0.6173 0.8033 0.2815
100 3.5236 1.8671 0.1404 0.7208 0.4102 0.1541
p=.75p, =99
25 169.7513 150.4132 9.8967 0.4188 1.1344 0.2985
50 55.0262  38.1009 1.5649 0.4687 0.6665 0.1833
75 38.6596  31.7640 2.5263 0.4106 1.0364 0.2811

100 17.5981 10.3540 0.5447 0.5344 0.5054 0.1225
p=.90p, =90
25 419803 22.4930 1.9984 0.7424 1.2546 0.4909
50 11.2528 4.8031 0.4819 0.8075 0.6931 0.3232
75 6.7004 45999 0.5688 0.7442 0.7907 0.3618
100 4.1897 1.6760 0.1359 0.8086 0.3526 0.1524
p=.90,p, =95
25 67.5143 724064 5.5347 0.6184 1.6124 0.5655
50 19.8076  10.2837 0.6387 0.7189 0.6434 0.2393
75 15.8237 10.0435 1.0654 0.6136 0.9662 0.3661
100 8.2728 2.7418 0.1579 0.7359 0.3676 0.1346
p=.90p, =99
25 4924736 270.4675 18.6617 0.4949 1.0279 0.3705
50 130.6941 46.6131 1.5592 0.5094 0.5434 0.1714
75 99.9280 35.1452  1.3777 0.4972 0.5260 0.1627
100 42.6739 20.6565 0.8736 0.5207 0.5462 0.1520
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Table-6: TMSE values for the different estimators when m = 6 and k; = 4
n GLS estimators Ridge estimators
Zellner Parks SK AS  newl new?2
p=.75p, =90
25 13.1908 9.3313 0.9860 0.7433 0.5123 0.2598
50 41172 2.3364 0.2908 0.8153 0.2747 0.2332

75 2.4507 1.1278 0.1460 0.8166 0.1754 0.1759
100 1.9554 1.0619 0.1622 0.7737 0.1971 0.1535
p=.75p, =95
25 41.2118 30.5880 3.2372 0.6794 0.8124 0.3095
50 8.1734 4.3377 0.3959 0.7029 0.2801 0.1620
75 4.8312 24020 0.2178 0.7478 0.2061 0.1556
100 4.1129 2.2568 0.2517 0.7152 0.2349 0.1464
p=.75p, =99

25 1275892 989370 53107 0.5734 0.6111 0.2635
50 413215 25.0368 0.9554 0.5450 0.2801 0.1258
75 221921 121928 0.5790 0.5915 0.2004 0.0887

100 16.7432 9.3874 0.5003 0.5712 0.2275 0.1115
p=.90p, =90
25 37.9816  19.5995 1.5264 0.7903 0.7251 0.4153
50 10.5094 4.3923 0.4768 0.8169 0.3684 0.3001
75 6.0622 1.7671 0.1880 0.8502 0.1949 0.2428
100 5.3421 1.7021 0.2544 0.8174 0.2505 0.2270
p=.90,p, =95
25 54.0946  31.5410 2.3574 0.7735 0.8462 0.4899
50 17.1570 6.6839 0.4138 0.7620 0.2668 0.2371
75 15.9178 46703 0.3030 0.7567 0.2340 0.1910
100 11.4185 3.2598 0.3106 0.7554 0.2568 0.2030
p=.90p, =99
25  447.2925 245.7928 12.6826 0.6118 0.7526 0.3805
50 76.3002 32.6852 0.8465 0.6340 0.3093 0.2282
75 53.2714  15.2228 0.4093 0.6560 0.1846 0.1642
100 49.6410 14.2505 0.4808 0.5930 0.2342 0.1640
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Table-7: TMSE values for the different estimators whenm = 6 and k; = 6
n GLS estimators Ridge estimators
Zellner Parks SK AS  newl new?2
p=.75p, =90
25 23.5063 17.8416 1.2763 0.7880 1.2509 0.3610
50 8.2999 47767 0.4063 0.8438 0.7827 0.2695

75 4.4318 2.2069 0.1833 0.8652 0.5262 0.1872
100 3.9531 2.0619 0.2135 0.8251 0.5929 0.2216
p=.75p, =95
25 64.7327 52.2059 4.1619 0.7294 1.8123 0.4940
50 17.4715 9.9942 0.7164 0.7382 0.9191 0.2613
75 7.4082 41413 0.2701 0.8049 0.6118 0.1781
100 7.8235 4.0963 0.3471 0.7642 0.7084 0.2102
p=.75p, =99
25 330.3648 245.4258 11.0351 0.6163 1.1191 0.2919
50 80.5724  48.9693 2.2113 0.6169 0.8576 0.1929
75 40.1462  20.8563 0.8985 0.6257 0.6670 0.1408

100 38.7441 19.6973 1.1073 0.5804 0.8298 0.1753
p=.90p, =90
25 56.9650 36.1794 3.3353 0.8242 1.9120 0.6542
50 21.8188 10.5090 0.7616 0.8405 0.9688 0.3395
75 10.9613 3.9171 0.2821 0.8793 0.5785 0.2293
100 9.2270 2.9419 0.2515 0.8748 0.5663 0.2257
p=.90,p, =95
25 1179301 70.2598 3.6470 0.7898 1.3298 0.4357
50 39.7162 17.3205 0.7861 0.7818 0.7812 0.2409
75 17.7821 56742 0.2749 0.8510 0.5013 0.1763
100  15.9975 5.0113 0.2991 0.7953 0.5590 0.1758
p=.90p, =99
25 535.6719 277.0767 14.1436 0.5895 1.1646 0.3146
50 271.4577 92.6541 2.5172 0.6084 0.6868 0.1785
75 93.6418 31.1750 0.8587 0.6557 0.5084 0.1284
100 68.2881 25.6952 0.9064 0.6249 0.6197 0.1820
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