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ABSTRACT 
In this paper, we define the new subclasses of analytic functions using the Al - Oboudi operator. For functions 
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Key words and phrases: Analytic functions, Al - Oboudi operator, Coefficient inequalities, Extreme points and Integral 
means. 
 
2000 Mathematics Subject Classification: 30C45. 
 

 
1. INTRODUCTION 
 
Let 𝐴 denote the class of analytic functions 𝑓 of the form  

𝑓(𝑧) = 𝑧 +∑ 𝑎𝑗𝑧𝑗∞
𝑗=2                                                    (1.1) 

 
which are analytic in the open unit disc 𝑈 = {𝑧; |𝑧| < 1}.   
 
Definition1.1: [1] Let 𝑛 ∈ ℕ 𝑎𝑛𝑑  𝜆 ≥ 0, the Al0Oboudi operator 𝐷𝜆 

𝑛:𝐴 → 𝐴, is defined as 
 𝐷𝜆 

0𝑓(𝑧) = 𝑓(𝑧),     𝐷𝜆 
1𝑓(𝑧) = (1− 𝜆)𝑓(𝑧) + 𝑧𝑓′(𝑧) = 𝐷𝜆 𝑓(𝑧) 𝑎𝑛𝑑 

 𝐷𝜆 
𝑛𝑓(𝑧) =  𝐷𝜆 �𝐷𝜆 

𝑛−1𝑓(𝑧)�.  
 
Further, if  𝑓(𝑧) = 𝑧 +∑ 𝑎𝑘𝑧𝑘∞

𝑘=2 , 𝑡ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒, 
𝐷𝜆 
𝑛𝑓(𝑧) = 𝑧 +  ∑ [1 + (𝑘 − 1)]𝑎𝑘𝑧𝑘,   𝑛 ∈ ℕ0.

∞
𝑘=2                                                             (1.2) 

 
Remarks 1.2: It is easy to observe that for  𝜆 = 1, we get the S𝑎�l𝑎�gean operator [8].   

 
Definition 1.3: A function 𝑓 ∈ 𝐴 is said to be in the class 𝑁𝑚,𝑛(𝛼,𝛽,𝜆) if  

ℝ�𝐷𝜆
𝑚𝑓(𝑧)
𝐷𝜆
𝑛𝑓(𝑧)

�  >   𝛽 �𝐷𝜆
𝑚𝑓(𝑧)
𝐷𝜆
𝑛𝑓(𝑧)

− 1� +  𝛼,                                                                                     (1.3) 

for some 0 ≤  𝛼 < 1, 𝛽 ≥ 0, 𝑚 ∈  ℕ, 𝑛 ∈ ℕ0 ,𝜆 ≥ 0 𝑎𝑛𝑑 𝑧 ∈  𝑈. 
 
The following are the special cases of the class 𝑁𝑚,𝑛(𝛼,𝛽, 𝜆): 

i. 𝑁𝑚,𝑛(𝛼,𝛽, 1) =  𝑁𝑚,𝑛(𝛼,𝛽), 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑑 𝑏𝑦 𝐸𝑘𝑒𝑟 𝑎𝑛𝑑 𝑂𝑤𝑎 [3]. 
ii. 𝑁1,0(𝛼,𝛽, 1) =  𝑆𝐷(𝛼,𝛽, 𝜆)𝑎𝑛𝑑 𝑁2,1(𝛼,𝛽,𝜆) =

𝐾𝐷(𝛼,𝛽), 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠𝑒𝑠 𝑠𝑡𝑢𝑑𝑖𝑒𝑑  𝑏𝑦 𝑆ℎ𝑎𝑚𝑠,𝐾𝑢𝑙𝑘𝑎𝑟𝑛𝑖 𝑎𝑛𝑑 𝐽𝑎ℎ𝑎𝑛𝑔𝑖𝑟𝑖 [9]. 
iii. 𝑁𝑚,𝑛(𝛼, 0,1) =  𝐾𝑚,𝑛(𝛼),𝑏𝑒 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑏𝑦 𝐸𝑘𝑒𝑟 𝑎𝑛𝑑 𝑂𝑤𝑎 [4]. 
iv. 𝑁1,0(𝛼, 0,1) =  𝑆∗(𝛼)𝑎𝑛𝑑 𝑁2,1(𝛼, 0,1) =  𝐾(𝛼), 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠𝑒𝑠 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑏𝑦 𝑅𝑜𝑏𝑒𝑟𝑡𝑠𝑜𝑛 [7]. 
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2. COEFFICIENT INEQUALITIES FOR THE CLASS 𝑵𝒎,𝒏(𝜶,𝜷, 𝝀) 
 
Theorem 2.1: If 𝑓 ∈ 𝐴 satisfies, 

∑ 𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽)|𝑎𝑘| ≤ 2(1− 𝛼)∞
𝑘=2                                                           (2.1) 

where  
𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) = |(1 + 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 − [1 + (𝑘 − 1)𝜆]𝑚| 
                                       +((1 − 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 + [1 + (𝑘 − 1)𝜆]𝑚|)  
                                   + 2 𝛽|[1 + (𝑘 − 1)𝜆]𝑚 − [1 + (𝑘 − 1)𝜆]𝑛| 

 
for some 0 ≤  𝛼 < 1, 𝛽 ≥ 0, 𝑚 ∈  ℕ, 𝑛 ∈ ℕ0 ,𝜆 ≥ 0, 𝑡ℎ𝑒𝑛 𝑓 ∈  𝑁𝑚,𝑛(𝛼,𝛽, 𝜆). 
 
Proof:  Let the expression (2.1) be true for 0 ≤  𝛼 < 1, 𝛽 ≥ 0, 𝑚 ∈  ℕ, 𝑛 ∈ ℕ0 𝑎𝑛𝑑  𝜆 ≥ 0. Hence to show that, 

�(1 − 𝛼)𝐷𝜆 
𝑛𝑓(𝑧) +𝐷𝜆 

𝑚𝑓(𝑧) − 𝛽𝑒𝑖𝜃|𝐷𝜆 
𝑚𝑓(𝑧)− 𝐷𝜆 

𝑛𝑓(𝑧)|� 

−  �(1 + 𝛼)𝐷𝜆 
𝑛𝑓(𝑧)− 𝐷𝜆 

𝑚𝑓(𝑧) + 𝛽𝑒𝑖𝜃|𝐷𝜆 
𝑚𝑓(𝑧) −𝐷𝜆 

𝑛𝑓(𝑧)|� > 0. 
 
So, we have 

�(1 − 𝛼)𝐷𝜆 
𝑛𝑓(𝑧) +𝐷𝜆 

𝑚𝑓(𝑧) − 𝛽𝑒𝑖𝜃|𝐷𝜆 
𝑚𝑓(𝑧)− 𝐷𝜆 

𝑛𝑓(𝑧)|� 

−  �(1 + 𝛼)𝐷𝜆 
𝑛𝑓(𝑧)− 𝐷𝜆 

𝑚𝑓(𝑧) + 𝛽𝑒𝑖𝜃|𝐷𝜆 
𝑚𝑓(𝑧) −𝐷𝜆 

𝑛𝑓(𝑧)|� 

=  
�

�
(2 − 𝛼)𝑧 +  �{(1 − 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 + [1 + (𝑘 − 1)𝜆]𝑚}𝑎𝑘𝑧𝑘

∞

𝑘=2

−𝛽𝑒𝑖𝜃 ��{[1 + (𝑘 − 1)𝜆]𝑚 − [1 + (𝑘 − 1)𝜆]𝑛}𝑎𝑘𝑧𝑘
∞

𝑘=2

�
�

�
 

−�𝛼𝑧 +�{(1 + 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 − [1 + (𝑘 − 1)𝜆]𝑚}𝑎𝑘𝑧𝑘
∞

𝑘=2

    

+ 𝛽𝑒𝑖𝜃 ��{[1 + (𝑘 − 1)𝜆]𝑚 − [1 + (𝑘 − 1)𝜆]𝑛}𝑎𝑘𝑧𝑘
∞

𝑘=2

�  � 

 

≥ (2− 𝛼)|𝑧| −   �{(1 − 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 + [1 + (𝑘 − 1)𝜆]𝑚}|𝑎𝑘| |𝑧𝑘|
∞

𝑘=2

   

− 𝛽|𝑒𝑖𝜃|  �|{[1 + (𝑘 − 1)𝜆]𝑚 − [1 + (𝑘 − 1)𝜆]𝑛}||𝑎𝑘| |𝑧𝑘|
∞

𝑘=2

 

−𝛼|𝑧| −�| {(1 + 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 − [1 + (𝑘 − 1)𝜆]𝑚} | |𝑎𝑘| |𝑧𝑘|
∞

𝑘=2

 

−𝛽�𝑒𝑖𝜃��|[1 + (𝑘 − 1)𝜆]𝑚 − [1 + (𝑘 − 1)𝜆]𝑛||𝑎𝑘| |𝑧𝑘|
∞

𝑘=2

 

≥ 2(1− 𝛼)

−  ��|(1 + 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 − [1 + (𝑘 − 1)𝜆]𝑚|
∞

𝑘=2
+  �(1− 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 + [1 + (𝑘 − 1)𝜆]𝑚�   

+ 2𝛽|[1 + (𝑘 − 1)𝜆]𝑚 − [1 + (𝑘 − 1)𝜆]𝑛|� |𝑎𝑘|   ≥ 0. 

 
3. RELATION FOR  𝑵�𝒎,𝒏(𝜶,𝜷, 𝝀) 
 
By Theorem 2.1, we introduce the class 𝑵�𝒎,𝒏(𝜶,𝜷,𝝀) as the subclass of  𝑵𝒎,𝒏(𝜶,𝜷,𝝀) consisting of  f  satisfying    

∑ 𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽)|𝑎𝑘|  ≤   2(1− 𝛼)∞
𝑘=2                                                                                         (3.1) 

Where  
𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) = |(1 + 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 − [1 + (𝑘 − 1)𝜆]𝑚| 

+((1 − 𝛼)[1 + (𝑘 − 1)𝜆]𝑛 + [1 + (𝑘 − 1)𝜆]𝑚|) 
+ 2 𝛽|[1 + (𝑘 − 1)𝜆]𝑚 − [1 + (𝑘 − 1)𝜆]𝑛| 

for some 0 ≤ 𝛼 < 1, 𝛽 ≥ 0, 𝑚 ∈ ℕ, 𝑛 ∈ ℕ0  𝑎𝑛𝑑 𝜆 ≥ 0. 
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Theorem 3.1: If 𝑓 ∈ 𝐴, 𝑡ℎ𝑒𝑛 𝑵�𝒎,𝒏(𝜶,𝜷𝟐 ,𝝀) ⊂ 𝑵�𝒎,𝒏(𝜶,𝜷𝟏 ,𝝀) for some 𝜷𝟏 𝒂𝒏𝒅 𝜷𝟐 such that 𝟎 ≤ 𝜷𝟏 ≤ 𝜷𝟐 . 
 
Proof: For 0 ≤  𝛽1 ≤ 𝛽2 , we have 

�𝜓(𝜆,𝑚, 𝑛, 𝑘,𝛼,𝛽1)|𝑎𝑘|  ≤ 
∞

𝑘=2

�𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽2)|𝑎𝑘|.
∞

𝑘=2

 

 
Therefore, if   𝑓 ∈  𝑵�𝒎,𝒏(𝜶,𝜷𝟐 ,𝝀)𝒕𝒉𝒆𝒏 if  𝑓 ∈ 𝑵�𝒎,𝒏(𝜶,𝜷𝟏, 𝝀). 
 
4. EXTREME POINTS 
 
The determination of the extreme points of a family ℱ of univalent functions enables us to solve many external 
problems for ℱ. 
 
Theorem 4.1: Let 𝑓1(𝑧) = 𝑧 and  

𝑓𝑘(𝑧) = 𝑧 +  
2(1− 𝛼)𝜺𝑘

𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) 𝑧
𝑘 ,         (𝑘 = 1,2, … ; |𝜺𝑘| = 1). 

Then, 𝑓 ∈  𝑁�𝑚,𝑛(𝛼,𝛽, 𝜆) if and only if it can be expressed in the form 

𝑓(𝑧) = �𝝀𝑘𝑓𝑘

∞

𝑘=1

(𝑧),     𝑤ℎ𝑒𝑟𝑒  𝝀𝑘 ≥ 0 𝑎𝑛𝑑�𝝀𝑘 = 1.
∞

𝑘=1

  

 
Proof: Let 𝑓(𝑧) = ∑ 𝝀𝑘𝑓𝑘∞

𝑘=1 (𝑧),     𝝀𝑘 ≥ 0   , 𝑘 = 1,2, …    𝑤𝑖𝑡ℎ  ∑ 𝝀𝑘 = 1.∞
𝑘=1  Then, we have  

𝑓(𝑧) = �𝝀𝑘𝑓𝑘

∞

𝑘=1

(𝑧) = 𝝀1𝑧 +�𝝀𝑘 �𝑧 + 
2(1 − 𝛼)𝜺𝑘

𝜓(𝜆,𝑚, 𝑛,𝑘,𝛼,𝛽) 𝑧
𝑘�

∞

𝑘=1

 

         = 𝑧 +  ∑ 𝝀𝑘
2(1−𝛼)𝜺𝑘

𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) 𝑧
𝑘∞

𝑘=1 , 
That is,  

�𝜓(𝜆,𝑚, 𝑛, 𝑘,𝛼,𝛽) �
2(1 − 𝛼)𝜺𝑘

𝜓(𝜆,𝑚, 𝑛,𝑘,𝛼,𝛽) 𝝀𝑘� =  � 2(1 − 𝛼)𝝀𝑘

∞

𝑘=2

∞

𝑘=2

 

                                                                           =  2(1 − 𝛼)(1− 𝝀1)  ≤  2(1 − 𝛼),  
which is the condition (3.1) for  𝑓(𝑧) = ∑ 𝝀𝑘𝑓𝑘∞

𝑘=1 (𝑧). Thus 𝑓 ∈ 𝑁�𝑚,𝑛(𝛼,𝛽, 𝜆).𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑙𝑦, 𝑙𝑒𝑡 𝑓 ∈ 𝑁�𝑚,𝑛(𝛼,𝛽, 𝜆).  
 
Since  

|𝑎𝑘|  ≤   
2(1 − 𝛼)

𝜓(𝜆,𝑚, 𝑛, 𝑘,𝛼,𝛽) ,    (𝑘 = 2,3,⋯ ) 

 
We put  

 𝝀𝑘 =   
𝜓(𝜆,𝑚, 𝑛, 𝑘,𝛼,𝛽)

2(1 − 𝛼)𝜺𝑘
𝑎𝑘  ,         (|𝜺𝑘  | = 1 ) 

and                        𝝀1 = 1−  ∑ 𝝀𝑘∞
𝑘=2 .   Then    𝑓(𝑧) = ∑ 𝝀𝑘𝑓𝑘∞

𝑘=1 (𝑧). 
 
Corollary 4.2:  The extreme points of  𝑁�𝑚,𝑛(𝛼,𝛽,𝜆) are the functions 𝑓1(𝑧) = 𝑧 and 

𝑓𝑘(𝑧) = 𝑧 +  
2(1− 𝛼)𝜺𝑘

𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) 𝑧
𝑘 ,                 (𝑘 = 1,2, … ; |𝜺𝑘| = 1). 

 
5. INTEGRAL MEANS INEQUALITIES 
 
For any two functions 𝑓 𝑎𝑛𝑑 𝑔 analytic in 𝑈, 𝑓  is said to be subordinate to 𝑔 𝑖𝑛 𝑈, denoted by 𝑓 ≺ 𝑔 if there exists an 
analytic function 𝜔 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑛 𝑈 satisfying 𝜔(0) = 0 𝑎𝑛𝑑 |𝜔(𝑧)| < 1 such that 𝑓(𝑧) = 𝑔�𝜔(𝑧)�,   𝑧 ∈ 𝑈. 
 
In particular, if the function 𝑔 is univalent in 𝑈, the above subordination is equivalent to 𝑓(0) = 𝑔(0) 𝑎𝑛𝑑  𝑓(𝑈) ⊂
𝑔(𝑈). In 1925, Littlewood [6] proved the following subordination theorem.    
 
Theorem 5.1: If 𝑓 𝑎𝑛𝑑 𝑔 are any two functions, analytic in U, with 𝑓 ≺ 𝑔, then for 𝜇 > 0 and 𝑧 = 𝑟𝑒𝑖𝜃,  (0 < r < 1), 

� |𝑓(𝑧)|𝜇  𝑑𝜃 ≤ 
2𝜋

0

 � |𝑔(𝑧)|𝜇  𝑑𝜃
2𝜋

0

. 
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Theorem 5.2: Let 𝑓 ∈  𝑁�𝑚,𝑛(𝛼,𝛽,𝜆) and  𝑓𝑘  be defined by  

𝑓𝑘(𝑧) = 𝑧 +  
2(1− 𝛼)𝜺𝑘

𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) 𝑧
𝑘 ,                 (𝑘 = 1,2, … ; |𝜺𝑘| = 1). 

If there exists an analytic function 𝜔(𝑧) 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 
|𝜔(𝑧)|𝑘−1 =  𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽)

2(1−𝛼)𝜺𝑘
∑ 𝑎𝑘𝑧𝑘−1,∞
𝑘=2  

Then for 𝑧 = 𝑟𝑒𝑖𝜃 𝑎𝑛𝑑  0 < 𝑟 < 1. 

� �𝑓(𝑟𝑒𝑖𝜃)�
𝜇

 𝑑𝜃 ≤ 
2𝜋

0

 � �𝑓𝑘(𝑟𝑒𝑖𝜃)�
𝜇

 𝑑𝜃
2𝜋

0

,        (𝜇 > 0). 

 
Proof: We have to prove that  

� �1 +�𝑎𝑘𝑧𝑘−1
∞

𝑘=2

�
𝜇

𝑑𝜃 ≤   � �1 +
2(1− 𝛼)𝜺𝑘

𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) 𝑧
𝑘−1 �

𝜇

𝑑𝜃.
2𝜋

0

2𝜋

0

 

 
By Theorem 5.1, it suffices to show that  

1 +  �𝑎𝑘𝑧𝑘−1 
∞

𝑘=2

 ≺    1 +
2(1 − 𝛼)𝜺𝑘

𝜓(𝜆,𝑚, 𝑛, 𝑘,𝛼,𝛽) 𝑧
𝑘−1. 

 
By taking  

1 +  �𝑎𝑘𝑧𝑘−1 
∞

𝑘=2

=    1 +
2(1− 𝛼)𝜺𝑘

𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽) [𝜔(𝑧)]𝑘−1 

 
we get  

[𝜔(𝑧)]𝑘−1 =  
𝜓(𝜆,𝑚, 𝑛, 𝑘,𝛼,𝛽)

2(1 − 𝛼)𝜺𝑘
�𝑎𝑘𝑧𝑘−1 
∞

𝑘=2

. 

 
Clearly, 𝜔(0) = 0.𝐵𝑦 (3.1), we have  

|[𝜔(𝑧)]|𝑘−1 = �𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽)
2(1−𝛼)𝜺𝑘

∑ |𝑎𝑘||𝑧𝑘−1| ∞
𝑘=2 � 

≤  
𝜓(𝜆,𝑚,𝑛,𝑘,𝛼,𝛽)

2(1− 𝛼)𝜺𝑘
 �|𝑎𝑘||𝑧𝑘−1| 
∞

𝑘=2

 

≤ |𝑧| < 1. 
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