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ABSTRACT 
In this work, we derive a new two parameter continuous log-logistic distribution with a strong motivation and wide 
applications. The new model is constructed using the zero truncated Poisson distribution. Some of the fundamental 
properties of the new model are derived. Four applications to real data sets are provided for illustrating the wide 
applicability of the new model. The new two parameter model is the best among other ten competitive models which 
have two parameters or more. We estimated the unknown parameters via the method of maximum likelihood. The new 
log-logistic model provides the small values for AIC, BIC, CAIC and HQIC. 
 
Keywords: Burr XII Distribution; Log-Logistic Distribution; Maximum Likelihood; Generating Function; Moments; 
Zero Truncated Poisson. 
 
 
1. INTRODUCTION AND PHYSICAL MOTIVATION 
 
Consider the well-known two parameter ( ba, ) lifetime Burr XII (BrXII) model with cumulative distribution function 
(CDF) 

( ) ,11),;(BrXII
baxbax −

+−=G                                                                  
when  1b =   the BrXII reduces to the one parameter Log-Logistic (LL) model with CDF  

( ) 1

LL ( ; ) 1 1 ,ax a x
−

= − +G                                                                                                             (1)                

where a  dominate the shape of the model. The corresponding probability density function (PDF) of (1) is given by 

( ) 21
LL ( ; ) 1 .a ax a ax x

−−= +g                                                                                                           (2) 

 
Following Yousof et al. (2016), we can define the Rayleigh Log-Logistic (RLL) with the CDF given by 

2

RLL ( ; ) 1 ,
axH x a −−= e                                                                                                                    (3) 

 
Suppose a system has N subsystems functioning independently at a given time t  where N  has the well-known zero 
truncated Poisson (ZTP) distribution with parameter λ . The probability mass function (PMF) of N  is given by 

( ) ( ) ( ) ( )ZTP 1,2,...| ,
! 1

n

np N n
n

λ
λ

λ

λ−

=−
= =

− +
e
e

                                                                                        (4) 

For the ZTP random variable (r.v.), the expected value E ( | )N λ and the variance ( | )Var N λ are given by  

( )( | ) / 1N λλ λ −= − +E e  

and  
22

( | ) ,
1 1

Var N λ λ

λ λ λλ − −

+  = −  − + − + e e  
respectively. Suppose that the failure time of each subsystem has the RLL. Let iY  denote the failure time of the ith 
subsystem and let  

1 2min{ , , , },NX Y Y Y=   
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then the conditional CDF of  X given N is 

( ) ( ) [ ]RLL| 1 Pr | 1 1 ( ; ) .NF x N X x N H x a= − > = − −  
Therefore, the new model called the Poisson RLL (PRLL) with CDF can be expressed as 
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with the corresponding PDF as 
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The PRLL density can be left-skewed, right-skewed, unimodal and symmetric (see Figure 1 (a)), whereas the PRLL 
HRF can be upside down then bathtub or upside down or increasing or upside down then increasing (see Figure 1 (b)). 
 
Some useful extensions of the LL model can be found in Brito et al. (2017), Merovci et al. (2017), Hamedani et al. 
(2017), Cordeiro et al. (2018), Hamedani et al. (2018), Korkmaz et al. (2018), Ibrahim (2019), Hamedani et al. (2019), 
Aboray and Butt (2019), Korkmaz et al. (2019) and Yousof et al. (2019). 
  
2. MATHEMATICAL PROPERTIES 
 
Useful expansions 
After some algebra the PDF in (6) can be expressed as 
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is the LL density with parameters a  and ( )1 r+ . Similarly, the CDF of the PRLL can also be expressed as 

( ),
PRLL LL

0

( ) ( ; ,1 ),a
r

r

F x x a rλ υ
∞

=

= +∑ G  

where  

( ) ( )1

LL ( ; ,1 ) 1 1
rax a r x

− +
+ = − +G  

is the LL CDF with parameters a  and  ( )1 r+  . 
 
Quantile and random number generation 
The quantile function (QF) of  ,X  where X ∼  PRLL ( , ),aλ  is obtained by inverting (5) as  

( ) ( )
1

21ln 1 ln 1 1 .
a

Q u u λ

λ
−   = − + − − +     

e  

Simulating the PRLL r.v. is straightforward. If U is a uniform variate on the unit interval (0,1), then the r.v.  

( )X Q U=  follows (5). 
 
Moments 
The ( )thr ordinary moment of X , say rµ

′ , follows from (7) as 

( ) ( ) ( )( ) ( )
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Taking 1n = in (8) gives the mean of X . The mean of X is calculated numerically for some selected values of 

parameters using equation (8) and results are presented in Table 1. The  ( )thn  incomplete moment of X  is defined by  
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t r
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we can write from (7)  
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are the beta and the incomplete beta functions of the second type, respectively.  
 
The moment generating function (MGF) 

The MGF of   ,  say  ( ) ( )expXM t tX=   E  , can be obtained via (7) 
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where ( )( ); , 1XM t a r+   is the MGF of the BrXII distribution with parameters a ,  ( )1 r+  . Paranaíba et al. (2011) 

derived a simple way for getting MGF of the three parameter BrXII model. Similarly the MGF, say  ( ); ,XM t aλ  , of 

the PRLL ( ,aλ ) model.  ∀ 0t < , we can write  
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Next, we require the Meijer G function defined by 

( )
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where  ( )
1
21i = −  is the complex unit and  ( )L  denotes the integration path (see Gradshteyn and Ryzhik, 2000, Sec. 

9.3). The Meijer G-function contains as particular cases many integrals with elementary and special functions (et al., 
1986). We now assume that a 1 /m b= , where 1m  and b are positive integers. This condition is not restrictive since 
every positive real number can be approximated by a rational number. We have the following result, which holds for  

1m   and  b   positive integers, µ 1> −  and  0p >   (et al., 1992, p. 21),  
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So, the MGF of  X   can be expressed as 
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Numerical analysis for mean, skewness and kurtosis of the PRLL distribution 
The skewness (Skew) and kurtosis (Kurt) measures can be calculated from the ordinary moments using well-known 
relationships. The mean, variance, skew and kurt of the PRLL distribution are computed numerically for some selected 
values of parameter λ and a  using the R software. From Table 1, we conclude that: 

1. The skew of the PRLL distribution is always positive. 
2. The kurtosis of the PRLL distribution can be less than 3 and more than 3. 
3. The mean of X increases as λ  increases. 
4. The mean of X decreases as a  decreases. 
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3. PARAMETER ESTIMATION 
 
Consider the estimation of the unknown parameters ( ,aλ ) of the PRLL model from the complete samples by 

maximum likelihood (ML) method. Suppose that 1, , nx x   be a random sample from the PRLL model with parameter 

vector Ξ =  ( ,aλ ) τ . The log-likelihood function ( ( )n Ξ ) for Ξ  is given by 

( ) ( )
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where  1 a
i is x= +  and ( )2exp 1 .i iz s = − −    The above ( )n Ξ  can be maximized numerically via SAS (PROC 

NLMIXED) or R (optim) or Ox program (via sub-routine MaxBFGS), among others. The components of the score 

vector ( ) ( )?( ) ( ),n n
aλ

∂ Ξ ∂ Ξ∂
∂Ξ ∂ ∂Θ = =U  

  are easily to be derived. 
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4. APPLICATIONS 
 
We provide four applications to illustrate the importance, potentiality and flexibility of the PRLL model. For these data, 
we compare the PRLL distribution, with BrXII, Marshall-Olkin BrXII (MOBrXII), Topp Leone BrXII (TLBrXII), 
Zografos-Balakrishnan BrXII (ZBBrXII), Five Parameters beta BrXII (FBBrXII), BBrXII, B exponentiated BrXII 
(BEBrXII), Five Parameters Kumaraswamy BrXII (FKwBrXII) and KwBrXII distributions, all those models are given 
in Yousof et al. (2018), Altun et al. (2018a and b), Aboray and Butt (2019) and Yousof et al. (2019). 
 
Data set I: 
{0.98, 5.560, 5.08, 0.390, 1.57, 3.19, 4.90, 2.930, 2.85, 2.77, 2.76, 1.730, 2.48, 3.680, 1.08, 3.220, 3.75, 3.22, 3.70, 
2.740, 2.73, 2.50, 3.60, 3.110, 3.27, 2.870, 1.47, 3.11, 4.42, 2.40, 3.15, 2.67, 3.310, 2.81, 2.560, 2.17, 4.910, 1.59, 1.18, 
2.480, 2.03, 1.69, 2.430, 3.39, 3.56, 2.830, 3.68, 2.00, 3.510, 0.85, 1.610, 3.28, 2.950, 2.81, 3.15, 1.920, 1.84, 1.220,  
 
2.17, 1.61, 2.120, 3.09, 2.97, 4.2, 2.35, 1.410, 1.59, 1.120, 1.69, 2.79, 1.890, 1.87, 3.39, 3.33, 2.550, 3.68, 3.19, 1.71, 
1.250, 4.7, 2.88, 2.960, 2.55, 2.59, 2.97, 1.57, 2.170, 4.38, 2.030, 2.820, 2.53, 3.310, 2.38, 1.360, 0.81, 1.170, 1.84, 
1.80, 2.050, 3.65}called breaking stress data. This data set consists of 100 observations of breaking stress of carbon 
fibres (in Gba) given by Nichols and Padgett (2006). 
 
Data set II: 
{0.10, 0.33, 0.44, 0.560, 0.59, 0.720, 0.74, 0.77, 0.920, 0.93, 0.96, 1.00, 1.00, 1.02, 1.05, 1.070, 0.7, 1.080, 1.08, 1.080, 
1.09, 1.12, 1.13, 1.150, 1.16, 1.2, 1.21, 1.22, 1.22, 1.24, 1.3, 1.34, 1.36, 1.39, 1.44, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63, 
1.68, 1.71, 1.72, 1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13, 2.15, 2.16, 2.22, 2.3, 2.31, 2.4, 2.45, 2.510, 2.53, 2.540, 2.54, 
2.780, 2.93, 3.270, 3.42, 3.47, 3.610, 4.020, 4.32, 4.58, 5.550} called survival times. In this application, we work with 
the survival times (in days) of 72 guinea pigs infected with virulent tubercle bacilli, originally observed and reported by 
Bjerkedal (1960).  
 
Data set III: 
{5.90, 20.4, 14.90, 16.2, 17.20, 7.8, 6.10, 9.20, 10.20, 9.6, 13.30, 8.5, 21.60, 18.5, 5.10, 6.70, 17, 8.60, 9.7, 39.20, 35.7, 
15.70, 9.7, 10, 4.10, 36, 8.50, 8, 9.20, 26.2, 21.9,16.70, 21.3, 35.4, 14.3, 8.50, 10.6, 19.10, 20.5, 7.1, 7.70, 18.1, 16.5, 
11.9, 7, 8.6,12.5, 10.30, 11.2, 6.10, 8.4, 11, 11.60, 11.9, 5.2, 6.80, 8.9, 7.1, 10.80} called taxes revenue data. The actual 
taxes revenue data (in 1000 million Egyptian pounds). 
 
Data set IV: 
{65, 156, 121, 4, 39, 100, 134, 16, 108, 143, 56, 16, 22, 3, 4, 2, 3, 8, 26, 22, 1, 1, 5, 65, 56, 65, 17, 7, 4, 3, 30, 4, 43} 
called leukaemia data. This real data set gives the survival times, in weeks, of 33 patients suffering from acute 
Myelogeneous Leukaemia. 
 
The total time test (TTT) plot for the 4 real data sets is presented in Figure 2. These plots indicate that the empirical 
HRFs of data sets I, II and III are increasing and bathtub for data set IV. 
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We consider the following goodness-of-fit statistics: the Akaike information criterion (AICr), Bayesian information 
criterion (BICr), Hannan-Quinn information criterion (HQICr), consistent Akaike information criterion (CAICr), where  

( )AICr 2 2 ,k= − Ξ +  
( ) ( )BICr 2 log ,k n= − Ξ +  
( ) ( )HQICr 2 2 log logk n= − Ξ +   

 

and  
( ) ( )CAICr 2 2 / 1 ,kn n k= − Ξ + − −  

where k  is the number of parameters, n  is the sample size, 
( )2− Ξ  is the maximized log-likelihood. Generally, the 

smaller these statistics are, the better the fit. Tables 2-5 gives the MLEs and standard errors, confidence interval (in 
parentheses) with AICr, BICr, CAICr and HQICr values for the four data sets respectively. Figures 3-6 gives the 
estimated PDF, P-P plot, estimated HRF and Kaplan-Meier survival plot for the four data sets respectively.  Based on 
the values in Tables 2-5 and Figure 3-5 the PRLL model provides the best fits as compared to BrXII other models in 
the four applications with small values for BICr, AICr, CAICr and HQICr. 
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5. CONCLUSIONS 
 
In this work, we derive a new two parameter continuous compound log-logistic distribution with a strong motivation 
and wide application. The new model is constructed using the zero truncated Poisson distribution. Some of the 
fundamental properties of the new model are derived. Four applications to real data sets are provided for illustrating the 
wide applicability of the new model. The new two parameter model is the best among other ten competitive models 
which have two parameters or more. We estimated the unknown parameters via the method of maximum likelihood. 
The new log-logistic model provides the small values for AICr, BICr, CAICr and HQICr. The new model is much 
better than the Topp Leone Burr XII, Burr XII, Marshall--Olkin BrXII, Kumaraswamy Burr XII, beta Burr XII, five 
parameter beta Burr XII, beta exponentiated Burr XII, five parameters Kumaraswamy Burr XII and the Zografos-
Balakrishnan Burr XII models in modeling the four data sets. 
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