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ABSTRACT

In this paper, we introduce the Face magic A-labeling of graphs, where the labels are the elements of an arbitrary
abelian group A, of order p + g and the weight of each face is the product of the labels of all vertices and edges in the
boundary of that face, an assignment of labels to the vertices and edges which induces an assignment of labels to the
faces of a graph such that the weight of each face is constant. We discuss the Face magic A-labeling of some graphs
and the relationship between face, vertex and edge magic constants.
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1 INTRODUCTION

By a graph, we mean a finite, connected, undirected planar graph without loops and multiple edges. By a planar graph,
we mean that it can be drawn in a plane such that no two edges intersect.The group A is always a finite abelian group.
Let us consider A = (a) where a™ = 1, or simply 1, the identity element of A .

A graph G is magic if the edges of G can be labeled by the numbers 1,2,3, ..., |E(G)| so that the sum of the labels of all
the edges incident with any vertex is the same [1]. A group distance magic labeling of a graph G(V,E) with |[V| =n is
an injection form V to an abelian group I" of order n such that the sum of labels of all neighbors of every vertex x in V
is equal to the same element y in I". A graph that admits a distance magic labeling is called a distance magic graph [4].

There are some graphs with an embedding in the plane such that all vertices belong to the unbounded face of the
embedding. Such planar graph is an outer planar graph.

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. Duplication of a vertex v of a graph G by
a vertex v’ produces a new graph G' with N(v") = N(v) where N(v) is the set of all neighbors of v. Duplication of an
edge e = uv of a graph G by an edge e’ = u'v’ produces a new graph G’ where N (u) and N (v). Duplication of an edge
e = uv by a vertex v' in a graph G produces a new graph G’ where V(G") =V (G) U {v'}, E(G") = E(G) U {uv',v'v}.
Duplication of a vertex v of a graph G by an edge e’ = u'v’ produces a new graph G’ where N(u") = {v,v'} and
N@W") ={v,u'}.

The (m,n) — tadpole graph G is a graph obtained by identifying a vertex of a cycle of length m and a vertex of a path
of length n. A Barbell graph D, ,, . is a graph obtained by connecting two disjoint cyles on a and b number of vertices
respectively by a path of ¢ number of vertices.
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Let 4 be a labeling over a group A. D.Combe et al. [5] define the A-weight, w = w, of the graph as follows

(i) for every vertex xeV, the weight is the product of the label of x and the labels of the edges incident with x, that is
w(x) = A(x) x [y ey.ey Alxy); (ii) for every edge xy € E, the weight is the product of the labels of xy and the
labels of x and y, that is w(xy) = A(x) x A(xy) x A(y).

The labeling A is a vertex magic A-labeling of G if there is an element h = h(4) of A such that for every
x €V,w(x) = h. The element h is the vertex constant. The labeling A is an edge magic A-labeling of G if there is an
element k = k() of A such that for every xy € E,w(xy) = k. The element k is the edge constant.

The labeling A is a totally magic A-labeling of G if it is both a vertex magic A-labeling and an edge magic A-labeling.
A graph G is said to be vertex A-magic if there exists a vertex magic labeling over A. Similarly G is edge A-magic if
there exists an edge magic labeling over A; and G is totally A-magic if there exists a totally magic labeling over A [5].

Two A-labelings 4,,4, of G are translation equivalent, denoted by A,~;4, if there exists acA such that
Vz € VUE, 1,(z) = al,(z). The labeling A, is the translation of 1, by a and is denoted by A4, = aA,. Clearly,
translation equivalence is an equivalence relation on labelings [5].

Motivated by these works, we introduce face magic A-labeling as follows:

The labeling ¢ is a face magic A-labeling of G if there is an element [ = [(1) of A such that for every face
f € F,w(f) =1. We define for every f € F, the weight is the product of the labels of all vertices and edges in the

boundary of the face f, that is w(f) = [Lyiny Y () X [Leyiny P (xy)

The element [ is the face constant. A graph G is said to be face magic graph over A if there exists a face magic labeling
over A.

In this paper, We introduce face magic A-labeling of G and derive the relation between vertex, edge and face constants
of a graph G. Also we discuss the face magic A-labeling of some graphs obtained by duplication of any one of a vertex
or an edge of a graph.

2 MAIN RESULTS

Proposition 2.1: Let G be a graph having A-labeling which is both edge magic A-labeling with edge constant k and a
face magic A-labeling with face constant I. Then the product of the vertex labels of any s-sided face is k5171

Proof: Let f be a s-sided face in G which admits a A-labeling y . Product of all edge constants of all edges in f is
= 1° = [Maey W@ [Tayey W)
= [Maer WO [Mayer WC]- [Ty $ (0]
= LILer ¥(x)

Hence the result follows.

Proposition 2.2: Let G be a graph having A-labeling which is both vertex magic A-labeling with vertex constant h and
a face magic A-labeling with face constant [. Then the product of all the edge labels incident with every vertex of any
s-sided face is hS[71.

Proof: Let f be a s-sided face in G which admits a A-labeling v . Product of all vertex constants of all vertices in s-
sided face f is

=h® =[xy 0(x)

= Tlrer (@ [Mayey W] [Mizey $x2)] ™}

= [eer (WO Mayey WO} Ty {Tayer W) Miey $(x2)}

= LTTeey (Tayerca) ¥ (x0)

Thus the product of all the edge labels incident with every vertex of the s-sided face is hS171.

Proposition 2.3: Let G be a planar graph in which all its edges are in the boundary of its exterior face. If G has a face
magic A-labeling with face constant [, then
1 if p+qgisodd
l={a®P*®/2  if p+ qiseven
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Proof: Let G has a face magic A-labeling 1 with face constant I.Let f, be the face in G which covers all vertices and
edges of G. Then
l= Hxsfo '(,b(X) nysfo l,b(xy)
=1l.a.a?..qP*?1
= ak, where k = P+a)(p+q-1)
i ptq-1
when p + q is odd, a* = (aP*9) 2 = 1,. Also,

p+q
( p+q)T _ {aT, if p + g is even and ris odd

az
1, if p+ gisevenandriseven
r+

q
So, ak = az when p + g is even. Hence the result follows.
Consider the outer planar graph G isomorphic to (m, n)-Tadpole graph.

Let {u,,u,,...,u,,} be the vertices on cycle and {v,,v,,v,,...,v,} be the vertices on path where u; = v,. In G,
V()| =m+n|EG)|=m+nand |[V(G)| + |E(G)| = 2m + 2n, F(G) = {f,, f1} where f; is the outer face having
all vertices and edges and f; is the cycle C,,.

Consider any cyclic group {a) of order 2m + 2n. Then (a) = {1,q,ad?,...,a?™*2"~1} where a?™*2" = 1. The labels
of the path in the sequence wvertex - edge - vertex - edge - |\vertex.. are given as
a?min q? g?mintl g3 g2Zmint2 g4 q2m+2n-1 The labels for the cycle C,, starting with identified vertex in the
sequence vertex - edge - vertex - edge - vertex... are given as 1,a™*™, a"t1, qtmtl gtz qttmol gZmin-l The

above labels are the labels in the face f;. Therefore,Weight of the face f; is
=1. an+m. an+1. an+m+1. an+2. N an+m—1. a2m+n—1

— am(n+m). a2(1+2+...+(m—1)). an(m—l)
— am(2n+2m)—(m+n)

= a™*™) where p + q = 2n + 2m is even and a?"*?™ = 1,

Now, Weight of the outer face f; is the product of all elements in the cyclic group which is
= l.a.a?.a3...q?m*t2n-1
— a(2m+2n)(2m+2n—1)/2

= a™*", wherep + ¢ = 2n + 2m is even and a?"*2™ = 1.

This example shows that (m, n)-Tadpole graph is a face magic graph over A with face constant a™*™ and illustrates
proposition 2.3 when p + q is even.

Consider the outer planar graph G isomorphic to a Barbell graph D, , ,.

Let V(G) =V(C))UV(Cy) = {ug,uy,...,us} U {v,vy,..., 1L E(G) = {ujujp i1 <i<n—-1} U {u,u, 3 U
fviv1:1<i<n—-1}U{y,v}V {u,v,}and F(G) = {fy, f1, f} where f;, f, are cycles C,, C, respectively and f;, is
the face having all the vertices and edges of G. In G, p = |[V(G)| = 2n, q = |[E(G)| =2n+1, deg(f;) =n, i = 1,2,
deg(fy) =4n+ 1. So, p + q = 4n + 1 which is odd.

Consider any cyclic group (a) of order 4n + 1. Then (a) = {1,a,a?,...,a*"} where a*™**1 = 1. Label the bridge of G
by the identity element 1 of (a). Label the first cycle C;starting with vertex u; and end with the edge u,u, in the
sequence vertex - edge - vertex - edge - vertex...edge as a, a*,a®a®,a® a'?,...,a*" 3, a*". Label the second cycle C,
starting with vertex v; and end with the edge v, v, in the sequence vertex - edge - vertex - edge - vertex...edge as
aZ’ a3a6’ a7’ alO’ s, a4n—6’ a4n—2’ a4n—1.

Now, the weight of the face f; is the product of all the labels of vertices and edges in C; which is
=[a.a%.a’...a*3].[a*.aB.a'?...a*"]
— [a4(1+2+...+n)—3n]. [a4(1+2+...+n)]
— a4n2+n — an(4n+1) — 1A-

Also the weight of the face £, is the product of all the labels of vertices and edges in C, which is
=[a?.a% a®...a* ?].[a3.d”...a*"" 6. a*" 1]
— [a2(1+3+...+(2n—1))]. [a4(1+2+...+n)—n]
— a4n2+n — an(4n+1) — 1A-

Now, the weight of the outer face f; is the product of all elements in the cyclic group which is

=1.a.d?...a*"
— a2n(4n+1) — 1A'
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This example shows that D,, ,, , is a face magic graph over A with face constant 1,, and illustrates proposition 2.3 when
p + q is odd.

Corollary 2.4: Every Tree is a face magic graph over A where A is a cyclic group of order 2n — 1.

Proposition 2.5: If any 2 —connected graph which is totally magic with vertex constant h and an edge constant k
admits a face magic A- labeling ¥ of G with a face constant I, ,then the product of all face constants of G is i®. h?. k4,
where p,q and r are the number of vertices, edges and faces of G respectively and iy = [I;.4 9.

Proof: Product of all face constants of G is [" which is
= [leer Y(€)-Tloey @)™
Mleer ¥(€)-Tlvey @)1 Meer W(@I Hlyey @ @)*1]
ig hP.ig.ig "t K9
=iy . hP. k1
Hence the result follows.

Proposition 2.6: If A is of even order and 1 is a face magic A-labeling of G, then there exists an element a such that
ay is also a face magic A-labeling of G.

Proof: If A is of even order, then there exists a in G such that a? = e. For each s-sided face f,
(ap)f = a®>yP(f) = Y(f). Hence the result follows.

Proposition 2.7: Let A be an abelian group in which every element is an involution and i be a face magic A-labeling
of G. Let T, be the set of all face magic A labelings obtained from the translations of 1, that is, T, = {a): aA}. Then
T, forms an abelian group under the operation defined by (a3 * a,)(x) = (a;a,)Y(x), xeV U E

Proof: The set T, is closed under the operartion *, since if a;3, a,yp € Ty, (a3 * a,P)(x) = (aya)p(x) € Ty, by
proposition 2.6.

If a;y, a9 € Ty, then(a, Y * a,¥) * (az¥) = (a1a)Y * azyp = ((a1a3)az)y = (a1(a,a3))Y = a P * (@ * azy)

and hence associativity of T, follows.

Also, the element eyeT,, ecA is considered as an identity element, since (ay x ey)(x) = (ae)P(x) = (a)(x) =
((ea)¥)(x) = (e * app)(x).

Since (ay * ap)(x) = (@*)y(x) = (ey)(x), every element in T;, has a self inverse in T,.

As (a Y * a, ) (x) = (a,a,)P(x) = (aya,)YP(x),by the commutative property in A, equals (a,y * a;1p)(x). Hence
(Ty,*) is an abelian group.

Proposition 2.8: The graph obtained by duplication of any vertex in cycle C,, by a vertex admits a face magic A-
labeling with face constant 1, , forn = 3.

Proof: Let v,,v,,...,v, be the vertices of the cycle C,,, for n = 3. By the graph isomorphism, duplicate the vertex v,
by a vertex v,’. Let the resultant graph be G whose vertex set is V(C,) U {v, },edge set is E(C,) U {v, v,,v, v,} and
face set is {f;, f1, f>} Where f; is the cycle C,, f, is the face bounded by the edges v, v,,v,v,, v, v,,v,v; and f; is the
outer face bounded by all the edges of G except v, v,, v,v;.
Consider any cyclic group (a) of order p + g = 2n + 3.
Define a labeling y: V(G) U E(G) — (a) as follows.
(a, i=1
| a2n+2’ i=2
¢(vi)=41. i=3

lai-1, 4<i<n-1

ka, i=n,
P(v) = a®™,
P(01v) =2,

P, v,) = a™*?,
Y(v,'v,) = a™? and
an+1’ i=1
YWiviy) = {a"_l, i=2
n+i+1 3<i<n-1
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Then the induced face labeling is given by
¥ () = Iz (). 1T, ¢(v Vis1)- P(Un V1)
=a .a2"+2.1.a .atavZa.a™t avh a? gVt et gt
=[l.a.a?.a...a"2%2.a" L.a™ a"].[a"*. a5, a?"]. a?" 2
— a[2n(2n+1)/2]—(n+2)—(n+3)+(2n+2)
— a(2n+3)(n—1) — 1A'

Y (fo) =iz VICHRVICZD} ey PWiV141)- (01 V). P (01 1) Y (v,03)

a?ntl g?n+2 1 g3 g*...a" 2. a2 a3 a" L a . a el a%ta

[a. a3. a4. . an—zl an—ll an+2. an+3]. [an+4. an+5. . aZn]. a2n+1. a2n+2
— a[(2n+2)(2n+3)/2]—2—n—(n+1)

=g+ =1, and

P () = Y1) P W) P (v). Y (v v,). P (vy n) Y1) YW1 1) (01 V). P (01 02). (v, 1)

=a.a 2n+2 .a. an+2 an+3 a2n+1 an+ a

= g8nt+12 — g(2n+3)4 — 1,.
Thus ¥ admits a face magic A-labeling with face constant 1,.

A Face magic A-labeling of a vertex duplication of Cq by a vertex is shown in Figure 1.

Figure-1: Face magic A-labeling of a vertex duplication of C, by a vertex with face constant 1.

Proposition 2.9: The graph G obtained by duplication of any edge in cycle C, by an edge admits a face magic A-
labeling with face constant 1, for n > 3.

Proof: Let V1,V Un be the vertices of the cycle C,,, for n = 3. By the graph isomorphism, duplicate the edge v, v,
by a vertex vy vz Let the resultant graph be G whose vertex set is V(C,) U {v,}U {v,}, edge set is E(C,) U
(v, vy, v, v, v, v3} and face set is {fy, fi, f»} where f; is the cycle C,, f, is the face bounded by the edges
V,V,, V03, V3, , V1 1, , 0, vy, v, vy and f; is the outer face bounded by all the edges of G except v, v,, v,v5, v, v;.
Consider any cyclic group (a) of order p + g = 2n + 5.
Define a labeling y: V(G) U E(G) — (a) as follows.

, a, i=1
YWi) =1 ni2
a» s, i=2,
an+3’ i=1
an+5’ i=2
Y@) ={a, =3
attit3, 4<i<n-1
a, i=n,
avt, Q=
an+1 i —
Y(Wvipq) = o .
L al, 3<i<n-2
1, i=n—1,

Y(pry) = @, Y(v,v,) = a™,

Y, v;) = a"*® and Y(v, v3) = a**3.

Then the induced face Iabeling is given by

V() = Iy v IS Y (0ivien)- Y (0, v0)

= a”+3.a”+5.a2”+4. a™’. a™8. . . a2 q.qa®t.a.ad.at .. a2 1.a?

=1.a a2. a3. N an—zl an—ll an+1. an+3. an+5. an+7. an+8. N a2n+2. a2n+4
— a[(2n+4)(2n+5)/2]—n—(n+2)—(n+4)—(n+6)—(2n+3)

3

— a2n2+3n—5 — a(2n+5)(n—1) — 1A'
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¥ (fo) = ik Y)Y (). p(,). IS Y(0ivi41)- Y1 v,)- P (v, v). 1 (v, v3)

— a2n+4. an+7. an+8. . a2n+2. a. a3. a4. . an—zl 1. an+6. an+4. a2n+3. a™. an+2
=1.a. a3. a4. . an—zl a™. an+2. an+4. an+6. an+7. an+8. N a2n+2. a2n+3. 2n+4
— a[(2n+4)(2n+5)/2]—(n—l)—(n+1)—(n+3)—(n+5)—2
=q@+5™ =1, and
P () = [, v ). Y (,). W (1) Yp(,). Y (011,). Y(W,3). P (W1 1) Y (01 v,). P (0; v,). 9 (v, v3)
— an+3. an+5. a2n+4. a.am. an+2. an—ll an+1. a2. an+6. an+4. a2n+3
=a
Thus 1 admits a face magic A-labeling with face constant 1,.

a

12n+50 — a(2n+5)6 — 1A'

A face magic A-labeling of edge duplication of Cg by an edge is shown in Figure 2.

Figure-2: Face magic A-labeling of edge duplication of C4 by an edge with face constant 1,.

Proposition 2.10: The graph G obtained by duplication of any edge in cycle C,, by a vertex admits a face magic A-
labeling with face constant 1, forn > 3.

Proof: Let vy, v,,...,v, be the vertices of the cycle C,,, for n > 3. By the graph isomorphism, duplicate the edge v, v,
by a vertex u.This vertex u may be placed inside the cycle C,, or outside the cycle C,,.

Case i: Assume that vertex u is placed outside the cycle C,. Let the resultant graph be G whose vertex set is
V(C,) U {u}, edge set is E(G) = E(C,) U {uv,,uv,} and face set is {f,, f1, f>} where f; is the cycle C,,, f, is the face
bounded by the edges v, v,, uv,,uv, and f, is the outer face bounded by all the edges of G except v, v,.

Consider any cyclic group (a) of order p + g = 2n + 3.

Define a labeling y: V(G) U E(G) — (a) as follows.

lp(u) — a2n+1’
a, i=1
a2n+2’ i=2
Y = a*tl, =3
an+i’ 4<i<n,
1, i=1
YWiviy) = {ai, 2<i<n-—1,

YW,vy) = a”,
Y(uv,) = a™*? and
Y(uv,) = a3,
Then the induced face labeling is given by
Y () = [Ty v). 1T Y1) Y (Wavy)
= q.q?"*2 gttt gt q™tS | g2 1.a%.a%.. . a . at
l.a.a?.a®...a®. a™*tt. a4, a5 qnte. | q?n. g2t

— a(2n+2)(2n+3)/2
— a2n2+n—3 — a(2n+3)(n—1) — 1A'
* — n n—-1
Y (fo) = [lizy v )- (). ITET v (vivie 1) Y (vn1)
a. a2n+2. an+1. an+4. an+5. . azn. a2n+1. a2. a3. . an—ll anan+2. an+3
a.a’.ad...a"t at. a1 a"t?,.  q?". gL, g2t
— a(2n+2)(2n+3)/2

— a(2n+3)(n+1) — 1A and

V() = Y1) Y (2)- Y (W) Y (uvy). Y (v, v,). Y (uv,)

= q. a2n+2. a2n+1. 1. an+2. an+3
— a6n+9 — a(2n+3)3 — 1A-
Thus ¥ admits a face magic A-labeling with face constant 1,.
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Case ii: Assume that vertex u is placed inside the cycle C,,. In this case, the resultant graph have the same faces as in
case (i), but f; is an outer face and f, is an inner face. By the same labeling defined in case (i), the result follows.

A face magic A-labeling of G obtained by duplicating an edge of C, by a vertex is shown in Figure 3.
2 13

Figure-3: Face magic A-labeling of G obtained by duplicating an edge of C;, by a vertex with face constant 1.

Proposition 2.11: The graph G obtained by duplication of any vertex in cycle C, by an edge admits a face magic A-
labeling with face constant 14, for n > 3.

Proof: Let v,,v,,...,v, be the vertices of the cycle C,,, for n = 3. By the graph isomorphism, duplicate the vertex v,
by an edge uv. Let the resultant graph be G whose vertex set is V(C,,) U {u, v}, edge set is E(C,) U {uv, uv,,vv,} and
face set is {f,, f1, f2} where f; is the cycle C,, f, is the face bounded by the edges uv, uv,,vv, and f, is the outer face
bounded by all the edges of G.

Consider any cyclic group (a) of order p + g = 2n + 5.

Define a labeling y: V(G) U E(G) — (a) as follows.

lli(u) — an+1’

'(,b(v) — an+2
1, i=1

Y() ={a'*!, 2<i<n-1
an+3’ i = n,

l,b(uv) — a2n+4’

Yuv,) = q,

Y(owy) = a?,

Y;vy,) =a"3*,1<i<n-1 and
(vyv,) = a’"*,
Then the induced face labeling is given by

V() = [Ty v IS Y ivie0)-  (w,v0)

=1.a%.a*..a" a"3.a" . a5, a?nt2, g3
— a[(2n+3)(2n+4)/2]—1—2—(n+1)—(n+2)

2
— aZn +5n — a(2n+5)(n) — 1A and

V() = (W) Y ). Y(v1). P (uvy). P (vv,). P (uv)

— an+1. an+2. 1. a. a2. a2n+4

=a
Since G is outer planar and p + g = 2n + 5 is odd, by proposition 2.3, Y*(f;) = 1,4.

4n+10 — a(2n+5)2 — 1A'

Thus 1 admits a face magic A-labeling with face constant 1,.

A face magic A-labeling of G obtained by duplicating a vertex of C, by an edge is shown in Figure 4.

Figure-4: Face magic A-labeling of G obtained by duplicating a vertex of C, by an edge with face constant 1,.
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Proposition 2.12: The graph G obtained by duplication of any vertex in path P, by a vertex admits a face magic A-
labeling with face constant a®®*9/2 if p + q isevenor 1, if p + q is odd, forn > 2.

Proof: Let v,,v,,..., v, be the vertices of the path P,, for n > 2. Let the vertex v; be duplicated by a vertex v;". Then
the resultant graph is G which is outer planar with all its edges in the boundary of exterior face.

Casei. i=1orn

If any one of the end vertices is duplicated, then G is isomorphic to a tree graph having p + ¢ = 2n + 1 which is odd.
By corollary 2.4, G is a Face magic graph over A with face constant 1,4, for n > 1.

Caseii. 2<i<n-—1

Let the resultant graph G has vertex set V(G) = V(B,) U {v;}, edge set E(P,) U {v; v;_,,v; v;,,} and face set {f,, f;}
where f; is the face bounded by the edges v;_,v;, v;v;41,v; Vi_1, V; Vi, and f, is the outer face bounded by all the
edges of G.

Consider the cyclic group (a) of order p + ¢ = 2n + 2. Assign the labels 1,a,a?,a3,a™1,a" a™*1,a?""1 to the
vertices and edges of the face f; and assign the remaining labels to the remaining vertices and edges of the graph G.

Now, the weight of the face f, = a5 = q?"*+2)_gn*1 = g"*1 since a®™*? = 1,. Also the weight of the outer face
fo = La.a?.a3...a?"*! = g1,

Thus G obtained by duplication of any vertex in path P, by a vertex is a face magic graph over A.

A face magic A-labeling of G obtained by duplicating a vertex of P, by a vertex is shown in Figure 5.

Figure-5: Face magic A-labeling of G obtained by duplicating a vertex of P, by a vertex.

Proposition 2.13: The graph G obtained by duplication of any arbitrary edge in path P, admits a face magic A-
labeling with face constant a®+®/2 if p + q is even or 1, if p + q is odd, forn > 3.

Proof: Let vy, v,,...,v, be the vertices of the path P,, for n > 3. Let the edge e = v;v;,, be duplicated by the edge
e' = v;'v;,,". Then the resultant graph is G which is outer planar with all its edges in the boundary of exterior face.

Casei.i=1lorn
If any one of the edges v,v, or v,_,v, is duplicated, then G is isomorphic to a tree graph having p +q = 2n + 3
which is odd. By corollary 2.4, G is a Face magic A-graph with face constant 1, , for n > 3.

Caseii.2<i<n-2
Let the resultant graph be G has vertex set V(P,) U {v;, v;,,'}, edge set E(P,) U {v; UL+1 ,v UL 1 Vit '"v;4,} and face
set {f;, f1} where f; is the face bounded by the edges {v;_,V;, ViVis1, Viz1Viszs Vie2 Vis1s Vi Vier, Vi Vieq1} and f; is the

outer face bounded by all the edges of G.

Consider the cyclic group (a) of order p+q=2n+4. Assign the labels
1,a,a% a3, a* a™ %, a" a™*?, a3, a"*, a1, a?"*! to the vertices and edges of the face f; and assign the
remaining labels to the remaining vertices and edges of the graph. Now, the weight of the face f; = a°"*18 =
a*@nt4) gnt2 = q"*+2 since a?™** = 1,. Also, the weight of the outer face f = 1.a.a?.a®...a?"*"3 = a™*2,

Thus G obtained by duplication of any edge in path P, by an edge is a face magic graph over A.

A face magic A-lableing of G obtained by duplicating an edge of path P, by an edge is shown in Figure 6.
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Figure-6: Face magic A-lableing of G obtained by duplicating an edge of path B, by an edge.

Proposition 2.14: The graph G obtained by duplication of any edge by a vertex in path B, admits a face magic A-
labeling with face constant a™*?, for n > 2.

Proof: Let v,,v,,..., v, be the vertices of the path P, forn > 2.

By duplicating any edge v;v;,, by a vertexu, 1 <i < n — 1, theresultant graph G has vertex set V(P,) U {u}, edge set
E(P,) U {uv;,uv;,,} and face set {f;, f;} where f; is the face bounded by the edges v;v;,,, uv;,,,uv; and f, is the
outer face bounded by all the edges of G.

Consider the cyclic group (a) of order p + ¢ = 2n + 2. Assign the labels 1,a, a?,a™"1,a", a™*? to the vertices and
edges of the face f; and assign the remaining labels to the remaining vertices and edges of the graph. Now, the weight
of the face f; = a3"*3 = a?"*2, q"*1 = g"*?1, since a?™*? = 1,. Also the weight of the outer face

fo = La.a?.a3...a?"*! = g+,

Thus G obtained by duplication of any edge by a vertex in path P, is a face magic graph over A.

A face magic A-labeling of G obtained by duplication of any edge by a vertex in path P, is shown in Figure 7.

Figure-7: Face magic A-labeling of G obtained by duplication of any edge by a vertex in path P, with face constant
an+1.

Proposition 2.15: The graph G obtained by duplication of any vertex by an edge in path P, admits a face magic A-
labeling with face constant a™*2.

Proof: Let vy, v,,..., v, be the vertices of the path P, forn > 1.

By duplicating any vertex v; by an edge uv, 1 < i < n, the resultant graph G has vertex set V(B,) U {u, v}, edge set
E(P,) VU {uv,uv;,vv;} and face set {f,, f;} where f; is the face bounded by the edges uv, uv;, vv; and f, is the outer
face bounded by all the edges of G.

Consider the cyclic group (a) of order p + ¢ = 2n + 4. Assign the labels 1, a, a?, a™, a™*1,a™*? to the vertices and
edges of the face f; and assign the remaining labels to the remaining vertices and edges of the graph. Now, the weight
of the face f, = a3"*6 = 2"+ q"*2 = g"*2 since a?"** =1,. Also, the weight of the outer face
fo = La.a?.a3...a?"*3 = q"*2,

Thus G obtained by duplication of any vertex by an edge in path P, is a face magic graph over A.

A face magic A-labeling of G obtained by duplication of any vertex by an edge in path B, is shown in Figure 8.
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Figure-8: Face magic A-labeling of G obtained by duplication of any vertex by an edge in path B, with face constant
an+2.
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