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ABSTRACT
In this paper, the concept of soft aB-open set is introduced. In this connection, the interrelations among the sets are
established. Also the interrelation among soft aB-continuity is discussed and counter examples are provided wherever
necessary.
Keywords: Soft aB-open sets, Soft aB-continuous functions.

AMS Subject Classification: 54A10; 54A20; 54C08.

1. INTRODUCTION

In 1999, Molodtsov [1] introduced the concept of soft sets with adequate parametrization for dealing with
uncertainties. Later Muhammad Shabir and Munazza Naz [2] introduced the concept of soft topological
spaces which are defined over an initial universe with a fixed set of parameters. Naime Tozlu and Saziye
yiiksel [3, 4] introduced the concepts of soft A-sets, soft B-sets and soft C-sets. In this paper, the concept of
soft aB-open set is introduced. In this connection, the interrelations among the sets are established. Also
the interrelations among soft aB-continuity are discussed and counter examples are provided wherever
necessary.

2. PRELIMININARIES

Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of U, and let
ACcE

Definition 2.1: [1] A pair (F, A) is called a soft set over U, where F is a mapping given by F: A— P(U). In
other words, a soft set over U is a parameterized family of subsets of the universe U. For a particular
e € A, F(e) may be considered the set of e-approximate elements of the soft set (F, A).
Definition 2.2:. [5] For two soft sets (F, A) and (G, B) over a common universe U,

(i) (F, A)isasoft subset of (G, B), denoted by (F, A) E (G, B), ifAcS Band Ve € A, F(e) € G(e).

(ii) (F, A) is said to be a soft superset of (G,B), if (G, B) is a soft subset of (F, A), denoted by (F, A) 2 (G, B).

Definition 2.3: [5] Two soft sets (F, A) and (G, B) over a common universe U are said to be soft equal if
(F, A) is a soft subset of (G, B) and (G, B) is a soft subset of (F, A).

Definition 2.4: [5] A soft set (F, A) over U is said to be a null soft set, denoted by @, if V e € A, F(e) = ¢.
Definition 2.5: [5] A soft set (F, A) over U is said to be an absolute soft set, denoted by U , if V e € A, F(e) = U.

Definition 2.6: [5] The union of two soft sets (F, A) and (G, B) over the common universe U is the soft set (H, C),
whereC=AuUBandforallveeC,
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F(e), ife € A — B,
H(e) = G(e), ife € B — A,
F(e) U G(e),ife € AU B,
This relationship is written as (F,A) U (G,B) = (H,C).

Definition 2.7: [5] The intersection of two soft sets (F,A) and (G,B) over the common universe U is the soft set (H,C),
whereC=A NBandV e €C, H(e)=F(e) N G(e). This relationship is written as (F,A) 1 (G,B) = (H,C).

Definition 2.8: [5] The complement of a soft set (F,A) denoted by (F,A)" and is defined by (F,A) = (F,A),
where F: A —P(U) is a mapping given byF'(e) =U - F(e), Ve € A. F'iscalled the soft complement function of
F. Clearly, (F)'is the same as F and ((F,A)) "= (FA).

Definition 2.9: [5] Let t be the collection of soft sets over X, then 7 is said to be a soft topology on X if

(i) @,X belongtot, _

(ii) the union of any number of soft sets in t belongs to 7,

(iii) the intersection of any two soft sets in T belongs to t .
The triplet (X, 1, E) is called a soft topological space over X. Every member of t are said to be soft open sets in X. A
soft set (F,E) over X is said to be a soft closed set in X, if its relative complement (F, E) belongs to T .

Example 2.1: [4] Let X = {Xq, Xo, X3, X4 }, E={ e, 2} LetFy, F, .., F;1 be a mapping from E to P(X) defined by,
(F1, B) ={(en, {xa}), (62, {xab)}
(F2, B) ={(e, {x2}), (e2, {x2h)}
(Fs, E) = {(e1, {x1, X2}), (€2, {x1, X2}
(Fa, B) = {(e1, {x1, X2, X3}), (€2, {X1, X3})}
(Fs, E) = {(e1, {x1, X2, Xa}), (€2, {X1, X2, Xs}H)}
(Fe, E) = {(e1, {x2}), (e, D)},
(F7, B) ={(e1, {x1, x2}), (&2, {u P}
(Fs, E) = {(e1, {x1, X2, X3}), (€2, {X1, X2, XsH}
(Fo, E) = {(ex, {X3), (2,{X1, X2, Xs})}
(F10, E) = {(e1, {X1, X23), (€2, {X1, X2, X3})}
(F11, B) = {(e1, {X1, X2}), (€2, {X1, Xs})}
Then = {®,X, (F1, E), (F2, E), ..., (F11, E)}is a soft topological space over X.

Definition 2.10: [5] Let (X,7,E) be a soft topological space over X and (F,E) be a soft set over X. Then,
(i) the soft closure of (F,E) is the soft set scl(F,E) = n{(G,E)/(G,E) is soft closed and (F,E) & (G,E)}.
(ii) the soft interior of (F,E) is the soft set sint(F,E) = n{(H,E)/(H,E) is soft open and (H,E) = (F,E)}.

Definition 2.11: [3] Let (X, 1, E) be a soft topological space. A soft set (F,E) is called soft a-open set in
X, if (F,E) = sint(scl(sint(F,E))).

Definition 2.12: [3] Let (X, t, E) be a soft topological space. A soft set (F, E) is called
(i) soft t-open set in X, if sint(scl(F,E)) = sint(F,E).
(ii) soft t-closed set in X, if scl(sint(F,E)) = scl(F,E).

Definition 2.13: [3] Let (X,t,E) be a soft topological space. A soft set (F,E) is called soft B-open(closed)
set in X, if (F,A)= (G,E) n (H,E), where (G,E) is a soft open(closed) set and (H,E) is a soft t-open
(closed) set.

Definition 2.14: [3] Let (X,t,E) be a soft topological space over X and (F,E) be a soft set over X. Then,
(i) the soft B-closure of (F,E) is the soft set sBcl(F,E) = n{(G,E)/(G,E) is soft B-closed and
(F,E) = (G,E)}.
(ii) the soft B-interior of (F,E) is the soft set sBint(F,E) = n{(H,E)/(H,E) is soft B-open and
(H,E) = (F,E)}.

Definition 2.15: [4] Let (X,1,E) be a soft topological space over X and (F,E) be a soft set over X. Then
(F,E) is said to be a*-set if sint(scl(sint(F,E))) = sint(F,E).

Definition 2.16: [4] Let (X, ,E) be a soft topologtal space. A sof set (F,E) is called soft C-open set in X, if
(F,A)=(G,E) N (H,E), where (G,E) is a soft open set and (H,E) is a soft a*- set.

Remark 2.1: [4] Let (X,t ,E) be a soff topological space. The notion of sof a-open sets is different from the soft
C-open sets.
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Example 2.2: [4] Let X = {Xy, X2, X3, Xa}, E = {€1, €,}. Let us take the soft topology T on X as in example 2.1 and
let (G,E) = {(e1, { X3, Xa }), (€2,{ X2 } )} be a soft set over X. Here (G,E) is a soft a*-set. Also, (G,E) is a soft C-open
set since every soft a*-set is a soft C-open set but not a soft a-open set.

Example 2.3: [4] Let X = {Xq, Xo, X3}, E = {e4, €,} and F is a mapping from E to P(X) defined by, (F,E) = {(e1, {X:}),
(B2, {X2})} be a soft set over X. Then t={ @, X, (F, E)} is soft topology over X. Let (G,E) = {(e1, { X1, X2} ), (€2, { X2 }
)} be a soft set over X. Here (G,E) is a soft a-open set but not a soft C-open set.

Definition 2.17: [3] Let (X, 11, E) and (X, 1, E) be any two soft topological spaces. A function f from a soft
topological space (X,11,E) to another soft topological space (X, T2, E) is said to be soft a-continuous function
iff the inverse image of every soft a-open(closed) set in (X, 12, E) is a soft open(closed) set in (X,ty,E).

Definition 2.18: [3] Let (X, 11, E) and (X, 1, E) be any two soft topological spaces. A function f from a soft
topological space (X, 11, E) to another soft topological space (X,12,E) is said to be soft B-continuous function
iff the inverse image of every soft open(closed) set in (X, 12, E) is a soft B-open(closed) set in (X, 14, E).

Definition 2.19: [4] Let (X, 11, E) and (X, 1, E) be any two soft topological spaces. A function f from a soft
topological space (X, 11, E) to another soft topological space (X,12,E) is said to be soft C-continuous function
iff the inverse image of every soft open(closed) set in (X,t2,E) is a soft C-open(closed) set in (X, 11, E).

Remark 2.2: [4] Let (X, 1, E) be a soft topological space over X and (F, E) be a soft set over X. Then every
soft t-open set is a soft a*-open set.

3. SOFT aB-OPEN SET

Definition 3.1: Let (X, 7, E) be a soft topological space. A soft set (F,E) is called soft aB-open(closed) set in
X, if (F,A)=(G,E) n (H,E), where (G,E) is a soft a-open(closed) set and (H,E) is a soft t-open(closed) set.

Definition 3.2: Let (X, t, E) be a soft topological space over X and (F,E) be a soft set over X. Then,
(i) the soft aB-closure of (F,E) is the soft set saBcl(F,E) = N {(G,E)/(G,E) is soft aB-closed and
(F,E) = (G,E)}.
(ii) the soft aB-interior of (F,E) is the soft set saBint(F,E) = n{(H,E)/(H,E) is soft aB-open and
(H,E) = (F.BE)}.

Proposition 3.1:
(i) (i)Finite intersection of soft aB-open sets is a soft aB-open set.
(if) (ii)Finite union of soft aB-closed sets is a soft aB-closed set.

Proof:
(i) Let (Fi, A)) be a soft aB-open set. Then (Fi, A)) = (Gi, Bi)) N (H;, Ci), where (G;, B;) is a soft a-open set and (H;, C) is
a soft t-open set. Now,
NiL, (Fi,Ai) = Nk, {(Gi,Bi) N (Hi, Ci)}
=N, (Gi,Bi) N NiL,(Hi,Ci)
Hence finite intersection of soft aB-open sets is a soft aB-open set.

(ii) Let (F;, A be a soft aB-closed set. Then (F;, Aj) = (Gi, Bi) U (H;, Ci), where (G;, By) is a soft a-closed set and
(Hi, C;) is a soft t-closed set. Now,
U™, (Fi,Ai) = UL, {(Gi,Bi) U (Hi,Ci)}
= UL, (Gi,Bi) U U™, (Hi,Ci)
Hence finite union of soft aB-closed sets is a soft aB-closed set.

Proposition 3.2: Let (X, 1, E) be a soft topological space over X. For any two soft sets (F, A) and (G, B) the following
statements are valid.

(1) saBcl(F, @) = (F, D).

(i) soBcl(F, X)=(F,X).

(iii) saBcl(F, A) = (F, A).

(iv) If(F, A) E (G, B), then saBcl(F, A) E saBcl(G, B).

(v) saBcl( saBcl(F,A) ) = saBcl(F,A).

(vi) saBcl((F, A) N (G, B)) E (saBcl(F, A)) n (saBcl(G, B)).

(vii) aBcl((F, A) U (G, B)) = (saBcl(F, A)) U (saBcl(G, B)).
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Proposition 3.3: Let (X, 1, E) be a soft topological space over X. For any two soft sets (F,A) and (G,B) the following
statements are valid.

(i) saBint(F, A) = (F, A).

(i) If(F, A)E (G, B), then saBint(F, A) E saBint(G, B).

(iii) (soBint(F,A)) = soBcl((F, A)).

(iv) (soBcl(F,A)) = saBint((F, A)).

(v) saBint( saBint(F, A) ) = saBint(F, A).

(vi) saBint((F, A) N (G, B)) = (saBint(F, A)) N (saBint(G, B)).

(vii) saBint((F, A) U (G, B)) 3 (saBint(F, A)) U (saBint(G, B)).

Proposition 3.4: Every soft B-open set is a soft aB-open set.

Proof: Let (F, A) be a soft B-open set. Then, (F, A) = (G, B) n (H, C), where (G, B) is a soft open set and (H, C) is a
soft t-open set. Since every soft open set is a soff a-open set, (G, B) is a soff aB-open set. Hence (F, A) is a soft
aB-open set.

Remark 3.1: The converse of the proposition 3.4 need not be true.

Example 3.1: Let X be the set of diabetes patients in a hospital and E be the set of parameters. Let X = {p,p,,ps} and
E= {e1,e,,€3,64,65,66} Where e;,6,,63,64,65,86 be the set of parameters which stands for *Polyurea’,” Fatigue’, Polydipsea’,
"Polyphagia’, "Weightloss’, *Slow healing of wounds’ respectively. Let A= {e;, e;}. Let F be a mapping A to P(X)
defined by, (F, A) ={(er.{p:}).(e2{p:})} is a soft set over X. Then, = {®.X, (F,A)}, is a soft topological space over X.
Let (G,A) = {(er.{p1,p2}).(e2.{p2})} and (H,A) = {(e1,{p2}).(e2,{®})} are soft sets over X. Here (G,A) is a soft a-open
set but not a soft open set and (F,A)’ is a soft t-open set. Then (H,A) is a soft aB-open set but not a soft B-open set.

Proposition 3.5: Every soft aB-open set is a soft aC-open set.

Proof: Let (F,A) be a soft aB-open set. Then, (F,A) = (G,B) N (H,C), where (G,B) is a soft a-open set and (H,C) is a
soft t-open set. Since every soft t-open set is a soft a*- set, (H, C) is a soft a*- set. Hence (F,A) is a soft aB-open set.

Remark: 3.2: The converse of the proposition 3.5 need not be true.

Example: 3.2: Let X be the set of diabetes patients in a hospital and E be the set of parameters. Let X = {ps,p2,ps} and
E= {e1,e2€3,64,65,66} Where e;,6,,63,64,6s5,65 be the set of parameters which stands for *Polyurea’,’Fatigue’, Polydipsea’,
"Polyphagia’, Weightloss’, ’Slow healing of wounds’ respectively. Let A= {e;,e;}. Let F,G,H,l,J be a mapping A to
P(X) defined by,

(F.A) = {(ev, {p:}).(e2,{pr.PsH)},

(G.A) = {(e1, {p}).(e2{P: 1)},

(H.A) = {(e1, {p2}).(e2{P=1},

(LA) ={(ey, {pllpz})’(EZ!{Bllpz})} and

(J,A) = {(e1, {p1,p2}).(e2,{X})} are a soft sets over X.

Then, 1= {®X, (F,A),(G,A),(HA),(1,A),(J,A)} is soft topological space over X. Let (K, A) = {(e1,{p.}).(e2.{p:})}

be a soft set over X. Here (K,A) is a soft a*-set and soft a-open set but not a soft t-open set. Therefore (K,A) is a

soft aC-open set but not a soft aB-open set.

Remark: 3.3: The interrelations among the sets introduced are given clearly in the following diagram.
soft B-open set
]
soft aB-open set

]

soft aC-open set
4. SOFT aB-CONTINUOUS FUNCTION
Definition: 4.1: Let (X, 11, E) and (X, 12, E) be any two soft topological spaces. A function f from a soft topological
space (X, 11, E) to another soft topological space (X, 1, E) is said to be soft aB-continuous function iff the inverse
image of every soft open(closed) set in (X, 1, E) is a soft aB-open(closed) set in (X, 11, E).
Definition: 4.2: Let (X, 11, E) and (X, 12, E) be any two soft topological spaces. A function f from a soft topological

space (X, 11, E) to another soft topological space (X, 1, E) is said to be soft aC-continuous function iff the inverse
image of every soft open(closed) set in (X, 12, E) is a soft aC-open(closed) set in (X, 11, E).
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Proposition: 4.1: Every soft B-continuous is a soft aB-continuous function.

Proof: Let (X, 11, E) and (X, 12, E) be any two soft topological spaces. Let f: (X, 1, E) > (X, 12, E) be a soft
B-continuous function. Let (F,A) be a soft open set in (X,15,E). Since f is soft B-continuous function, the inverse image
of (F, A) is soft B-open set in (X, 11, E). Since every soft B-open set is a soft aB-open set, f *(F, A) is soft oB-open set
in (X, 1y, E). Hence f'is a soft aB-continuous function.

Remark: 4.1: The converse of the proposition 4.1 need not be true.

Example: 4.1: Let ; = {®, X, (F,A)} and 1,= {®, X, (H,A)}. Let (X, 11, E) and (X, 1, E) be any two topological spaces
over X and Y. Let f: (X, 11, E) — (X, 12, E) be a mapping. Then f'is a soft aB-continuous function in (X, 1, E) since in
example 3.1, (H,A) is a soft aB-open set but not a soft B-open set in (X, 11, E). Therefore f is a soft aB-continuous
function but not a soft B-continuous function.

Proposition: 4.2: Every soft aB-continuous is a soft aC-continuous function.

Proof: Let (X, 11, E) and (X, t,, E) be two soft topological spaces. Let f: (X, 11, E) — (X, 12, E) be a soft aB-continuous
function. Let (F,A) be a soft open set in (X, 12, E). Since f'is soft aB-continuous function, the inverse image of (F,A) is
soft aB-open set in (X, 7, E). Since every soft aB-open set is a soft aC-open set, f'(F,A) is soft aC-open set in
(X, 11, E). Hence fis a soft aC-continuous function.

Remark: 4.2: The converse of the proposition 4.2 need not be true.

Example: 4.2: Let 1y = {®,X,(F,A),(G,A),(H,A),(ILA),(J,A)} and 1, ={®,X,(K,A)}. Let (X, 13, E) and (X, 12, E) be two
topological spaces over X and Y. Let f:(X, 11, E) — (X, 12, E) be a mapping. Then f'is a soft aC-continuous function in
(X, 11, E) since in example 3.2, (H,A) is a soft aC-open set but not a soft aB-open set in (X, 1, E). Therefore f is a soft
aC-continuous function but not a soft aB-continuous function.

Remark: 4.3: By Remark 2.1 and examples 2.2 and 2.3, any soft a-open set need not be soft aC-open set and any soft
aC-open set need not be soft a-open set. Hence, soft a-continuous function and soft aC-continuous function are
independent as shown by the following Example 4.3 and Example 4.4.

Example: 4.3: Let 7, = {®,X,(Fy,E),(F2,E),...,(F11,E)} defined as in example 2.1 and , = {®,X,. (G,E)} where (G,E) isa
defined as in example 2.2. Let (X, n, E) and (X,7,,E) be two topological spaces over X and Y. Let f:(X,z1,E) — (X,2,E)
be a mapping. Then f is a soft aC-continuous function in (X, 7, E) since in example 2.2, (G,E) is a soft aC-open set but
not a soft a-open set in (X, 71, E). Therefore f is a soft aC-continuous function but not a soft a-continuous function.

Example: 4.4: Let 7, = {®,X,(F,E)} and 7, = {®,X,(G,E)} where (F,E) and (G,E) is a defined as in example 2.3. Let
(X,7,E) and (X,z,,E) be two topological spaces over X and Y. Let f:(X,7;,E) — (X,z,,E) be a mapping. Then f is a soft
a-continuous function in (X,z3,E) since in example 2.3,(G,E) is a soft a-open set but not a soft aC-open set in (X,z1,E).
Therefore f is a soft a-continuous function but not a soft aC-continuous function.

Remark: 4.4: The interrelations among the functions introduced are given clearly in the following diagram.

soft B-continuous function
l
soft aB-continuous function

]

soft aC-continuous function

Theorem: 4.1: Let (X, 7, E) and (X, 72, E) be any two soft topological spaces. If f is any mapping from (X, z;, E) to
(X, 7, E) then the conditions below are equivalent.

(1) The function f is soft «aB-continuous function.

(i1) The inverse of every soft a-closed set is a soft aB-closed set.

Proof: The proof follows from the Definition 4.1.

Theorem: 4.2: Let (X, 7, E) and (X, 7, E) be any two soft topological spaces. If f is any mapping from (X, z;, E) to
(X, 7, E) then the following conditions are equivalent.

(i) fis a soft aB-continuous function.

(ii) For every soft set (F,A) of (X,z1,E), f(saBint(F,A)) =2 sint(f(F,A)).

(iii) For every soft set (F,A) of (X,1,,E), f }(sint(F,A)) E saBint(f *(F,A)).
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Proof:
(i) = (ii): Let (F,A) be a soft set in (X, 7y, E). Then f(F,A) is a soft set in (X, ,, E). Since f is a soft aB-continuous
function, sint(f(F,A)) is a soft aB-open set in (X, z, E). By hypothesis, f'(sint(f(F,A))) is a soft aB-open set in
(X, 71, E). Now,
(FA) 3 f(sint(f(F,A)))
= saBint(F,A) 2 soBint(f (sint(f(F,A))))
2 f(sint(F,A))

= f(saBint(F,A)) 2 sint(f(F,A)).

Hence f(saBint(F,A)) 2 sint(f(F,A)).

(ii)=> (iii): Let (F,A) be a soft open set in (X, 75, E). Now, f *(F,A) be a soft open set in (X, 7, E).

By(ii), f(saBint(f *(F,A))) £ sint(f(f }(F,A)))
C sint(F,A)
= saBint(f *(F,A)) E f(sint(F,A)).
Hence saBint(f '(F,A)) E f Y(sint(F,A)).

(iii)= (i): Let (F,A) be a soft open set in (X, 7, E). By hypothesis,
saBint(f (F,A)) 2 f (sint(F,A))
=fY(F,A)
But, f*(F,A) 2 saBint(f *(F,A))
= saBint(f *(F,A)) = f (F,A)
Thus, f *(F,A) is a soft aB-open set in (X, 73, E). Therefore f is a soft aB-continuous function.

Theorem: 4.3: Let (X, 7, E) and (X, 7, E) be any two soft topological spaces. If f is any mapping from (X, z;, E) to
(X, , E) then the following conditions are equivalent.

(i) fis a soft aB-continuous function.

(ii) For every soft set (F,A) of (X,z3,E), f(saBcl(F,A)) E scl(f(F,A)).

(iii) For every soft set (F,A) of (X,z,,E), saBclf *((F,A)) E f Y(scl(F,A)).

Proof:
(i) = (ii): Let (F,A) be a soft set in (X, 1, E). Then f(F,A) is a soft set in (X, z, E). Now, scl(f(F,A)) is a soft closed set
in (X,72,E). By hypothesis, f *(scl(f(F,A))) is a soft aB-closed set in (X,73,E). Hence,
(FA) & fl(scl(f(F,A)))
= saBcl(F,A) E  saBcl(f (scl(f(F,A))))
= f(sclf((F,A)))

= f(saBcl(F,A)) = scl(f(F,A)).

Hence f(saBcl(F,A)) = scl(f(F,A)).

(ii)=> (iii): Let (F,A) be a soft closed set in (X,z,E). Now f *(F,A) be a soft closed set in (X,z,E).

By(ii), f(saBcl(f *(F,A))) E scl(f(f 1(F,A)))
C scl(F,A)
= saBcl(f {(F,A) £ f(scl(F,A)).
Hence saBcl(f '(F,A)) £ f(scl(F,A)).

(iii)= (i): Let (F,A) be a soft closed set in (X,z,,E). By hypothesis,
saBcl(f '(F,A)) E fY(scl(F,A))
=fY(F,A)
But,f }(F,A) & saBcl(f '(F,A))
Therefore,  saBcl(f *(F,A)) = f 1(scl(F,A))
=fY(F,A)
Thus f 1(F,A) is a soft aB-closed set in (X, 71, E). Therefore f is a soft «B continuous function.

Theorem: 4.4: Let (X, ©, E), (X, o, E) and (X, 75, E) be any three soft topological spaces. A function
f: (X, i, E) = (X, 1, E) is a soft aB-continuous function and g: (X, n, E) — (X, 3, E) is a soft continuous function.
Thengef: (X, o, E) = (X, 13, E) is a soft aB-continuous function.

Proof: Let (F,A) be a soft open set in (X, 7, E). Since g is a soft continuous function, g *(F,A) is a soft open set in

(X, 75, E). Also since f is a soft aBcontinuous function, f *(g™(F,A)) is a soft aB-open set in (X, 73, E). Hence g = fis a
soft aB-continuous function.
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