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ABSTACT

In this paper we have tried to establish fixed point theorems for mappings in Hilbert space, which generalized the
results of many authors.
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INTRODUCTION

Ciric [3] introduced the notion of generalized contraction mapping and proved fixed point theorems, Dass and Gupta
[4] introduced fixed point theorems in reflexive Banach spaces. The study of properties and applications of fixed points
of various types of contractive mappings were obtained among others by Banach [1], R. Kannan[6], S.K. Chatterjee [2]
Naimpally and Singh [7] & Rhoads [8].

The most of fixed point theorems in metric spaces satisfying different contraction condition may be extended to the
abstract spaces like Hilbert, Banach and Locally convex spaces with some modifications. In this paper fixed point
theorem for mapping in Hilbert space has been proved which generalized the results of T.Veerapandi and M.Mariappan
[9].We know that Banach space is Hilbert Space if and only if its norm satisfies the parallelogram law i.e. for every
XxyeX

lIx +ylI? + lIx =yl = 2[IxlI* + 2llylI?

This implies
lIx+ yll* < 2[IxI1* + 2[lyll?

We prove the result concerning the existence of fixed point for mappings satisfying the contractive condition of the
type.
ITx — Tyll* < allx — Txlllly — Tyll + b[llx — Txllly — TxIl + lly — Tyllllx — Tyll] + cllx — Tylllly — TxI|
+d[llx — TxII* + lly — TyllI?] + e[llx — Tyll* + Ily — TxII?] + fllx — ylI*
Where,0 <a+2b+c+2d+4e+f<1&Vx,ye(C,x #y.

OUR MAIN RESULTS
Theorem 1: Let C be a closed subset of Hilbert space X and let T: C — C be a self mapping on C satisfying:
ITx — Tyl < allx — Tx||lly — Tyll + b[llx — TxIlly — Tx[| + Ily — Tyllllx — Tyl[] + cllx — Tylllly — TxIl
+d[llx — TxII* + lly — Tyll?] + e[llx — Tyll? + lly — TxII?] + fllx — ylI?
Where,0 <a+2b+c+2d+4e+f<1&Vx,y € C,x#y. ThenT hasa unique fixed point.

Proof: Let x, € C be any arbitrary element in. Define the sequence {x,} in C as follows:

Let x,,, =Tx,, forn=0,1,23,...
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Now,
lIx; — % |I* = [ITx; — Tx,ll?
< allx; — Txq lllxg — Txoll + b[llx; — Txy |[lIxo — Txq | + [[xg — Txgllllx; — Txo 1] + cllx; — Txq|lllx — Tx, |l
+d[llx; = Txql1* + lIxo — Txo 1] + e[llx; — Txoll* + lIxo = Txq [12] + fllx; — %, I
= allx; — X, |llIxo — x4 |l + bllx; — x5 [llIxg — %, |l + llxg — x4 [[lIx7 — %4 [T+ cllx; — x4 [[[[xg — x|
+d[llx; = x, 117 + lIxo — %, 1171 + e[llx; — %1117 + lIxg = X, [12] + fllx; — xoll?
= allx; — X, [llIxg — x4 I + b[llx; — %, llIxg — %, 11T+ d[llx; — %5112 + lIxo — x4 1] + e[llxo — % I?]
+ fllx; — X2
< allx; = x;[llIxg = x4 I + bllx; — %, [l11xg — x4 [ + bllx; —x,11% + d[llx; — %517 + %o — x4 11?]
+elllxo = x4 11 + lIxy = %5117 + 2lIx0 — x4 lllIx; = %, [I] + fllx; — %, I
= allx; — x4 [llIx; — X0l + bllx; — x4 1% — %ol + bllx, — x4 117 + d[llx; — x4 [I* + %, —%,1I?]
+elllxy = %oll* + lIxy = x4 117 + 2%, — XolllIx, = x4 ] + fllx; — %, 1I?
Hence

(I1-b—d=e)llx, =x|I* < @+ b+ 2e)lx; — x4 lllIx; = Xoll + (d + e + ) |Ix; — x,]I?

From this we have,
(a+b+2e) (d+e+1)
lIx, —x;I* < m lIxz — x4 llllxy = %ol + m
Divide both sides by [|x; — x,1|? we get,
lIx, =x111>  (a+b+2e) lx—xll (d+e+f)

<
lIx; —=%0lI> ~ (1 —=b—d—e)llx; =xll  (b—d—e)

”X1 _Xo”2

Here substitute

[x, — x4l (a+Db+2e) (d+e+f)
Y7, — ol (1-b-d-e b-d-e
Now we get that y? < ya + B &a+ﬁ=%<1

Sincca+2b+2d+4e+f<1
Thisgivesthaty? —ya —B<0&a+B <1

1 2 _ ..
Andsoysz(a+,/a +4B)=r<1 [va+B<1]

Therefore ||x, — x4 || < rllx; — %ol

Continuing in this way we get
%01 — Xpll < rllxy, — x4l ,forn=1,23, ... ... ...
<r"lx; —x0ll > 0 as n—-
Hence {x,} is a Cauchy sequence in C. Since C is complete, {x,,} converges to a point x in C. Therefore lim,,_,o, X, = X

Suppose x # Tx
Then,

[[x — Tx||? = [IXx — Xp4q + Xp41 — TXI|?

< [l = Xpaall + lIxpeq = TxII]?

= [Ix = Xppq 17 + 201x = xpiq HIxp 41 — TN + %441 — TxI|?

= [Ix = Xp4q [I? + 211x = x4 [HIxp 41 — Tx||+ITx, — Tx||?

< Ix = Xppa 17 + 211x = Xp 41 lIxn 0 — TN + allx, — Txpllllx — Tx||

+b[llx, = T llllx = Txpll + lIx = Tx|llIx, — TxI] + cllx, — Txllllx — Tx, |l
+d[llxy = T, 12 + lIx = TxII?] + e[llx, — TxI|? + llx — Tx, [1?] + fllx, —xII?
That is
lIx — Tx|I* < lIx = Xpyq I* + 2[1x = Xp 41 1xp41 — TxI + allx, — x4 [lx = Tx||
+b[lIxy = Xp4q % = xp i1 1l + lx = TxlllIx, = TxN] + cllx, — TxIx = Xp44 ]l
+d[llxy = Xpea 17 + lx = TxI?] + e[llx, — TxII? + lx = %444 1] + fllx, — xII?

Allowing n — oo, we get that
lIx = Tx||* = |lx — x[I* + 2|Ix — x|[|[x — Tx|| + allx — x|||[x — Tx|| + b[lIx — x|lllx — x|l + [Ix — Tx||||x — TxII]
+ cllx — Txllllx — x|l + d[llx — xI* + [Ix — Tx||*] + e[llx — Tx|I* + [Ix — x/|*] + fllx — xI|?

From this we have
lx —Tx||? < (b+d + e)llx — Tx||?

So that
Ix — Tx||* < |lx — Tx||?
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Since b + d + e < 1 which is contradiction.
Therefore x = Tx

In order to prove the uniqueness of fixed point, assume that x and y be two distinct fixed points of T. Then Tx = x and
Ty=yandx #y.
Then we have,
ITx — Tyll* < allx — Txlllly — Tyll + b[llx — Txlllly — TxIl + lly — Tyllllx — Tyll] + cllx — Tyll|ly — TxI|
+d[llx — TxII* + lly — TylI*] + e[llx — Tyll* + |ly — TxII*] + fllx — yl|?
And so
lIx — ylI* < allx = xlllly = yll + blllx — xIllly — Il + Ily — yllllx = yll] + cllx = ylllly — xIl + d[llx = xII* + lly = ylI*]
+efllx—ylIZ + lly —xII’] + fllx — yll?
cllx = ylllly = xIl + e[llx = ylI* + lly — xII>] + fllx — ylI?
cllx = yllllx = yll + elllx = ylI* + lIx — ylI*] + fllx — ylI?
clix = yllI* + 2ellx = ylI* + fllx — ylI?
(c+2e+Dlx—yll?
lIx = yllI* < llx = ylI?

Since ¢ + 2e + f < 1, this is contradiction.
Therefore x =y
Thus T has a unique fixed point.

Takinga=b =c=d =e = 0& f = h? we get the following theorem as Corollary:

Corollary 1.1: Let C be convex subset of Hilbert space X and T: C — C be mapping such that ||Tx — Ty|| < h||x — yl|
where0 <h < 1,Vx,y € C. Then T has a unique fixed point.

2 2
Takingb=c=e=f=0, a= h?& d= hr we get the following theorem as Corollary:

Corollary 1.2: Let C be convex subset of Hilbert space X and T: C — C be mapping such that
h
ITx = Tyll < Z[llx = TxIl + lly — Tyll]
Where 0 < h < 1,Vx,y € C. Then T has a unique fixed point.

2 2
Takinga=b=d=f=0, c= h?& e= hr we get the following theorem as Corollary:

Corollary 1.3: Let C be convex subset of Hilbert space X and T: C — C be mapping such that
h
ITx = Tyll < Z[llx = Tyll + lly — Txll]
Where 0 < h < 1,vx,y € C. Then T has a unique fixed point.

2 2
Takingb =0, a=c= h?&d =e=f= h:we get the following theorem as Corollary:

Corollary 1.4: Let C be convex subset of Hilbert space X and T: C — C be mapping such that
h
ITx = Tyll < S [llx = yll + lix = Txll + lly = Tyll + llx = Tyll + lly — TxIl]
where0 <h < 1,Vx,y € C. Then T has a unique fixed point.

Theorem 2: Let C be a closed subset of Hilbert space X and let T, S: C — C be a self mappings on C satisfying:

ITx — SylI* < allx = Txlllly — Syl + b[llx — Tx|/lly — Tx|| + lly — Syllllx — Syl[] + cllx — Sylllly — TxIl
+d[llx — TxII* + lly — Syll*] + e[llx — SylI* + lly — TxII*] + fllx — yl|?

Where,0 <a+2b+c+2d+4e+f<1&Vx,y€C,x#y.ThenT,S have a unique fixed point.

Proof: Let x, € C be any arbitrary element in C. Define the sequence {x,} in C as follows:
Let X041 = TXp & Xop4o = SXpy1, fOrn=0,1,23, ...

Now,
”Xz - X1”2 = ”SX1 - TX0”2
< allx; = SxqlllIxo = T Il + bllx; — Sx4 [lIxg — Sx4 || + lIxg — Txollllx; — T, |[]
+ cllx; — TxolllIxo — Sxq Il + d[lIx; — Sx1 1% + llxo — Txol|%]
+efllx; — TxolI? + |lxo — Sx 1] + fllx; — x,[I?
= allx; — x,|llIxo — x4 |l + bllx; — x5 llIxg — %Il + llxg — x4 [[lIx7 — x4 [T+ cllx; — x4 [[[[xg — x|
+d[llx; =117 + lIxo = %, 1171 + e[llx; — %1117 + lIxg = X, [12] + fllx; — xoll?
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allx; — x5 lll1xg = %11l + b[llx; = x5 lllIxo = %11+ dlllx; = x,11% + lIxo — x4 1] + e[llxo — x,117]
+ fllx; — X2
< allx; = x,lllIxe — x4 |l + bllx; — x5 111xo — x4 1| + bllx; — x, |2
+d[llx; — %2117 + llxo — %, 117] + e[llxg — x4 117 + lIx; — %5117 + 211x0 — x4 |llIx; — %[
+ fllx; — X2
allxy = x4 l11x; = Xoll + bllx, — x4 |[lIx; — %ol + bllx; — x4 11> + d[llx, — x4 17 + [Ix; = %01%]
+ e[llx; = xolI* + l1x; — x4 117 + 2|Ix; — %o lll1x; — x4 /1] + fllx; — xoI?

Hence
(1-b—-d—e)llx, _X1”2 < (@+b+2e)lx; —x4llllx; — %01l + (d + e+ ) [[x; _XOHZ

From this we have,
(a+b+2e) (d+e+1)

(1 _b_d—e) ”X2 _X1””X1 _X()” +m ”X1 _XOHZ

”Xz - X1”2 <

Divide both sides by [|x; — x,1|? we get,
Ix, —x,11>  (@+b+2e) lx;—x (d+e+f

lIx; =%olI> = (1 —=b—d—e)llx; =x0ll  (b—d—e)

Here substitute

[x, — x4l (a+Db+2e) (d+e+f)
=—’ a:—’ = ——
Y7, — ol (1-b-d-e b-d—e

Now we get that, y? < ya + B &a+ﬁ=%<1

Sincca+2b+2d+4e+f<1
Thisgivesthaty? —ya —B <0 anda+p<1

i 1 2 — ..
From this we have, ysz(a+,/a +4B)=r<1 [va+B<1]
Therefore ||x, — x4 || < rllx; — %ol

Continuing in this way, we get that
%01 — Xpll < rllxy, — x4l ,forn=1,23, ... ... ...
<r|x; =%/l >0 Asn— oo,
Hence {x,} is a Cauchy sequence in C. Since C is complete, {x,} converges to a point x in C. Therefore
Hmn—wo Xon+1 = 1irnn—wo Xony2 = X

Suppose x # Tx Then,
[Ix — Tx|I? = [|X — Xpp42 + Xopsz — TXI|?
< [lx = Xoni2 Il + X204, — TxII]?
= [Ix = Xone2 1> + 2|1x = Xon42 llXon42 — TXI + (X504, — Tx|I?
= [Ix = Xone2 1> + 2|Ix = Xon42 %2042 — TxI+1ISXp044 — TxII?
< Ix = Xans2 1 + 211X = Xon 42 l1IXzne2 — TXI + allxzne1 = SXaniqlllIx — Tx||
+ bllI%2n4+1 = SXane1 lllIx = Sxon4 1l + lIx = Tl Ix20n4 — TxIl]
+ cllxonir = TXIX = SXoniq Il + d[llXons1 — SXonsalI? + lIx = Tx||?]
+ e[llxane1 — TXI? + 11X = SXon 41 1] + fllxpn4q — xII?
= |Ix = Xzn2l1? + 21X — Xon 42 [1Xzn42 — TXI + allxzn1 = Xana2llIx — Txl
+ bllI%2n4+1 = Xans2lllx = Xoni2ll + lIx = Tx||lIX2n44 — Tx|I]
+ cllxonit = TXIX = Xonaall + d[l1Xon41 — Xons2 lI? + lIx = TxI|?]
+ e[llxane1 = TXI? + 11X = Xon 42121 + fllxpn 1 — xII?

Allowing as n — oo, we get that
lIx = Tx||I* = |lx — x[I* + 2|Ix — x|[|[x — Tx|| + allx — x|||[x — TxI| + b[lIx — x|lllx — x|l + [Ix — Tx||||x — TxII]
+ cllx — Txllllx — x|l + d[llx — xI* + [Ix — Tx||*] + e[llx — Tx|I* + |Ix — x/|*] + fllx — xI|?
That is,
[Ix — Tx|I? < bllx — Tx||? + d||x — Tx||? + ellx — Tx||?

From this we have

lx —Tx||? < (b+d + e)llx — Tx||?
So that

lIx — Tx||* < |Ix — Tx]|?
Since b + d + e < 1 which is contradiction.
Therefore x = Tx
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Similarly we can prove that x = Sx. Hence x is a common fixed point of T and S.

In order to prove the uniqueness of fixed point, let x and y be two fixed points of T and S, then Tx = Sx =x & Ty =
Sy =y.

Suppose x # y, then we have
ITx — Syll* < allx — Tx|llly — Syll + b[llx — Tx|llly — TxI| + |ly — Syllllx — Sy|l] + cllx — Sylllly — Txl|
+d[llx — Tx|I* + |ly — Syll*] + e[llx — SyllI* + [ly — TxI|*] + fllx — ylI*

And so

lIx — ylI* < allx = xlllly — yll + b[llx — xIllly — x|l + lly — yllllx = yll] + cllx = ylllly — x|l + d[llx — xII* + lly — ylI?]
+ e[llx = ylI* + [ly — xII*] + fllx — y||?

clix = ylllly — xll +elllx = ylI* + lly — x|I*] + fllx — ylI?

cllx = yllllx =yl +elllx = ylI* + lIx — ylI*] + fllx — ylI?

cllx = yll* + 2ellx = ylI* + fllx — ylI?

(c+2e+Dlx—yll?

<|lx-yll?

Sincec+2e+f<1

Thatis [lx —yllI*> < llx —ylI?

This is a contradiction.

Therefore x =y

Thus T and S have a unique common fixed point.

Corollary 2.1: Let C be convex subset of Hilbert space X and T, S: C — C be mapping such that
ITx — Syll* < hllx — yll
where0 < h < 1,Vx,y € C. Then T and S have a unique fixed point.
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