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ABSTRACT

In this paper we have given some fixed point theorems in dislocated quasi b-metric Spaces which are generalizations
of dislocated quasi metric, partial b-metric spaces.
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1. INTRODUCTION

In 1922, Banach [3] proved a fixed point theorem for contraction mappings in metric spaces. Since then a number of
fixed point theorems have been proved by different authors, and many more generalizations of this theorem have been
established. The study of common fixed point of mappings satisfying certain contractive conditions have been at the
center of vigorous research activity.

Many generalizations of Banach’s contraction theorem in different types of generalizations if metric spaces are made is
clear from the literature. Some problems particularly the problems of convergence of measurable functions with respect
to measure leads to the generalization of metric space. Czerwik [5] introduced the concept of b-metric space and proved
Banach contraction theorem in so called b-metric spaces.

Alaghamdi et al. [2] introduced the notion of a b-metric like space which generalized the notion of a b-metric space,
where they proved some exciting new fixed point results in b-metric like spaces. Recently Shukla [11] introduced the
concept of partial b-metric space and gave some fixed point results and examples.

The notion of dislocated metric spaces was introduced by Hitzler [6] as a part of the study of logic programming
semantics. Zeyada [12] initiated the concept of dislocated quasi metric space and generalized the result of Hitzler [6].
Recently Rehman and Sarwar [9] introduced the concept of dislocated quasi b-metric space and proved the Banach’s
contraction principle, Kannan [7] and Chatterjea [4] type fixed point results for self mappings in such spaces.
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Banach’s contraction principle has been generalized by various authors by putting different types of contractive
conditions either on mappings or on the space. A comprehensive literature and generalization of the same can be found
in Rhodes [10].

In this paper we generalize the results of Rehman and Sarwar [9] and introduce the definition of limit of a sequence in a
dislocated quasi b- metric space in a suitable way. Based on this, we establish some fixed point results.

The following definitions and results are needed in the sequel.

Definition 1.1 ([2], [12]): Let X be a non-empty set and let d : X X X — [0,0) be a function, called a distance
function, which satisfies one or more of the conditions

d;) d(x,x) =0.

d,) d(x,y)=d(y,x) =0thenx =y,

d3) d(x,J/) = d(y,x)

d,) d(x,y) <d(x,z) +d(z,y)), foral x,y,z € X.

If d satisfies the conditions d,, d,, d; and d, then d is called a metric on X.

If d satisfies the conditions d,, d, and d, then d is called a quasi metric on X.

If d satisfies the conditions d,, d; and d, then d is called a dislocated metric on X.

If d satisfies the conditions d, and d, then d is called a dislocated quasi metric on X.

A non empty set X with dislocated quasi metric d, i.e. (X, d) is called a dislocated quasi metric space.

Definition 1.2: Let X be a non empty set and k > 1 be real number. Then a mapping d : X X X — [0, ) is called
b-metric if

(1.2.1) d(x,x) =0.

(1.2.2) d(x,y) =d(y,x) =0thenx =y,

(1.2.3) d(x,y) = d(y,x)

(1.24) d(x,y) < k(d(x,z) + d(z,y)) forall x,y,z € X.

Then the pair (X, d) is called b-metric space.

We observe that, b-metric is more general than usual metric.

Definition 1.3 [9]: Let X be a non empty set and k > 1 be real number. Then a mapping d : X X X — [0, o) is called
dislocated quasi metric b-metric with index k if

(1.3.1) d(x,y) =d(y,x) = 0thenx =y,

(1.3.2) d(x,y) < k(d(x,z) +d(z,y)) forall x,y,z € X.

Then the pair (X, d) is called a dislocated quasi b-metric space with index k.

(simply d g b-metric space)

Preposition 1.4 [9]: Suppose X is a non empty set and d* is d g- metric and d** is a d q b-metric with k > 1 on X. Then
the function d : X X X — [0, o) defined by
d(x,y) = d*(x,y) +d**(x,y) for all x,y € X is d g- metric on X.

Definition 1.5 [9]: Suppose (X, d) is a d g b-metric space. A sequence {x,,} in X is called d g b-convergent to x in X if
for € > 0 there exists n, € N such that d(x,,x) < & for all n> n,. In this case x is called d g b-limit of the sequence

{xnd.
Note: We observe that x,, = x if d(x,,x) = 0.

Definition 1.6 [9]: A sequence {x,} in a d q b-metric space X is called a Cauchy sequence if for > 0, there exists
n, € N such that for all m,n = n,, d(x,,, x,) < €.

Definition 1.7 [9]: A d g b-metric space (X,d) is said to be complete if every Cauchy sequence in it is d q b-
convergent.

Lemma 1.8 [9]: Limit of convergent sequence in a d g b-metric space is unique.
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Definition 1.9: Let: X —» X , then T is called contraction if d(Tx,Ty) < ad(x,y) forallx,y € X,
where0 < ak <1

Lemma 1.10 [9]: Let (X, d) be a d g b-metric space with index k and {x,,} be a sequence in X such that
Ay, Xpeq) < ad(xp,_q,x,) forn =123, .......... and 0 < ak < 1 ,a € [0,1), then {x,,} is a Cauchy sequence.

Definition 1.11: Let (X,d) be a d g b-metric space with index k and T: X — X be a function. Then T is said to be
continuous if Tx,, - Tx whenever x € X and {x,,} is a sequence in X such that x,, - x.

Theorem 1.12 [9]: Let (X, d) be a complete d g b-metric space with index k and T: X — X be a continuous contraction
with ¢ € [0,1) and 0 < ak < 1, where k > 1 then T has a unique fixed point in X.

Theorem 1.13 [9]: Let (X, d) be a complete d g b-metric space with index k and T: X — X be a continuous contraction
with a € [O, %) satisfying the following condition:
d(Tx,Ty) < a[d(x,Tx) + d(y,Ty)] V x,y € X. Then T has a unique fixed point in X.

Theorem 1.14 [9]: Let (X, d) be a complete d g b-metric space with index k and T: X — X be a continuous contraction
with a € [0,) (1.14.1)
and satisfying the following condition: d(Tx, Ty) < a[d(x,Ty) + d(y,Tx)] Vx,y € X. Then T has a unique fixed

point in X.
Note: In Theorems 1.12, 1.13 and 1.14, no dependence on k is given, as a consequence, the results may not hold.

2. MAIN RESULTS

In this section we introduce the definitions of convergence, which is symmetric and establish some fixed point
Theorems which in the light of the new definitions, bear dependence on k.

Now, we define limit of a sequence, Cauchy sequence, Convergent sequence and Completeness in the context of
dislocated quasi b-metric space with index k.

Definition 2.1: Suppose (X, d) is a d g b-metric space with index k. A sequence {x,,} in X is called d g b-convergent to
x in X if for n > N we have
d(x,,x) +d(x,x,) > 0asn - oo,

Also x is called d g b- limit of the sequence {x,,}.
Note: In this case we write x,, = x asn — oo.

Definition 2.2: A sequence {x,} in a d g b-metric is called a Cauchy sequence if d(x,,,x,) = 0 asm.n — oo.That is,
given & > 0 there exists n, € N such that d(x,,,x,) < € form,n > n,.

Definition 2.3: A d q b-metric space (X, d) is said to be complete if every Cauchy sequence in X converges to a point
of X.

Definition 2.4: Aself map T: X — X is said to be continuous if x,, - x = Tx,, = Tx.
Now, we begin with the following lemmas which are useful.
Lemma 2.5: Limit of convergent sequence in a d g b-metric space with index k is unique.

Proof: Let {x,} be a convergent sequence in a d q b-metric space with index k.
Let x and y be two limits of {x,,}.
Then d(x,x,) +d(x,,x) > 0
and d(y, x,) +d(x,,y) = 0
sothat, d(x, x,)— 0,d(x,,x) >0

d(y, xn) = 0,d(xy,y) = 0
Now,

d(x,y) < kd(x,x,) + kd(x,,y) = 0.
~ d(x,y)=0.
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Similarly d(y,x) = 0.
SoX = y
Hence, limit of a convergent sequence in a d g b-metric space with index k is unique.

Lemma 2.6: Let (X, d) be a d q b-metric space with index k, 0 < ak < 1 and {x,, } be a sequence in X, such that

d(x, , Xpe1) < ad(x,_q,x,) and (2.6.1)
d(xn+1 'xn) <a d(xn 'xn—l) (262)
forn =1,2,3,..........Then {x,, } is a Cauchy sequence.

Proof: From (2.6.1) and (2.6.2),
d(xp ,xp4q) < a™ d(xg,x,) (2.6.3)
d(xper,xn) < a™ d(xy,x0) (2.6.4)

Write  d*(x,y) =d(x,y) +d(y,x), x,y€X

Hence d*(xp,Xp41) = d(xn,2Xn41) + d (X1, %)
= a"(d(xo , %) +d(x; ,xo))
=a™d*(xq,x;) < ka™d*(xq,x,) (2.6.5)
Now
d*(xp , Xpy2) = d(Xn, Xni2) + d(Xnyz, Xn)
S kd(xy , Xn1) + kd(ppq , Xni2) + kd(Xn sz, Xpgr) + kd(Xpgq ,x5)
< ka™d(xy,x) + ka™l d(xy,x;) + ka™td(x, , x0) + ka™d(x; , x)
=ka™(1+ a)d*(xy,x,)
< ka™(1+ ka)d* (xq,x,)

Now, we claim that
d* (%, xpy) < ka™ 1+ (ka) + ka)? + e ee e .+ (ka) "D d (g, x,) fOri=1,2...

The result is true for [ = 1 by (2.6.5) and will prove that it is true for [ + 1.
d*(Xn , Xnpie1) S k[d7 O, X041) + A" (i1 s Xngr41)]
<kd (x,,x,41) +k2a™1 (1 + (ka) + (ka)? + -+ e e oo .+ (k) DA (xg , x1)
<ka™d*(xy,x;) +ka™ ka (1 + (ka) + (ka)? + +++ e cev .. +(ka) " Dd* (xg , x1)
=kad*(xy,x)(A + ka (1 + (ka) + (ka)? + -+ e e oo, +(ka)™1)
=ka™d*(xy,x;) (1 + (ka) + (ka)? + - ... .. +(ka)Y)
~ Itis true for [ + 1. By induction

Hence

d* (%, , %) < ka™ 1+ (ka) + ka)? + e e e .+ k) d* (xg , %1)
< ka™
— 1-ka

& d* (X%, ,Xp4) 2 0. @SN > 00,
ad(xy , Xpy) +d (g, x,) 2 0. @SN > 00,

ad(,,x54) = 0 and d(x,4;,x,) >0 as n - oo,

d*(xy,x,) >0 asn - oo,

Hence, {x,,} is a Cauchy sequence.

Definition 2.7: Let T: X - X be such that d(Tx,Ty) < ad(x,y)Vx,y € X where 0 < ak <1 Then T is called a
contraction.

Now we will prove Banach contraction theorem in the context of d g b-metric space with index k.
In proving this Theorem in [9], continuity of T is assumed.

Theorem 2.8: Let (X, d) be a complete d q b-metric space with index k and T: X — X be a contraction with & € [0,1)
and 0 < ak < 1. Then T has a unique fixed point in X.

Proof: Let x, € X.

We define a sequence {x,} in X such that, x; =Tx,, x,=Tx; = T?x,,....and in general x, = T"x, for
n=123 ...
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Now,
d(xn, Xn41) = d(T"xo , T™1x0) = d(T(T™ %), T(T"x,))
< ad(T™ 1xg, T"x)
=a d(xn—lﬂ xn)
Sa?d(_1, %) < vt < @™ d (g, 7).
A (%X, Xpaq) < @™ d(xg,x1).

Similarly, d(x,4q,%,) < a™d(xq,x,) -

and d(xn, Xnir ) <k dQxp, Xppr) + b d(Xni1, Xnar)
< kd(xn, Xni1) + k(k d(xni1, Xni2) + kd(Xni2, Xn10))

=kd(x,,Xpe1) + k2 A1, Xnao) + k3 d(Xppn Xngs) + o +k"d (g 1—1) Xnpr)
<ka™d(xg,x) + k? a™d(xg,x1) + e v v+ k™ a™d (g, 1)

k n
= l—aka d(xg, x1). (v ka<1)

ka™

<

1—ka (d(xg, x1) + d(x4,x0))

k n
dQ, xngy ) < ﬁ (d(xo,x1) + d(xbxo)) -0 asn - oo.
Similarly d oy % ) < 1o (d(ry, o) + Ay, %0)) 0 asn - oo,

~d(x,,x, )= 0 asmn - oo.
~ {x,} is a Cauchy sequence in complete d g b-metric space X.

So there exists x € X, such that
d(xn+1 » X ) -0

But d(Tx,,Tx) < ad(x,,x) - 0.
Also d(Tx,x,41) — 0.

“Xnyy = TX

~x =Tx.

Hence x is a fixed point of T.

Uniqueness: Let x, y be two fixed points of T'.
Then d(x,y) =d(Tx,Ty) < ad(x,y)
o~ d(x,Y) = O

Similarly d(y,x) = 0. Hence x = y.
~ T has unique fixed point.

The above theorem improves the result of [9] in complete d g b-metric space, since continuity of T is not assumed here.

Theorem 2.9: Let (X, d) be a complete d q b-metric space with index kand 0 < a < ;11 withk>1 andT: X - X be

a self mapping satisfying the condition:
d(Tx,Ty) < a(d(x,Tx) +d(y, Ty))
for all x,y € X. Then T has a unique fixed point.

Proof: Let x, € X.

We define a sequence {x,} in X suchthat x;, =Tx,, x,=Tx; = T?x,,....
Andin general x, =T"x, forn= 1,23, .........
Now,

d(Xn, Xns1) = d(T"xo, T™'x)
d(T(T" *x0), T(T™x,))
ad(T" 1xy, TMx) + a d(T"x,, T 1x,)
a(d(xn—lﬂ xn) ta d(xn'xn+1)

TRVl

(1 - a)d(xnﬂxn+1) = a d(xn—lﬂ xn)

a
= d(xn'xn+1) = 1-a d(xn—lﬂ xn)

a
= (X1, Xn) where § = —
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sothat kf=-5<1 (v a<—-)

Similarly, (1, %) < 7= d(tn, X-1) = B d(n, Xno1)
~ by Lemma 2.6, {x,}isa Cauchy sequence in complete d q b-metric space X.

Therefore, there exists x € X such thatx,, - xasn - oo.

Now, we show that x is a fixed point of T.
d(x,.1,Tx) = d(Tx,, Tx)
< a(d(x,, Tx,) +d(x,Tx))
= a (d(xp, Xnyq) +d(x, T))
Sad(xy,xpe1) +ak d(x, x,,q1) + akd(x,q, TX)

4 d(Xny1, TX) < @ d(Xn, Xng1) + ak A, xp41) + akd (Xn11, T)

= (1-ak) d(xpy, Tx) <ad(x,, Xpeq) + ak d(x,x,,1)
d(xp41,Tx) > 0

Similarly, d(Tx,x,,,) = 0
 Xpyr = TX
~ Tx = x.
~ x isafixed point of T

Uniqueness: Let x, y be two fixed points of T,

Now d(x,x) = d(Tx,Tx) < a (d(x,Tx)+d(x,Tx)) = 2ad(x,Tx) = 2ad(x,x)
d(x,x) =0. (v 2a < li—k <1)

Similarly, d(y,y) =0.

Now, dlx,y) =d(Tx,Ty) < a(d(x,Tx) +d(y,Ty)) =« (d(x, x)+d(y, y)) =0.
~ d(x,y) =0.

Similarly, d(y,x) = 0.
SX = y

Hence T has unique fixed point.

Theorem 2.10: Let (X,d) be a complete d g b-metric space with index k, and T: X — X be a self mapping with
akBk+1)< 1 (2.10.1)
satisfying the following condition: d(Tx, Ty) < a[d(x,Ty) + d(y,Tx)] Vx,y € X.

Then T has a unique fixed point in X.

Proof: Let x, € X

We define a sequence {x,} in X such that, x;, =Tx,, x,=Tx;, = T?x, ,....and in general, x, =T"x, for
n=123 ...

Now,

A, Xpp1) = d(T %y, T %)
=d(T(T" 'x0), T(T"x,))

ad(T" Yxy, T™1xy) + a d(T"x,,T™x,))
a(d(xn—lﬂ xn+1) ta d(xn'xn)

a (k d(xn—lﬂ xn) +ka d(xn'xn+1)) ta d(xn'xn)
A (1 —ak)d(x,, x,01) < akd(e,_q,x,) + ad(x,,x,)

A THIA

But d(x,,x,) < kd(,_,x,)+ kd(x,_1,%,)
(1 - ak)d(xn’xn+1) < ak d(xn—lﬂxn) + ak d(xn—lﬂxn) + ak d(xn 'xn—l)
=2ak d(x,_q,%,) + ak d(x, ,Xp_1)

Similarly (1 — ak) d(x,41,%,) < 2ak d(x, ,x,—1) + ak d(x,_,,x,)

© 2019, IMA. All Rights Reserved 31



Ch. Srinivasa Raol, K. Satya Murtry*z , S.S.A. Sastri’ , MLA. Rahamatulla® and R.K. Mohana Raos/
Fixed point theorems in dislocated quasi b-metric spaces / IIMA- 10(1), Jan.-2019.

Now,
(1 —ak) ( d(xp, Xpe1) + A(Xpp1, %) ) < 3ak (d(xp-1, %) + d (X, Xn41) )
(1 - ak) d*(xn’x’gl+1) < 3ak d*(xn—lﬂxn)
* 3a *
~d (xn'xn+1) < 1—ak d (xn—lﬂxn)

A" (Xp, Xpe1) < B A" (X1, %) (2.10.2)
(where g = =% < 1 by (2.10.1))

1-ak

Similarly d*( 2,41, %) < B d*(xp,%Xp-1) (2.10.3)
Now,
d"(xn, Xp42) Sk d(Xp, Xngq) + k- d" (X1, Xn42)
k(ﬁ d*(xn—lﬂxn) + ﬁ d*(xn'xn+1))
kﬁ (d*( Xn—1 xn) + d*( xnﬂxn+1))
kB (B rd*(xy,x) + B d*(x4,%1)) (From (2.10.2) and (2.10.3))
= (k™ +kpm1)d" (x5, %,)
<BMH(KB + (kBYD) A (x,,%1) (= p*<kp*

IA

IA T

Now,
d*(xn'xn+3) < k( d*(xn'xn+2) + d*(xn+2'xn+3))

S k(B (kB + (kB)* + (kB)*)d* (X0, x1)
d* (xpyXne)) < k(B (KB + (kB2 + (kB)® + -+ oo+ (KB (x,, %) (2.10.4)

Now,
A" (X, Xpi141) S k(A" (X, Xpi) + A" (Xppigy Xpyr41))
S kBB + kB)? + (kB3 + v e e+ (RBY) A (xp, x1) + B d*(x,, %)
=k (B (kB + (kB2 + (kB2 + oo+ (KB + (B d*(x,, %1)

Hence, by mathematical induction (2.10.4) istrue for all n, [ = 1,2,3 ... ... ....

o d (i Xngr) S KCBTTH (KB + (RB)* + (RB)? A+ v (kBN (x,,%1)
kg™~
1-kB
& d (Xp,Xpq) 20 asn — oo,

d*(x,%x,) -0 asn — oo,

Similarly, d*(x,4;,%x,) =0 asn — oo,
~ {x,} is a Cauchy sequence in complete d q b-metric space X.

Therefore, there exists p € X such thatx,, > pasn — oo.

Now, we show that p is a fixed point of T.

d(xn+1'Tp) = d(Txn'Tp)
<a(d(x,,Tp)+d(pTx,))
< a (kd(xy, Xp41) + k d(xy44, Tp) + ad(p, Xp41))

= (l-ak) d(x,41,Tp) < akd(x,, xpe) + ad(®,%p01) & 0 asn - oo, (v ak <1)
d(xp41,TP) = 0
- Xp41 > TP ~ Tp =p.
~ p isafixed point of T

Uniqueness: Let p, q be two fixed points of T.Then
d(p,q) = d(Tp,Tq) < a(d(p,Tq) +d(q,Tp)) = a(d(p,q) + ad(q,p)
~(1- a)d(p,c?x) < ad(q,p) N
< — < —.
dp.q) < T dlap) < T
~d(p,q) = 0.

T @)

Similarly, d(q,p) = 0. Hencep = q.
Hence T has unique fixed point.

Note: The above Theorem 2.10 improves the result of [9] in the context of d g b-metric space, since continuity of T is
not assumed. Also condition (2.10.1) depends on k and coincides with (2.14.1). when k = 1.
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