International Journal of Mathematical Archive-10(2), 2019, 24-31
@?}MAAvailable online through www.ijma.info ISSN 2229 - 5046

IRREDUCIBLE ELEMENTS
IN ALMOST LATTICES AND RELATIVELY COMPLEMENTED ALMOST LATTICES

G. NANAJI RAO* AND HABTAMU TIRUNEH ALEMU*2

1'ZDepartment of Mathematics, Andhra University, Visakhapatnam, 530003, India.
2Addis Ababa Science and Technology University, Addis Ababa, Ethiopia.

(Received On: 28-12-18; Revised & Accepted On: 30-01-19)

ABSTRACT

The concepts of atom in an Almost Lattice(AL) L and atomic AL are introduced and proved that every finite AL with O is
atomic AL. The concepts of meet(join) irreducible elements and meet(join) prime elements are introduced in an AL L and
proved that if L is an AL with 0 satisfying minimum(maximum) condition, then every one of its element in L can be
represented as the join(meet) of a finite number of join(meet) irreducible elements. Also, a necessary and sufficient
condition for an element inan AL, L, X L, oftwo ALs L, and L, to become join irreducible element is established and
proved that every meet(join) prime element is meet(join) irreducible; but, the converse need not be true. The concepts of
relatively complemented AL and sectionally complemented AL are introduced and proved that if L is finite and
sectionally complemented, then every non zero element of L is a join of finitely many atoms. Further, the concepts of
semicomplemented AL and weakly complemented AL are introduced and a necessary and sufficient condition for an AL L
with 0 to become a weakly complemented AL is proved. Also, proved that every sectionally complemented AL is
semicomplemented.
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Lattice, Weakly Complemented Almost Lattice, SemiComplemented Almos Lattice
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1. INTRODUCTION

The axiomatization of Boole's two valued propositional calculus lead to the concept of Boolean algebra, which is a
complemented and bounded distributive lattice. M.H. Stone has proved that any Boolean algebra made into a Boolean
ring (a ring with unity in which every element is an idempotent) and vice versa. The class of distributive lattices has
occupied in major part of the present lattice theory, since lattices were abstracted from Boolean algebras through the class
of distributive lattices and the class of distributive lattices has many interesting properties which lattices, in general, do
not have. For this reason, the concept of an Almost Distributive Lattice (ADL) was introduced by Swamy U.M. and Rao
G.C. [4], as a common abstraction of existing lattice theoretic and ring theoretic generalizations of Boolean algebra. It
was Garett Birkhoff's (1911 - 1996) work in the mid thirties that started the general development of the lattice theory. In
a brilliant series of papers, he demonstrated the importance of the lattice theory and showed that it provides a unified
frame work for unrelated developments in many mathematical disciplines. V. Glivenko, Karl Menger, John Van
Neumann, Oystein Ore, George Gratzer, P. R. Halmos, E. T. Schmidt, G. Szasz, M. H. Stone, R. P. Dilworth and many
others have developed enough of this field for making it attractive to the mathematicians and for its further progress. The
traditional approach to lattice theory proceeds from partially ordered sets to general lattices, semimodular lattices,
modular lattices and finally to distributive lattices. The concept of Almost Lattice (AL) was introduced by G. Nanaji Rao
and Habtamu Tiruneh Alemu [1] as a common abstraction of almost all lattice theoretic generalizations of Boolean
algebra like distributive lattices, almost distributive lattices and lattices.
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In this paper, we introduced the concepts of atom, atomic Almost Lattice(AL) and proved that every finite AL with 0 isan
atomic AL. It is proved that if an AL L satisfies minimum condition, then L is atomic and we introduced the concepts of
meet irreducible element and join irreducible element in an AL L. Also, proved that every atom in an AL L is join
irreducible element and observed that converse is not true by means of example. It is proved that if L is an AL with O
satisfying minimum(maximum) condition, then every one of its element can be represented as the join(meet) of a finite
number of join(meet) irreducible elements and we derived a necessary and sufficient condition for an element in an AL
L, X L, where ALs L; and L, are two ALSs to become join irreducible. We introduced the concepts of meet prime and
join prime elements in an AL L which are generalizations of the concept of irreducible elements and proved that every
meet(join) prime element in an AL L is meet(join) irreducible; converse need not be true. Further, the concept of a sub
AL of an AL L is introduced and proved that every interval in an AL L is a sub AL. We introduced the concepts of
relatively complemented AL and sectionally complemented AL and proved that if an AL L is a Boolean algebra, then L is
relatively complemented lattice and hence is a sectionally complemented lattice. Also, proved that if L is finite and
sectionally complemented, then every non zero element of L is a join of finitely many atoms. Finally, we introduced the
concept of semicomplemented and weakly complemented ALs and we derived a necessary and sufficient condition that
an AL L with 0 to become weakly complemented AL. It is also proved that, every weakly complemented AL is
semicomplemented and every sectionally complemented AL is weakly complemented and hence every sectionally
complemented AL is semicomplemented, which follows that, every relatively complemented AL is semicomplemented.

2. PRELIMINARIES

In this section, we collect a few important definitions and results which are already known and which will be used more
frequently in the paper.

Definition 2.1 Let (P, <) be a posetand a € P. Then
1. a is called the least element of P if a < x for all x € P.
2. a is called the greatest element of P if x < a forall x € P.
It can be easily observed that, if least (greatest) element exists in a poset, then it is unique.

Definition 2.2: Let (P, <) be aposetand a € P. Then

1. a iscalled a minimal element, if x < a implies x = a for all x € P.

2. a is called maximal element, if a < x implies a = x for all x € P.
It can be easily verified that least (greatest) element (if exists), then it is minimal (maximal) but, converse need not be
true.

Definition 2.3: Let (P, <) beaposetand S < P. Then
1. Anelement a in P is called a lower bound of S if a < x forall x € S.
2. Anelement a in P is called an upper bound of S if x < a forall x € S.
3. An element a in P is called the greatest lower bound (glb or infimum) of S if a is a lower bound of S and
b € P such that b is a lower bound of S, then b < a.
4.  An element a in P is called the least upper bound (lub or suprimum) of S if a is an upper bound of S and
b € P such that b is a upper bound of S, then a < b.

Definition 2.4: (Zorn’s Lemma): If every chain of a partly ordered set (P, <) has an upper bound in P, then P has a
maximal element.

Definition 2.5: Let (P, <) be a poset. If P has least element 0 and greatest element 1, then P is said to be a bounded
poset.
If (P,<) isabounded poset with bounds 0, 1, then for any x € P, we have 0 < x < 1.

Definition 2.6: Let (P, <) be a poset. Then

1. P is said to satisfy descending chain condition (dcc) if every descending chain inP is terminate. That is if
< Xy < Xy <...< X, < x; < X, is a descending chain in P, then there exists n € Z*such that
Xp = Xpe1 = Xpgo =eeeenn

2. P is said to satisfy ascending condition (acc) if every ascending chain in Pisterminate. That is if x, < x; <

< Xy < x4 < x, < --- isanascending chain in P, then there exists n € Z* suchthat x, = x,.; =

Xnyz =

3. P is said to satisfy minimum(maximum) condition if every nonempty subset of P has a minimal(maximal)
element.

Theorem 2.7: Let (P, <) be a poset. Then we have the following.
1. P satisfies ascending chain condition(acc) if and only if P satisfies a minimum condition.
2. P satisfies descending chain condition(dcc) if and only if P satisfies a maximum condition.
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Theorem 2.8: Let (P, <) bea poset. If P satisfying minimum(maximum) condition. Then for any x € P there exists a
minimal(maximal) element m in P such that m < x(x < m).

Theorem 2.9: Every subchain of a partially ordered subset satisfying a minimum(maximum) condition has
least(greatest) element.

Definition 2.10: Let (P, <) be a poset. Then P is said to be lattice ordered set if for every pair x,y € P, L.u.b{x,y}
and g.l. b{x, y} exists.

Definition 2.11: An algebra (L,v,A) of type (2, 2) is called a lattice if it satisfies the following axioms. For any
X,y,Z €L,

1. xvy=yvxand x Ay =y Ax. (Commutative Law)

2. (xvy)vz=xV(yvz) and (x Ay)Az=xA(yAz). (Associative Law)

3. xV({(xAy)=xand x A (xVy)=x. (Absorption Law)
It can be easily seen that in any lattice (L, v, A), xVx = x and x A x = x. (ldempotent Law)

Definition 2.12: An algebra (L, v, A) of type (2, 2) is called an Almost Lattice if it satisfies the following axioms. For
any a,b,c € L:
A (anb)Ac=(bAa)Ac

A, (avb)Ac=(bVva)Ac
As. (aAnb)Ac=aNn(bAc)
Ay (avb)vc=aVv(bVc)

As. an(aVvb)=a
As. av(aAb)=a
A;. (anb)vb=b

Lemma 2.13: Let L be an AL. Then for any a, b € L we have the following:
1. ava=a
2. aha=a
3. aAb=aifandonlyifavb=5»

Definition 2.14: For any a, b € Lof an AL L, we say that a is less than or equal to b and write as a < b if and only if
aAb=a or,equivalently aVv b = b.

Theorem 2.15: Let L be an AL such that a, b, ¢ € L. Then we have the following:

1. The relation < isa partial ordering on L and hence (L, <) is a poset.
2. a<b>aAb=bAa

3. a<avVvb

4. aAb<b

5. (avb)na=a

6. (avb)Ab=b

7. bv(aAb)=b

8 aAb=bsSaVvb=a

9. a<b=>aVvb=bVa

10. avb=bva=>aAb=bAa

11. If a < candb < c,thenanb<candaVvb <c
12. (avb)vb=avb

13. (avb)va=aVvb

14. av(avb)=aVvb

15. an(anb)=aAb

16. (aAb)Ab=aADb

17. bA(aAb)=aADb

Definition 2.16: An AL L is said to be directed above if for any a, b € L there exists ¢ € L suchthat a,b < c.

Lemma 2.17: Let L be an AL. Then the following are equivalent.
1. L isdirected above.
2. A is commutative.
3. Vv is commutative.
4. Lisalattice.
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Definition 2.18: Let L be an AL. Then an element a € L is called maximal (minimal) if forany x € L, a < x (x < a)
implies a = x(x = a).

Definition 2.19: An algebra (L, v, A,0) oftype (2,2,0) is called an AL with O if it satisfies the the following axioms.
Forany a,b,c € L:

A (anb)Ac=(bAa)Ac

A, (avb)Ac=(bVva)Ac

As. (aAnb)Ac=aNn(bAc)

Ay (avb)vVvc=aVv(bVc)

As. an(aVvb)=a

As. av(aAb)=a

A;. (anb)vb=b

01. OAa=0
Lemma 2.20: Let L be an AL with 0. Then for any a, b € L, we have the following:
an0=0.
aVv0=a.
Ova=a

aANb=0<bAa=0
aAb=bAa whenever aAb =0

ukhwheE

3. ATOMS AND IRREDUCIBLE ELEMENTS IN ALS

In this section, we introduce the concepts of atom, atomic Almost Lattice(AL) and prove that every finite AL with 0 is an
atomic AL. Also, prove that if an AL L satis fies minimum condition, then L is atomic. We introduce the concepts of meet
irreducible element and join irreducible element in an AL L and prove that every atom in an AL L is join irreducible
element and observe that converse is not true by means of example. Also, prove that if L is an AL with O satisfying
minimum(maximum) condition, then every one of its element can be represented as the join(meet) of a finite number of
join(meet) irreducibleelements. Moreover,we derive a necessary and sufficient condition for an elementinan AL L; X L,
where L; and L, are two ALSs to become join irreducible. Finally, we introduce the concepts of meet prime and join prime
elements in an AL L which are generalizations of the concept of irreducible elements and prove that every meet(join)
prime element in an AL L is meet(join) irreducible; converse need not be true. First, we begin with the following
definition.

Definition 3.1: Let L bean ALand a,b € L with a < b. Then we say that a is covered by b or, b covers a, write as
a < bifforany ¢ € L,a < ¢ < b, implieseither a = c or ¢ = b.

Definition 3.2: Let L be an AL with 0. Then an element a(# 0) € L is called an atom if 0 is covered by a.

Example 3.3: Let L = {0, a, b, c} and define binary operations V and A on L as follows:

\% 0 a b c A 0 a b C
0 0 a b c 0 0 0 0 0
a a a b c a 0 a a a
b b b b c b 0 a b b
c c c c c c 0 a b c

Then clearly (L, v, A,0) isan AL with 0. Also, we can observe that a is an atom but b and ¢ are not atoms.
In the following we introduce the concept of atomic Almost Lattice.

Definition 3.4: An AL Lwith O is said to be atomic if for every non zero a € L, there exists an atom p € L such that
p < a.

Example 3.5: Let L = {0, a,b,c}. Define v and A on L as follows.

|| |(TC|T
O|IT|®2O0O0

olo|o ol
O || |O|lo

T (|
olo|w|o|>
oO|o|o|lo|o
Ol (ool
o|o|o|o|o
olo|o|o|o
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Then clearly (L, v, A, 0) isan atomic AL.
Now, we prove the following:
Theorem 3.6: Let L be a finite AL with 0 and a(# 0) € L. Then there exists an atom p € L suchthat p < a.

Proof: Suppose L is finite AL and a € L suchthat a # 0. If a isan atom, then there is nothing to prove. Suppose a is
not an atom, then there exists a; € L such that a, < a. If a, is an atom, then the result is clear. Otherwise continue
the above process. Since L is finite, there exists a,, € L suchthat a,, isanatomand a, < a.

Corollary 3.7: Let L be an AL with 0 which satisfies the minimum condition. Then for every non zero element a in L,
there exists an atom p in L such that p < a.

Corollary 3.8: Let L be an AL which satisfies a minimum condition. Then L is atomic.
Now, we introduce the concept of meet irreducible and join irreducible elements in ALs.

Definition 3.9: Let L be an AL. Then an element a € L is said to be meet irreducible if a = a; Aa, = a, Aay
implies a = a, or a = a,. Otherwise a is called meet reducible.

Definition 3.10: Let L be an AL. Then an element a € L is said to be join irreducible if a = a; Va, = a, Va,
implies a = a; or a = a,. Otherwise a is called join reducible.

Example 3.11: Every elements of an AL L defined in example 3.5 are meet as well as join irreducible.
Now, we prove the following.

Theorem 3.12: Let Lbe an AL with 0. Then every atom in L is join irreducible.

Proof: Suppose a isanatomand a = bVvc = cVv b forsome b, ¢ € L. Suppose a # b.Since 0 <b <bVc =
aanda #b, b = 0. Hence a =bVc =0V c = c.Similarly, if a # c, we can provethat a = b. Therefore a is
join irreducible.

But, the converse of the above theorem is not true. For, in example 3.3, b is join irreducible but not an atom. It can be
easily verified that if L is an AL with 0, then 0 is join irreducible.

Theorem 3.13: Let L be an AL. If L is a chain, then every element in L is join as well as meet irreducible.

Proof: Suppose L is a chain. Let a € L suchthat a = a, Va, = a, Va, for some a;, a, € L. Now, since L is a
chain, a; < a,ora, < a,. It follows that, either a = a, or a = a,. Therefore a is join irreducible. Similarly we
can prove that every element in L is meet irreducible.

But, converse of the above theorem is not true. For, If L is a discrete AL, then clearly every element in L is meet as well
as join irreducible. But, L is not a chain.

Theorem 3.14: Let L be an AL with 0 satisfying the minimum(maximum) condition. Then every one of an element in L
can be represented as the join(meet) of a finite number of join(meet) irreducible elements.

Proof: Suppose L be an AL with 0 satisfying the minimum condition. Suppose H is the set of all elements in L which can
not be represented as join of finite number of join irreducible elements. Now, we shall prove that H is empty. Clearly, H
contains no join irreducible elements, since if a is such an elementthen a = ava ora = av0 = 0V aare easily
found representations of the required form that contradicts our assumption for H. Suppose H # @. Since L satidies
minimum condition, H hasa minimal element say m. Clearly m is not join irreducible element. Then we can choose
my, m, € L such that;

m=m;, Vm, = my,vmy, (m, m, < m)

Since m is a minimal element of H, the elements m,, m, € H. Hence m,,m, can be representedas m, = q, V q, V
«.V g and my, =1 Vr, V...V 1, where all the q; and r, are join irreducible. Therefore m =V$_,q; v
Vi_, 7, Which is a join dfnite number of join irreducible elements , a contradiction to m € H. Thus H = @.
Similarly, we can prove that if L is an AL with 0 satisfies the maximum condition, then every one of elements of L can be
represented as the meet of a finite number of meet irreducible elements.
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It can be easily verified that if L, and L, aretwo ALs, then L; X L, isagain an AL under point wise operations and is
called direct product of L, and L,. In the following, we give a necessary and sufficient condition for an element in
L, X L, tobecome join irreducible.

Theorem 3.15: Let L, and L, betwo ALsand L = L; X L,. Thenan element p = (p;, p,) € L is join irreducible
in Lifand only if p;, = 0 and p, is join irreducible in L, or p, = 0 and p, is join irreducible in L,.

Proof: Let p = (p;, p,) € L. Thenwehave p = (p1, p2) = (p1,0) Vv (0, p,) = (0, p;) V (py, 0). Suppose p is

joinirreducible in L. Then either (p;, p,) = (py,0)or (py, p2) = = (0, p,) andhence p; =0 or p, = 0. Now, we
shall prove that if p; = 0, then p, is join irreducible in L,. Suppose p, =0 and p, = a, Vb, = b, V a,, for some
a, b, € L, . Now, p =y p2) =(0, pz) =0VO, a; Vby) =(0, az) vV (0, by) = (0, by) v (O,

a,). Therefore (p;, p,) = (0, ay) or (p1, p;) = (0, by). It follows that p, = a, or p, = b,. Therefore p, is join
irreducible in L,. Similarly we can prove that if p, = 0, then p, is join irreducible in L;. Conversely, assume the
condition. Suppose (p;, p;) = (ay, a,) Vv (by, by) = (by, by)V (ay, a,) Where a,, by € L; and a,, b, € L,.
This implies (a; V by, a, Vb,) = (b, Vay, b, Va,). Then p, =a, Vb= b, Va, and p, = a, Vb, = b, V
a,. Now, if p, = 0 and p, is join irreducible in L,, then a; =0 = b and p, = a, or p, = b,. Therefore
(pu, p2) = (0, ay) or (py, py) = (0, by). Therefore p = (p;, p,) isjoin irreducible in L. Similarly, we can prove
that if p, = 0 and p, isjoin irreducible in L, then p = (p;, p,) isjoin irreducible in L.

In the following we introduce concepts of meet prime and join prime elements in an AL L which are generalization of the
concept of irreducible elements.

Definition 3.16: An element a of an AL L is called meet prime if a; Aa, = a, Aa; < a implies either a; < a or
a, < a.

Definition 3.17: An element a of an AL L is called join prime if a<a, Va, = a, Va, implies either
a<aora< a,.

Example 3.18: In an AL L of example 3.5, it is observed that a and b are meet prime and ¢ is join prime.
It can be easily seen that, in a distributive lattice L an element is meet irreducibleifandonlyifitismeetprime. But,in
thefollowing we prove every meet prime element is meet irreducible.

Theorem 3.19: Every meet prime element in an AL L is meet irreducible.

Proof: Suppose a € L is meet prime element. Let a = a, A a, = a, A a, for some a;, a, € L. Then we have
a < a4, a,. On the other hand, we have a;, A a, = a, Aa, < a. It follows that, either a;, < aora, < a. Hence
either a = a; or a = a,. Therefore a is meet irreducible.

The converse of the above theorem is not true in general. For, suppose L, and L, are two discrete ALs with zero and
each with at least three elements. Then clearly, L = L; X L, isan AL under point wise operations. Choose 0 # p; €
L, and 0 # p, € L,. Put p = (py,p,). Now, let (q1, q;), (r;,73) €L such that p = (q1, q3) A (1, 1) =
(1) A (qu, q2)- Then (py,p2) = (1 A1, gz A1) = (nAqy, 1, Ag,) and hence p; =g, A, = 1, Aq; and
P, = qy; AT, = 1, Ag,. Since p; # 0 and p, # 0, it follows that, q,, r;, q,, r, are non zero. Therefore r; = q; A
n=nAq =q ad 1, = g;AT, =1, Aq =q, . Therefore (q;, ;) = (1r,72) . Hence p = (py,p,) =
(91, q2) = (r1,15) . Therefore p is meet irreducible. However, p is not meet prime. For, choose q; € L; —
{0,p;} vi = 1,2. Then (0,q;) A(q1,0) = (¢1,0)A(0,q,) = (0,0) < (p,pz) = p . But (0,g,) £p and
(91,0) £ p.

It can be easily seen that every join prime element in an AL L is join irreducible. But, converse is not true. For, Consider
the following example.

Example 3.20: Let L = {0, a, b, c, 1} and define binary operations on L as follows:

RO | Tl (ol
RO |T| | OO
PRl ||
PR |o|lr|o|o
Rlo|Rr|lkr|lo|o
L I
Rlo|o| o>
OoO|lOoO|0O|O|O|O
OO0 |O|w
T|lOo|o|Oo|Oo|T
olo|ojlo|o|o
Rlo|o|o O

Then clearly (L, v, A, 0) isan AL with 0. In this AL the element a is join irreducible. But, it is not join prime, since
a<bVc =cVb;but,a £b and a £ c.
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4. RELATIVELY COMPLEMENTED ALS

n this section, we introduce the concept of a sub AL of an AL L and prove that every interval in an AL L isa sub AL. Also,
we introduce the concepts of relatively complemented AL and sectionally complemented AL and prove that if an AL L is
a Boolean algebra, then L is relatively complemented lattice and hence is a sectionally complemented lattice. Also, prove
that if L is finite and sectionally complemented, then every non zero element of L is a join offinitely many atoms. We
introduce the concept of semicomplemented and weakly complemented ALs and we derive a necessary and stitient
condition that an AL L with 0 to become weakly complemented AL. We prove that every weakly complemented AL is
semicomplemented and every sectionally complemented AL is weakly complemented and hence every sectionally
complemented AL is semicomplemented, which follows that, every relatively complemented AL is semicomplemented.
Now, we begin with the following definitions.

Definition 4.1: Let L be an AL and a,b € L with a <b. Then [a,b] = {x € L/a <x <b}is called an interval in L.

Definition 4.2: Let L be an AL. A nonempty subset S of L is called a sub AL of L if S is closed under the
operationsvandAin L. Now, we have the following lemma, whose proof is straightforward.

Lemma 4.3: Let L be an AL and let a,b € L such that a <b. Then we have the following:
1. [a,b] = {x € L/a < x < a} isasub AL of L.
2. (a] = {x € L/x < a} isasub AL of L.
3. [a) = {x € L/a < x}isasubALof L

Now, we introduce the concepts of relatively and sectionally complemented ALs.
Definition 4.4: An AL L is said to be relatively complemented if every interval [a,b],a < b in L is a complemented
lattice.

Definition 4.5: Let L be an AL with 0. Then L is said to be sectionally complemented if every intervals of the form
[0,a],a € L is complemented lattice.

Next, we prove the following.
Theorem 4.6: Let L be an AL. Then the following implications hold.
1. IfLisaBoolean algebra, then L is relatively complemented lattice.
2. IfL has 0 and L is relatively complemented AL, then L is sectionally complemented.
3. If L is finite and sectionally complemented, then every non zero element of L is a join of finitely many atoms.

Proof: (1) Suppose L is a Boolean algebra and a,b € L with a < b. Letx € [a,b]. Then x € L. Since L is a
Boolean algebra, x has complement say x’ in L. Put y = (x' V a) A b. We shall prove that y is the complement of x
in [a,b]. Clearly y€[a,b]. Now, x Vy =xV X' Va) Ab = (xV xX'Va)AxVvb) = (xvx)Vva)A
(xvb)=@AVvVa)Ab =1vb =b. Again, xAy = xA((x'Va)Ab) = (xAxX'Va)Ab = ((xAX)V(xA
a)Ab = (OV(xAa))Ab = (xAa)Ab = aAb = a. Hence y is the complement of x in [a, b]. Thus every
interval in L is a complemented lattice. Therefore L is relatively complemented AL. Proof of (2) is clear.

(3) Suppose L is finite and sectionally complemented. Let a(+ 0) € L and let p;, p,, ps,...,pn beatoms which are
less than or equal to a. Put, b = p; Vp, V p; V...Vp,. Then b < a since each p, < aVk. Suppose b < a.
Then we have b € [0,a]. Since L is sectionally complemented, it has a complement ¢ in [0,a]. Therefore bAc = 0
and bvc =a.lfc=0,then a =bVc=>bVO0=h,acontradiction to b < a. So that ¢ # 0. Then by theorem3.6,
there exists an atom p € L such that p < c. Then we get p <a since ¢ < a. It follows that, p = p; for some
i,1 <i < nandhence p < b. Therefore p < bAc = 0. Hence p = 0, which is a contradiction to p is an atom.
Therefore a = b = p; Vp, V p3 V...V p,. Thus every non zero element of L is a join of finitely many atoms.

Now, we introduce the concept of inner element and semicomplemented AL.

Definition 4.7: Let L be an AL with 0. Then an element a € L is said to be an inner element if a # 0and a is not a
maximal element.

Definition 4.8: Let L be an AL with 0 and v € L. If there exists x € L such that vAx = 0, then x is called a
semicomplement of v.

Inan AL L we can easily observed that x is a semicomplement of y if and only if y is a semi complement of x (since
xANy = 0 & yAx = 0). Also, it is clear that the set of all semicomplements (if exists) of an elementv € L isa
poset with the induced partial ordering on L. In this case the maximal element of this poset is called maximal
semicomplement of v. Also,we can easily seen that the set of all semicomplements of an element v in L is an initial
segment of L. Further, if L isan AL with O, then 0 is the semicomplement of every element in L. Semicomplements other
than 0 of any element in L are called proper semicomplements.
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Definition 4.9: Let L be an AL with 0. Then L is said to be semicomplemented if every inner element in L has at least one
proper semicomplement.

Now, we introduce the concept of weakly complemented AL and obtain a necessary and sufficientcondition for an AL
with 0 to become weakly complemented AL.

Definition 4.10: Let L be an AL with 0. Then L is said to be weakly complemented if forany a, b € L, a < b, a has
semicomplement which is not semicomplement of b. That is there exists x € L such that a A x = 0;but, b Ax # 0.

Theorem 4.11: Let L be an AL with 0. Then L is weakly complemented if and only if for every pair of elements a, b € L
with a < b, thereexists x € L suchthat (aAb)Ax = 0 and (avb)Ax = 0.

Proof: Suppose L is a weaklycomplemented AL and a, b € L suchthat a < b. Then we have a A b < a V b.
Suppose aAb=a Vb. Then avV(a A b)=a V(a Vb). It follows thatt a = a Vv b = b Vv a and hence
b < a.Also, an(aAb)=aA(aVb) which follows that, aAb =a and hence a <b. Hence a = b, which
is a contradiction to a < b. Therefore aAb < aVb. Now, since L is weakly complemented AL, there exists
x € L suchthat (aAb)Ax = 0 and (aVb)Ax # 0.Conversely, assume the condition. Let a,b € L such
that a < b. Then by our assumption, there exists x € L such that (aAb)Ax = 0 and (aVvb)Ax #0.
We shall prove that aAx = 0 and bAx # 0. Consider, aAx = (aAb)Ax =0 and bAx = (aVDb)A
x # 0.Therefore aAx = 0 and b Ax # 0.Thus L is weakly complemented.

Theorem 4.12: Every weakly complemented AL is semicomplemented.

Proof: Suppose L is weakly complemented AL. Let a € L be an inner element. Then a # 0 and a is not maximal.
Hence there exists b € L such that a < b. Now, by our assumption there exists x € L such that a Ax = 0 but
b Ax # 0. Now, we shall prove that x = 0.

For, if x =0, then bAx =b A0 =0, which is a contradiction. Hence x +# 0 and aAx = 0. Therefore L is
semicomplemented AL.

Theorem 4.13: Every sectionally complemented AL is weakly complemented.
Proof: Suppose L is sectionally complemented AL. Let a,b € L suchthat a < b. Then a € [0, b]. Now, since L is
sectionally complemented, we have [0, b] is complemented lattice. Hence there exists x € [0,b] suchthat aAx = 0
and aVvx = b. Now, suppose bAx = 0. Then we have x = (aVx)Ax = bAx = 0. Therefore x = 0. Now,
b=aVx=aV0 = a,acontradictionto a < b. Therefore b Ax # 0. Thus L is weakly complemented.
Corollary 4.14: Every relatively complemented AL with 0 is weakly complemented.
Corollary 4.15: Every sectionally complemented AL is semicomplemented.
Corollary 4.16: Every relatively complemented AL is semicomplemented.
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