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ABSTRACT
In this paper, we initiate the study two new topological indices, terminal type Wiener index and hyper terminal Wiener

index defined as TW, =TW, (G) :ZdT (G,k)-k* and HTW = HTW (G) :% Z [d (Vi,V,-)Z +d (v, v;)] respectively for
k>1 I<i<j<k

graph G.
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1. INTRODUCTION

In this paper we define two new topological indices Hyper terminal Wiener index and terminal type Wiener index and we
compute hyper terminal Wiener index of some chemical class of graphs [1]. For standard on its terminology and notation
we follow [2]. The graphs considered here are simple, finite and connected unless mentioned otherwise. Let G be a
connected graph, V (G) is the vertex set and E(G) is the edge set of G. Let n the number of vertices, and m the number of
edges. The number of edges incident with vertex u is called the degree of vertex u. It is denoted by deg(u). If deg(u) =1
then u is called a pendant vertex. The distance d(u, v) is the length of the shortest path connecting vertices u and v of a
graph G, If uand v are equal then d(u, v) =0. The number of pair of vertices of G at a distance k is denoted by d(G, k). Then
d(G,0)=n, d(G,1)=mand Zd(G,k) =n(n+1)/2[3].
k>0

In chemical graph theory the graphs are called as molecular graphs. Molecular graph is simple carbon atom —skeleton of an
organic molecules (hydrocarbons). Thus vertices of molecular graph represent the carbon atoms, its edges represent the
carbon-carbon bonds. Hence the chemical graph theory deals with analysis of all consequences of connectivity in a
chemical system. There are many topological indices put forward to study the chemical system, The oldest molecular
structure descriptor was given by Harold Wiener. The Wiener index of a graph see [4] is defined as the sum of distance
between all pair of vertices G, It is given by

W=W(@G)= > duv)
(G

(uv)eV (G)

Details on its chemical applications and mathematical properties can be found in [5, 6, 7]. Hosoya in [6] introduced graph
polynomial called as Hosoya polynomial or Wiener polynomial. It is defined as
H(G, 1) =Y d(G,k)- A"
k>1
where d(G,k) is the number of pair of vertices of the graph G whose distance is k, and 1 is some parameter.
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The Hyper -Wiener index was introduced by Milan Radic [8]. Then Klein et. al generalised it for all connected graphs
[9,10,11] and it is given by

WW =WW (G) =%Z[d(u,v)2 +d(uV)]
u<v
The terminal Wiener index of a graph was introduced by I. Gutman et.al [12] as the sum of the distances between all the
pair of pendant vertices.
TW =TW(G)= > d(v,v,)
I<i< j<k
The terminal Hosoya Polynomial was introduced by Ramane et.al [13] as
TH(G, A1) = > d (G,k)- A%
k=1
The Wiener Type index introduced by 1.Gutman et.al [6] is defined as
H(G, 1) => d(G,k) -k*
k=1

where d(G, k) is the number of pair of vertices of G at a distance isk, and 4 is some real number.

In analogy of above topological indices we define two topological indices, terminal type Wiener index TW, (G) defined as
TW, =TW, (G) = ZdT (G,k)-k*
k=1
where d(G, k) is the number of pair of pendant vertices of the graph G whose distance is k, and 4 is some real number.
And Hyper terminal Wiener index HTW(G) as

1
HTW = HTW (G) =5 DA (v, v;)2+d(v,,v))]
I<i< j<k
where d(v;,v)) is the distance between pair of pendant vertices of the graph G. Evidently
TW =TW,

HTW = STW, + =TW,
2 2

2. CHEMICAL APPLICABILITY OF HTW INDEX

Octane isomers have become a significant set of organic molecules to test the applicability of topological indices. In this
section we evaluate Wiener index, hyper terminal Wiener index and terminal Wiener index using strong correlation
coefficients acquired from the chemical graphs of octane isomers. We get the experimental results of these isomers at the
www.moleculardescriptors.eu (see Table 1). The following physico-chemical features have been modelled: Entropy,
Acentric factor (AcenFac), Standard enthalpy of vaporization (DHVAP) Enthalpy of vaporization (HVAP).

Table-1: Topological indices of Octane isomers and their physiochemical properties

Octane isomers W | HTW | TW | Entropy | AcenFac | DHVAP | HVAP
octane 84 | 28 7 111.67 | 0.397898 | 9.915 73.19
2-methylheptane 79| 45 14 | 109.84 | 0.377916 | 9.484 70.3
3-methylheptane 76 | 42 14 | 111.26 | 0.371002 | 9.521 71.2
4-methylheptane 75| 35 14 | 109.32 | 0.371504 | 9.483 70.91
3-ethylhexane 72| 40 14 | 109.43 | 0.362472 | 9.476 71.7
2,2-dimethylhexane 71| 54 21 | 103.42 | 0.339426 | 8.915 67.7
2,3-dimethylhexane 70 | 54 22 | 108.02 | 0.348247 | 9.272 70.2
2,4-dimethylhexane 71| 59 23 | 106.98 | 0.344223 | 9.029 68.5
2,5-dimethylhexane 74 | 66 24 | 105.72 | 0.35683 9.051 68.6
3,3-dimethylhexane 67 | 50 21 | 104.74 | 0.322596 | 8.973 68.5
3,4-dimethylhexane 68 | 53 22 | 106.59 | 0.340345 | 9.316 70.2
3-ethyl-2-methylpentane | 67 | 53 22 | 106.06 | 0.332433 | 9.209 69.7
3-ethyl-3-methylpentane | 64 | 48 21 | 101.48 | 0.306899 | 9.081 69.3
2,2,3-trimethylpentane 63 | 63 27 | 101.31 | 0.300816 | 8.826 67.3
2,2,4-trimethylpentane 66 | 72 32 | 104.09 | 0.30537 8.402 64.87
2,3,3-trimethylpentane 62 | 62 27 | 102.06 | 0.293177 | 8.897 68.1
2,3,4-trimethylpentane 65| 70 32 | 102.39 | 0.317422 | 9.014 68.37
2,2,3,3-trimethylbutane | 58 | 72 40 | 93.06 | 0.2539%4 8.14 66.2
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Table-2: Correlation coefficient between topological indices and physicochemical properties

Indices/Property | Entropy | AcenFac | DHVAP | HVAP
W 0.877 0.964 0.822 0.689

HTW 0.741 0.771 0.87 0.889

TW 0.878 0.899 0.929 0.878

For the octane isomers hyper terminal Wiener index shows good correlation for enthalpy of vaporization (HVAP)
compared to Wiener index and terminal Wiener index (see Table 2). The variation with respect to Entropy, Acentric factor
(AcenFac), standard Enthalpy of vaporization (DHVAP), variation remain almost same for all the n-octane isomers. The
correlation of hyper terminal Wiener index with HVAP is shown in Figure 1.
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Figmrel., Corvelation of Hyper Terminal Wiener index and HVAFP

3. MAIN RESULTS

Preposition 1: If p_is path on n vertices then HTW (P,) = n(n-1)

Proof: Let G=P, be a path tree on n vertices. Let V(PR,)={v;,V,,v5..v,} such that deg(v;) =deg(v,)=1 and
deg(v;) =2;2<i<n-1.Then clearly d(v;,v,)=n-1.Therefore

HTW (By) = (1 ~1? + (n-1)]
1

= E(n -D[n-1+1]
=%n(n—l)

Preposition 2: If S is star tree on n vertices then HTw (S, ) = E(n_l)(n -2
2

Proof: Let G=S, be a star graph on n vertices. Let V(S,)={v,V,,v5..V,} such that deg(v;)=n-1 and
deg(v;) =1, 2<i<n-1. Then clearly G contains n-1 pendant vertices and furtherd(v;,v;) =2 wh e v,,v; eV (S;)—{v;}

Hence

HTW(S,) =27 1C, (2 +2)]

2 (r-90-2
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Preposition 3: Let Y, has vertex set V={vi, V... Vo} such that deg(v;)=deg(v,_;)=deg(v,)=1 and
deg(v;) =2;2<i<n-3, then HTW(Y,) =n*-3n+5

Proof: Let Y-tree, Y, (n > 4) be a tree as defined in the preposition and the edge set will be the edge set E={ v; vy, Vv,

V3 , Vn2 Vo1, V-2V Further d(vy.v,) =d(v.v,;) =n—-2 and d(v,.v,) =2 then
HTW (Y,) = %[2{(n ~2)* +(n—2)}+(2* +2) |lim

:%[Z(n2 +4-4n+n-2)+6 |

=n’-3n+5

Now we find HTW of a graph representing the molecular structure of 2-Methyl pentane as shown in Figure 2.

CHs
CH; CHs
(a)
Ve
° P P / °
Y1 V2 V3 V4 Vs
)

Figure-2

HTW (Y,) = %[(42 +A)+ (42 +4)+ (22 +2)]=23

HTW (Y,) =62 — (3x6) +5=23

Preposition 4: The hyper terminal Wiener index of P (n > 4) with 2n vertices is

HTW (P,) = rlZii(n —1)(1? + 51 +6)
1=1

Proof: Let the vertex set P+ (n > 4) be V ={V},Vy, ..., V1.0, Vo1,V | and Edge set
E = {ViVy, VoV, oo, Vg Vi J OV Vi 0 1T <
Then deg(v;) = deg(v,) =2,deg(v;) =3;2<i<n-1and deg(v;) =1 n+1<i<2n. Clearly RS (n>4) contains n pendant
Vertices Vp,q,Vy,o:-- Vo, -The distance between pendant vertices is given by

d(Vny1 Vo) =d (v, V) +2

d(Vny1Vnas) = d(Vy,v3) +2

d(Vn+17V2n) = (j(\/l*\/n)"'2
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Similarly
d(Vpyo,Viso) =d(Vy,vy) +2
d(Vny2 Voe3) =d(V,,V3) +2

d(Vn+2’V2n) =d(V2,Vn)+2

In the same way we can calculate the distance between all pendant vertices and hyper terminal Wiener index of

P (= 4) o5 follows

HTW (P) = %[(n ~1)(32 +3) + (N—2)(42 +4) + (N=3)(52 +5) +vecrrrrrrre. +(n—(-D)((n+12 +(n +1))J

n—

1 1
== (=D +2)° +(1+2)]
2 1=1
1 n-1 5
:EZ(n—I)(I +5l +6)

1=1

Now we find HTW of a graph representing the molecular structure of (3, 4, 5) trimethylheptane as shown in Figure 3.

CH; CHs
CH3
CH3

CH;3

(@
Vg vy Vg Vg V1o
vy V2 V3 Yy Vs

(b)

Figure-3.

HTW (') = %[4(32 +3)+3(42 +4) + 2(52 +5) +1(62 + 6) | =105
HTW (R") =%§4:(5—|)(|2 +5l +6)
= %[4(12) +3(20) + 2(30) +1(42)] =105

Preposition 5: The hyper terminal Wiener index of (1,4) —biregular caterpillar graph G with (3n-4) vertices is
n—-2

HTW (G) =%[n2 +5n+12]+23 (n—1)(12 +31 +2)
1=2

Proof: Let the vertex set and the edge set (1,4)-bi-regular caterpillar graph G be

V={Vy, Va, ..y Vi Vinstreer Yooz Vans Vonedser Vana, } @nd
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E={viVs, V2 V3, s Vo, Vb U { Vo, Viet, Vo,V Vi,Van, Vg, Vang 3 @nd the degree of every vertex of G is given by
deg(v;) =deg(v;) =1:n+1< j<3n-4, deg(v;)=4;2<i<n-1.Hence G has 2n-2 pendant vertices. Therefore hyper

terminal Wiener index of (1,4)-bi-regular caterpillar graph G is

HTW (G) = 1[{(n=2)+43(2% +2) + 4(n—2)(3> +3) + 4(N—3)(4> + 4) + 4(n— 4)(5* +5) +....
- ...4(n—(n—2))((n—l)2 +(n—1))+1((n_]_)2 +(n-1)

NP, Nk N

6(n+2) +4nz_%‘(n—l)[(l +1D?+ (1 +D]+ (N —2n+1+ n—l)}

n’+5n +12+4§(n—l)(l +1)(l +2)}

n-2
:%[nz +5n +12]+22(n—|)(|2 +31+2)
1=2

Now we find HTW of a graph representing molecular structure of (2, 2, 3, 3, 4, 4)-hexamethylpentane representing (1, 4) bi-
regular caterpillar graph with 11 vertices as shown in Figure 4.

CH3 CH
: CH3
CH: o CHs
CH3
CHz

CHz

(@
V7 Vg Vio
v, ® A 3 % .
Vg Vg l:h) Vaq
Figure-4

HTW (G) = % [7(22 +2) +12(3% +3) + 9(4? + 4)| =183
HTW (G) =%[52 +5(5) +12]+ 22(54)02 +31+2)
=31+ 2[3(12) + 2(20)]; 31+152=183
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