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ABSTRACT

We prove common fixed point theorem by using compatible mappings via in Menger spaces. some others in Menger
as well as metric spaces. our result generalize many known results in Menger as well as metric spaces
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1. INTRODUCTION

There have been lots of generalizations of metric space. One such generalization is Menger space in which, used
distribution functions instead of nonnegative real numbers as value of metric.

A Menger space is a space in which the concept of distance is considered to be a probabilistic, rather than deterministic.
For detail discussion of Menger spaces and their applications we refer to Schweizer and Sklar [15]. The theory of
Menger space is fundamental importance in probabilistic functional analysis.

A probabilistic metric space shortly PM-Space, is an ordered pair (X, F) consisting of a non empty set X and a mapping
F from X x Xto L, where L is the collection of all distribution functions (a distribution function F is non decreasing
and left continuous mapping of reals in to [0,1] with properties, inf F(x) = 0 and sup F(x) = 1).

The value of F at (u,v) € X x X is represented by F,,. The function F,, are assumed satisfy the following
conditions;

1.1@)F,, (x) = Lforallx>0,iff u=v;

1.1(b) F,, (0) = 0,ifx=0;

1.1 (¢) Fyy (%) =F 0 ();

11(d)F,, (x) = 1and F,,, (y) = 1thenF,,, x +y) = 1.

A mapping t: [0,1] x [0,1] - [0,1] is a t-norm, if it satisfies the following conditions;
1.1 (e) t(a,1) = aforeverya € [0,1];

1.1 (f) t(0,0) = 0,

1.1 (g) t(a,b) = t(b,a) for every a,b € [0,1];

1.1 (h) t(c,d) =t(a,b)forc =aandd>b

1.1 (i) t(t(a,b), c) = t(a, t(b,c)) where a,b,c,d € [0,1].

A Menger space is a triplet (X, F, t), where (X, F) is a PM-Space, X is a non-empty set and a t -norm satisfying instead
of 6.1(i) a stronger requirement.

11G) Fuw G + ) 2 t(Fuy (), Fyu () forall x2 0,y 2 0.

For a given metric space (X, d) with usual metric d, one can put F,, (x) = H(x —d(u,v)) forallx,y € Xandt> 0.
where H is defined as;
_(1ifs>0,
HE) = {o ifs < 0.
and t-norm is defined as t(a,b) = min {a, b}.

Our aim of this chapter, we establish a fixed point theorem in the setting of probabilistic metric space using weak
compatibility.
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2. PRELIMINARIES
To proof of our result we need some known definitions which are follows;

Definition 2.1: A probabilistic metric space (PM- space) is an ordered pair (X, F) consisting of a non empty set X and a
mapping F from X x X into the collections of all distribution F € R. For x,y € X we denote the distribution function
F(x,y) by Fy,and F,(u) isthe value of F,,at uin R.

Definition 2.2: Self maps A and B of a Menger space (X, F,x) are said to be weakly compatible (or coincidentally
commuting) if they commute at their coincidence points, i.e. if Ax = Bx for some x € Xthen ABx = BAx.

Definition 2.3: Self maps A and B of a Menger space (X, F,«) are said to be compatible if Fypy gax, (t) — 1 forall
t > 0, whenever {x,} isasequence in X such that Ax, — x, Bx, —» x for some xinXas n — .

The concept of neighborhoods in Menger space was introduced by Schweizer and Skalar [91].

Definition 2.4: Let (X, F,t) be a Menger space. If x€ X,e > 0and X € (0,1), then (¢,X) — neighborhood of x is
called Uy (g,1), is defined by
Uy (ed) = {y € XeF (&) > (1 — D}
an (e,A) — topology in X is the topology induced by the family
{Uy (,M):x € Xe >0and 1 € (0,1)}
of neighborhood.

Remark 1: If tis continuous, then Menger space (X, F, t) is a Housdorff space in (g, 1) — topology.

Let (X, F,t) be a complete Menger space and A < X. Then A is called a bounded set if
lim infy yep Fyy (W) = 1.
u—o0

Definition 2.5: A sequence {x,} in (X,F,t) is said to be convergent to a point x in X if for every ¢ >0and A >0,

there exists an integer N = N(g, A) such that x,, € U,(g,A) for alln = N or equivalently F(x,,x; €) > 1-21 for all
n=N.

Definition 2.6: A sequence {x,}in (X, F,t) is said to be Cauchy sequence if for every ¢ > 0and A > 0,3 an integer
N = N(g,)) such that F(x,,x,,,€) > 1- Aforall n,m > N.

Definition 2.7: A Menger space (X, F, t) with the continuous t —norm is said to be complete if every cauchy sequence
in X converges to a point in X.

Definition 2.8: Let (X, F,t) be a Menger space, two mappings f,g: X — X are said to be weakly compatible if they
commute at coincidence point.

Lemma 2.9: Let X beaset f, g OWC self maps of X. If fand g have a unique point of coincidence,
w = fx = gx, then w is the unique common fixed point of fandg.

Lemma 2.10: Let {x,} be a sequence in a Menger space (X, F,t), where t is continuous and t(p,p) = p for all
pe (0,1)and n € N
F(Xp, Xn+1, Kp) = F(x,_1,Xn, p), then {x,,} is Cauchy sequence.

Lemma2.11: If (X,d) isa metric space, then the metric d induces a mapping F: X X X — L defined by
F(p,q) =H(x— d(p.9)), pqe€ER

Further if t:[0,1] x [0,1] — [0,1] is defined by t(a,b) = min{a, b}, then (X,F,t) is a Menger space. It is complete if
(X, d) is complete.

3. MAIN THEOREM

In this section we prove some common fixed point theorems by using seven compatible mappings in complete Menger
spaces.

In fact we prove following results.
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Theorem 3.1: Let A,B,S, T and P be self maps on a complete Menger space (X, F,*) with t = t > tforallt € [0,1],
satisfying;

3.1 (a) P(X) € AB(X),P(X) < ST(X);

3.1 (b) there exists a constant k € (0, 1) such that

Mpypy (Kt) = Mypypyx (1) * Mpy sty (£) * Mapy sty (1) *

Mgy py(n — )t
forall x,y € X,a € (0,n) and t> 0,
3.1 (c) PB=BP,PT =TP,AB=BAand ST =TS,
3.1 (d) Aand B are continuous,
3.1 (e) the pair (P, AB) is compatible (if compatible then it is weak compatible). Then A,B,S, T and P have a common
fixed point in X.

Mpy aBx (t)*Mpx sTy (£)

* Mpy py (t) * Mpypy (t)*

MsTy,aBx (D)

Proof: Since P(X) c AB(X), for x, € X, we can choose a pointx, € Xsuch that Px, = ABx,.Since P(X) c ST(X),
for this point x,, we can choose a point x, € X such that Px; = STx,. Thus by induction, we can define a
sequence y,, € X as follows;
Yan = PXan = ABXpn44
and Yan+1 = PXani1 = STXpp4
for n=1,2,...from 3.1 (b),
forall t > 0and a = 2 — qwith q € (0, 2), we have
MY2n+1rYZn+2 (kt) = MPX2n+1,PX2n+2 (kt) = MY2n+1rYZn+1 () * MYanYZn+1 ®
() *M

* Myone1y2n ©Myrny1yon41 © "

MY2n+1rYZn+2 (t)MYZn+1rYZn+1 Y2n¥y2n+1 (t)

MY2n+1'Y2n ®

Merpan+2 (1 + q)t’
MY2n+1rYZn+2 (kt) = MYanYZn+1 (t) * Merpan+2 (1 + q)t
= MYanYZn+1 (t) * MYanYZn+1 (t) *M

= MYanYZn+1 (t)* MY2n+1rYZn+2 (t)
as q — 1. Since *is continuous and M, (*) is continuous, letting q — 1 in above equation

Y2n+1,Y2n+2 (qt)

We get

MY2n+1rYZn+2 (kt) = MYanYZn+1 (t) * MY2n+1rYZn+2 (t) """ 3.1 (1)
Similarly, we have

MY2n+2rYZn+3 (kt) = MY2n+1rYZn+2 (t) * MY2n+2rYZn+2 (t) """ 3.1 (ii)

Thus from 2.1 (i) and 2.1 (ii), it follows that

MYn+1rYn+2 (kt) = ManYn+1 (t) * MYn+1rYn+2 (t)
for n = 1,2, ... and then for positive integers n and p,

t
M (kt) = ManYn+1 (©) Myn+1,Yn+2 (ﬁ)

Yn+1,.Yn+2

. t
Thus, since MYn+1rYn+1 (k—p) — 1as p — oo we have

MYn+1rYn+2 (kt) = ManYn+1 (t)
ynis Cauchy sequence inXand sincexis complete,y, converges to a pointz € X. Since Px,, ABxX,,,1
and STx,,,, are subsequences of y,, they also converge to the point z, since A, B are continuous and pair
{P, AB} is compatible and also weak compatible, we have

lim,_,, PABx,,,; = ABz
and  lim,_(AB)? x,,,, = ABz,

From 2.1 (b) witha = 2, we get
MPABx2n+1, Pxon+2 kt) = M(AB)2X2n+1r STX2n+2 (®) * MPABX2n+1r STX2n+2 ®

MPABx2n+1, PxXan+2 () * MPABX2n+1PABX2n+1 (© =
MPABx2n+1_(AB)2 xZn+1(t)*MPABx2n+1_ STxpnpz (O

®

* Map2 ()
AB)?x , STx
(AB)“X2n+1 2n+2 MsTxon42, (AB)? x2n41

* M(AB)Z

Xon+1, PXongo ®
which implies that

MABZ,Z(kt) = 1irnn—mo MPABX2n+2 (kt)
=1x MABZ,Z (t)MABZ,Z (t)MABZ,BZ (kt) * MABZ,Z (t) *

1xMaBz,z ()
1 Magzz ) M "
Mz ABz (t) ABz,2,2 )
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We have
ABz = z, since M, g1, (t) = M, p,(t) = 1 forallt >0,

We get STz = z. Again by 3.1 (b) with a = 2,

We have

MpaBxsn.s, Pz(KD = Mapy2y, . PaBxons: (D) * MpaBxyn,q stz (©) * Mpax,, ., Pz (t) * MpaBx, 541, PABxsn41, (kt))
Mp ABxan 41, (AB)2 xons1 D*MPABxo g, sTZ(D
M

* M(AB)2X2n+1_ STz (t) * * M(AB)2X2n+1 Pz (t)

STZ(AB)2 xpp 41 (P
which implies that
Magz,pz,pz (kD) = limpy o Mpagy,,,, pz (KO
=>1x1+1%1%1%1Mpp,p, (D)
= Magzpz (O

We have ABz = Pz. Now, we show that Bz = z.Infact, from 2.1(b) with « = n,and 3.1 (c) we get,
MBZ,Z (kt) = MBPZ,PZ (kt)
= Mpgzp (kt)
Mpgz,pz (kt) = Mpp, st (1) * MBStz (1) *Mppyzp, (DMpp,pe, (D
M t)*M t
% PBz, ABll\SZ ( ) PBz,zz ( ) " MPBz,Z (t)
z,PBz (t)
=1x MBZ,Z (t) * MBZ,Z (t) *1xlxlx MBZ,Z (t)
= MBZ,Z (t)
which implies that Bz = z. Since ABz = z,

We have Az = z. Next, we show that Tz = z. Indeed from 6.3.1 (b) with a = 2,and 2.1 (c) we get
MTZ,Z (kt) = MTPZ,PZ (kt) = MPZ,PZ (kt)
=1x MZ,TZ (t) * MPZ,PZ (t) * MPZ,PZ (t) * MZ,TZ (t) * 1 x MZ,TZ (t)
= MTZ,Z (t)
which implies that Tz = z. Since STz =z, we have Sz = STz = z. Therefore, by combining the above results we
obtain,
Az = Bz =Sz =Tz = Pz

Therefore z is the common fixed point of A,B,S, Tand P.
Finally, the uniqueness of the fixed point of A,B,S, Tand P.
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