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1. INTRODUCTION 
 
Lofti A. Zadeh[10] introduced the fuzzy set theory in 1965. The notion of a fuzzy topology was introduced by Chang 
[3] in 1968.  The concept of intuitionistic fuzzy set was first publishedby Krassimir T. Attanassov[1] as a generalization 
of the notion of fuzzy sets. Coker.D [4] developed the idea of an intuitionistic fuzzy topological spaces in 
1997.Meena.K and Thomas.V[5]introduced, an intuitionisticL-fuzzy Subrings. Fine topological space was introduced 
by Power P. L. and RajakK [8]. Fine fuzzy topological spaces are introduced and studied the concept of fine fuzzy sp-
closed sets by Nandhini. R [6]. In the present paper, we introduced a fine intuitionistic fuzzy set and fineintuitionistic 
fuzzy topological spaces and discussed some of its properties. The concepts of fine intuitionistic fuzzy ring structure 
spaces are defined and its characterizations are also examined. Finally, the fine intuitionistic fuzzy normal subrings are 
studied with few of its properties. 

 
2. PRELIMINARIES 
 
Definition 2.1 [3]: Let X be a non-empty set and I  be the unit interval. A fuzzy set of X is an element of the set xI of 
all functions from X to I . 
 
Definition 2.2[4]: Let X be a nonempty fixed set. An intuitionistic fuzzy set A is an object having the form

{ }XxxxxA AA ∈= :)(),(, γµ  where the functions IXxA →:)(µ and IXxA →:)(γ denote the degree of 

membership and the degree of nonmembership of each element Xx∈ to the set A, respectively and  
10 ≤+≤ AA γµ  for each Xx∈ . 

 
Definition 2.3 [4]: An intuitionistic fuzzy topology (IFT) on a nonempty set X is a family τ  of IFSs in X satisfying 
the following conditions: 

(a) .~1,~0 τ∈  

(b) τ∈21 GGif  for any τ∈21 GG , . 
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(c) τ∈iG  for any arbitrary family .}Ji:G{ i τ⊆∈  

The pair )( τ,X  is called an intuitionistic fuzzy topological space (abbreviated as IFTS) and any IFS in τ is known 
as an intuitionistic fuzzy open set (IFOS) in X. 
 
Definition 2.4 [4]: Let A and B be intuitionistic fuzzy set of X.  Then A is said to be quasi coincident with B is 
denoted byAqB if there exist an x∈X such that )()( xx AB µγ < or ).()( xx BA µγ <  
 
Definition 2.5[8]: Let (X, τ) be a topological space and define τ(𝐴𝛼) = 𝜏𝛼 (say) = {𝐺𝛼(≠X) : 𝐺𝛼 ∩ 𝐴𝛼 ≠ 𝜙, for 𝐴𝛼 ∈ 𝜏 and 𝐴𝛼 

≠ 𝜙, 𝑋, for some α ∈ J, where J is the index set }.Define 𝜏𝑓 = {𝜙, 𝑋, 
 J }{T∈α α }. The collection 𝜏𝑓 of subsets of Xis 

called the fine collection of subsets of X and (X, τ, 𝜏𝑓) is said to be fine space X generated by the topology τ on X. 
 
Definition 2.6 [6]: Let (X,T) be a fuzzy topological space and let ,:

XX
01{)( ≠∧≠== ααααα λµµλ )(TT  

for T∈αλ and XX, 10≠αλ  in some ,J∈α  where Jis the index set}be the collection of fine fuzzy sets of X.  

Then the collection }}{T  ,1 ,{0 JXX  ∈= α αf
T  is said to be the fine fuzzy collection of subsets of X and 

)T,T,X( f is called the Fine fuzzy topological space (abbreviated as) FfTS. 
 
Definition 2.7[5]:  An Intuitionistic L-fuzzy subset A = {x, µA(x), νA(x)/x ∈ R} of R is said to be an Intuitionistic L-
fuzzy subring of R (ILFSR) if for all x, y ∈ R 

(i) µA(x − y) ≥ µA(x) ∧ µA(y) (ii) µA(xy) ≥ µA(x) ∧ µA(y) (iii) νA(x − y) ≤ νA(x) ∨νA(y)(iv) νA(xy) ≤ νA(x) ∨νA(y). 
 
Definition 2.8 [9]: Let ( , , .)R +  be a ring. An intuitionistic fuzzy subring A of R is said to be an intuitionistic fuzzy 
normal subring of R if it satisfies the following axioms  

(i) ( ) ( )A Axy yxµ µ=  

(ii) ( ) ( ) , .A Axy yx x y Rν ν= ∀ ∈  
 

3. FINE INTUITIONISTIC FUZZY TOPOLOGICAL SPACE 
 
Definition 3.1: Let X be a nonempty set. Let a fine intuitionistic fuzzy setbe defined as  

XxxAxAxA ∈= :))(()),((,
αα

γτµτ for all Xx∈  

~

~ ~

( 1 ) : quasi , where ( ) is degree of membership
( ( ))

function with ( ) , and 1 ,0 , for  some ,  is  an index setA

A

X

A

x IA A A A
x

x J JA
α

α α α α
µ

µ
α

λ λ δ λ
τ τ µ

δ τ α

 ≠ ∈
 = =  

∈ ≠ ∈  

~

~ ~

( 0 ) : not quasi , where is degree of non membership
( ( ))

function with and 0 1 for  some ,  is  an index set

X

α α α α

A α
Aα

ν ν θ ν (x) IA A A A
τ τ γ xγ A θ (x) τ , , J JA γ α

 = ∈
 = =  

∈ = ∈  

 

Where .10 ~~ ≤+≤
AA γµ ττ

 
 
Definition 3.2: A fine intuitionistic fuzzy topology (FIfT) on a nonempty set X is a family fτ  of FIfSs in X satisfying 
the following axioms 

1. fXX τ∈~~ 1,0 . 

2. If for any fτµµ ∈21, then fτµµ ∈21  . 

3. fi Iτµ ∈  for any arbitrary family { } .: fi JiG τ⊆∈  

The triplet ),,( fX ττ is called a Fine intuitionistic fuzzy topological space FIfTS (for short) and any FIfS in fτ is 
known as afineintuitionistic fuzzy open set (FIfOS) in X  and its  complement is denoted by fine intuitionistic fuzzy 
closed set(FIfCS) in X .  
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Example 3.1: Let X = {a, b, c} and  













=

2.03.04.0
,

8.07.04.0
, cbacbaxA , 















=

2.02.04.0
,

8.08.06.0
, cbacbaxB , 














=

1.01.03.0
,

85.09.07.0
, cbacbaxC  

Then the family  },,,1,0{ ~~ CBA=τ  is an intuitionistic fuzzy topological space in X. 
 
Let us define a fineintuitionistic fuzzy set as follows 

 














≤≤






==

79.0
,

69.0
,

39.01.0
,

1.0
,

1.0
))(( cbacbax AAA αα

µµττ µ  

 ~ ~( ( )) 0 ,1 , , , , ,
0.1 0.1 0.1 0.39 0.29 0.19A A A
a b c a b cx

α αγτ τ γ γ    = = ≤ ≤    
    

, 















≤≤






==

69.0
,

79.0
,

59.01.0
,

1.0
,

1.0
))(( cbacbax BBB αα

µµττ µ  

 ~ ~( ( )) 0 ,1 , , , , ,
0.1 0.1 0.1 0.39 0.19 0.19B B B
a b c a b cx

α αγτ τ γ γ    = = ≤ ≤    
    

,  















≤≤






==

84.0
,

89.0
,

69.01.0
,

1.0
,

1.0
))(( cbacbax CC

C αα
µµττ µ  

 ~ ~( ( )) 0 ,1 , , , , ,
0.1 0.1 0.1 0.29 0.09 0.09C C C
a b c a b cx

α αγτ τ γ γ    = = ≤ ≤    
      

Where ~~ 10 ≤+≤
AA γµ ττ

 
Then

~ ~

, , , , , 0 ,1 , , , , ,~ ~0.1 0.1 0.1 0.39 0.69 0.79 0.1 0.1 0.1 0.39 0.29 0.19

0 ,1 , , , , , , 0 ,1 , , ,~ ~0.1 0.1 0.1 0.59 0.79 0.69 0.1 0.1 0.1 0.39

A A

f X X B B

a b c a b c a b c a b c

a b c a b c a b c a

α α

α α

µ γ

τ µ γ

≤ ≤ ≤ ≤

= ∨ ≤ ≤ ≤ ≤

       
       
       

     
     
     

, , ,
0.19 0.19

, , , , , , 0 ,1 , , , , ,~ ~0.1 0.1 0.1 0.69 0.89 0.84 0.1 0.1 0.1 0.29 0.09 0.09C C

b c

a b c a b c a b c a b c
α α

µ γ≤ ≤ ≤ ≤

  
  
  
    
   

   
         
         

          
is a fine intuitionistic fuzzy topology defined on X  
Then ),,( fX ττ  is called a fine intuitionistic fuzzytopological space.

 
 
Definition 3.3: Let ),,(

11 fX ττ and ),,(
22 fX ττ  be two fine intuitionistic fuzzy topological space on X.   Then 

1fτ  

is contained in 
2fτ if  

2fτδ ∈  for each 
1fτδ ∈ . In this case we say that

1fτδ ∈  is coarser than
2fτ . 

 
Definition 3.4: Let ),,(

11 fX ττ  be a fine intuitionistic fuzzy topological space and )(),(, δδ γτλτδ x= be afine 

intuitionistic fuzzy set in X and fineintuitionistic  fuzzy interior  and  fine intuitionistic  fuzzy closure of δ  is  
defined by   
FIfcl(δ ) = }:{ λδλλ ⊆andXinFIfCSanis  

FIfint(δ ) = }:{ δµµµ ⊆andXinFIfOSanis . 
 
Remark 3.1: 

a. δ is an FIfCS in X  iffFIfcl(δ ). 
b. δ is an FIfOS in X  iffFIfint(δ ). 
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Proposition 3.1: Let }:{ Ji

if ∈τ be a family of fine intuitionistic fuzzy topological space on X. Then
ifτ is 

afineintuitionistic fuzzy topological space on X. Furthermore, 
ifτ  is the coarsest fine intuitionistic fuzzy topological 

space on X containing all 
ifτ  

 
Proof: It is simple by definition 3. 3. 
 
Proposition 3.2: Let ),,( fX ττ  be an FIfTS, then for any FIfSθ in  ),,( fX ττ in we have

 
a) FIfcl(θ )= )(θFIfInt ). 

b) FIfInt(θ ) = )(θFIfcl  
 

Proof: Let Xxxxx ∈= :))(()),((,
αα θγτθµτθ . Then we get  

FIfInt(θ ) = ))(()),((, xxx
ii αα θγτθµτ ∧∨ and hence, =)(θFIfInt )(),(,

αα θθ µτγτ ∨∧x .  

Now )(),(,
αα θθ µτγτθ x= and ,

G Gi iθ θµ µ γ γτ τ τ τ≤ ≥ , )()( θθ FIfIntFIfcl = . Similarly we prove b. 

 
Proposition 3.3: Let ),,( fX ττ  be an FIfTSA and B be FIfSs in X. Then the following properties are hold. 

a) FIfcl(A).A  and  A FIfint(A) ⊆⊆  
b) )()( BintFIfAFIfIntBA ⊆⇒⊆ and ).()( BFIfclAFIfclBA ⊆⇒⊆  
c) fint(A)FIAFIfIntFIfInt =))(( and ).())(( AFIfclAFIfclFIfcl =  
d) )()int()( BFIfIntAFIfBAFIfInt  = and ).()()( BFIfclAFIfclBAFIfcl  =  

e) 
~~

1)1( XXFIfInt = ,  
~~

0)0( XXFIfInt = . 
 
Proof:   

a) { }ABXinFIfOSanisBB FIfint(A) ⊆∋= :  
Since AFint(A)⊆ A)Fcl(⊆ and by definition 

{ }CAXinFIfCSanisCC FIfcl(A) ⊆∋= : . 
Hence, FIfcl(A).A  and  A FIfint(A) ⊆⊆ )()( BFIfIntBAFIfInt ⊆

 Similarly for b) and  c). 
d)  )()( AFIfintBAFIfInt ⊆ and )()( BFIfintBAFIfInt ⊆  

we get  )()()( BFIfintAFIfintBAFIfInt  ⊆   --------------(1) 
A FIfint(A)⊆ and B FIfint(B)⊆  

BABFIfintAFIfint  ⊆)()( and  fBFIfintAFIfint τ∈)()(  ,  

Hence,  ))()( BAFIfint(BFIfintAFIfint  ⊆   -------------(2)    
From (1) and (2)   we get   )()()( BFIfintAFIfintBAFIfInt  = . 
Similarly for )()()( BFIfclAFIfclBAFIfcl  = . 
Proof of e) is easy. 
 

4. FINEINTUITIONISTIC FUZZY TOPOLOGICAL RING  
 
Definition 4.1: Let R be a ring. A fineintuitionistic fuzzy set AAxA νλ ττ ,,= in R is called afine intuitionistic 
fuzzy topological ringon R if it satisfies the following conditions  

i. )()()( yxyx
AAA µµµ τττ ∧≥+ . 

ii. )()()( yxxy
AAA µµµ τττ ∧≥ . 
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iii. ).()()( yxyx

AAA γγγ τττ ∨≤+  

iv. Ryxyxxy
AAA

∈∀∨≤ ,)()()( γγγ τττ . 

 
Definition 4.2: Let ),,( •+R  be a ring. A familyσ of a fineintuitionistic fuzzy topological ring on R if it satisfies the 
following axioms. 

1. fXX σ∈~~ 1,0 . 

2. If for any fGG τ∈21, then fσµµ ∈21  . 

3. fi σµ ∈  for any arbitrary family { } .: fi JiG σ⊆∈  

The triplet ),,( fR σσ is called a fine intuitionistic fuzzy topological ring (FIfTR)or  fine intuitionistic fuzzy ring 

structure space (FIfRSS)for short and any FIfTR in fσ is known as a fine intuitionistic fuzzy open ring (FIfOR) in 

),,( fR σσ  and its  complement is a fine  intuitionistic  fuzzy closed ring(FIfCR). 
 
Example 4.1: Let }1,0{=R be a set of integers of modulo 2 with two binary operations as follows  
 
 
 
 
 
Then ),,( •+R   is a ring. 
Define a fine intuitionistic fuzzy rings B and C as follows  

29.0)1(,49.0)0(65.0)1(,35.0)0( ====
BBBB

and γγµµ ττττ  

10.0)1(,39.0)0(89.0)1(,40.0)0( ====
CCCC

and γγµµ ττττ  

Then  },,1,0{
~~

CBXXf =σ  is a fine intuitionistic fuzzy topological ring structure on R. Thus ),,( fR σσ is 
called a fine intuitionistic fuzzy ring structure space (FIfRSS). 
 
Notation: Let ),,( fR σσ be anyfine intuitionistic fuzzy ring structure space. Then FIfO(R) denotes the family of all 

fine intuitionistic fuzzy open ring in ),,( fR σσ . Then FIfC(R) denotes the family of all fine intuitionistic fuzzy 

closed ring in ),,( fR σσ . 
 
Definition 4.3: Let ),,( fR σσ  be a fine intuitionistic fuzzy ringstructure space and 

AA
xA γµ ττ ,,= be a fine 

intuitionistic fuzzy ring in R . A fine intuitionistic fuzzyring interior and fine intuitionistic fuzzy ring closure of A is 
defined by   

FIfRcl( A ) = })(:,,{ ABandXinRFIfCaisBxB
BB

⊆= γµ ττ  

FIfRint( A ) = })(:,,{ BAandXinRFIfOaisBxB
BB

⊆= γµ ττ . 

 
Corollary 4.1: Let ),,( fR σσ be a fine intuitionistic fuzzy ring structure space. Then the following statements are 
hold for anyfine intuitionistic fuzzy ring structure in R. 

i. FIfRint( A )=A iff  A is afine intuitionistic fuzzy topological open ring. 
ii. FIfRcl( A )=A iff  A is a fine intuitionistic fuzzy topological closed ring. 

iii. )()( A FIfRclA A FIfRint ⊆⊆ . 

iv. 
~~ XX1FIfRint 1)( = and  

~~ XX0FIfRint 0)( = . 

v. 
~~ XX1FIfRcl 1)( = and 

~~ XX0FIfRcl 0)( = . 

vi. )()( AFIfRintAFIfRcl = )()( AFIfRclAFIfRint = . 

vii. )()( i
1i

i
1i

AFIfRclAFIfRcl
∞

=

∞

=
⊆ 

. 

 

+ 0 1 
0 0 1 
1 1 0 

•  0 1 
0 0 0 
1 0 1 
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viii. )()( i

n

1i
i

n

1i
AFIfRclAFIfRcl

==
= 

. 

ix. )()( i
1i

i
1i

AFIfRclAFIfRcl
∞

=

∞

=
⊆ 

 

x. ).()( i
1i

i
1i

AFIfRintAFIfRint
∞

=

∞

=
⊆   

 
Proof:  The Proof is simple 
 
Definition 4.4: Let ),,( fR σσ  be a fine intuitionistic fuzzy ring structure space and if

AA
xA γµ ττ ,,= is any 

fineintuitionistic fuzzyring in R . Then FIfRint( A ) is called a fine intuitionistic fuzzy  ring exterior of  A is denoted by 
FIfRExt(A). 
 
Proposition 4.1: Let ),,( fR σσ  be a fineintuitionistic fuzzy ring structure space. Then the following statements are 
hold for any two fine intuitionistic fuzzy rings A and B. 

i. FIfRExt( A ) A⊆ . 

ii. )()( A FIfRcl A FIfRExt = . 
iii. ))(())(( AFIfRclFIfint A FIfRExt FIfRExt = . 
iv. If A ⊆B then )()(  B FIfRExt A FIfRExt ⊇ . 

v. 
~~ XX1FIfRExt 0)( = , 

~~ XX0FIfRExt 1)( =
.
 

vi. ).()()( B FIfRExtA FIfRExtBA FIfRExt  =  
 
Proof   It is easy by using above definition. 
 
Definition 4.5: Let ),,( fR σσ  be any fine intuitionistic fuzzyring structure space. Let 

AA
xA γµ ττ ,,= be a fine 

intuitionistic fuzzy ring in R. Then A is said to be a fine intuitionistic fuzzy δG ring in ),,( fR σσ if ii
AA



∝

=
=

1
, 

where 
AA

xA γµ ττ ,,= is a fine intuitionistic fuzzy open ring in ),,( fR σσ .The complement of a fine intuitionistic 

fuzzy δG  ring in ),,( fR σσ is a fine intuitionisticfuzzy σF ring in ),,( fR σσ . 
 
Definition 4.6: Let ),,( fR σσ  be any fine intuitionistic fuzzy ring structure space. Let 

AA
xA γµ ττ ,,= be a fine 

intuitionistic fuzzy ring in R. Then A is said to be a fine intuitionistic fuzzy dense ring in ),,( fR σσ if there exists no 

fine intuitionistic fuzzy closed ring B in ),,( fR σσ  such that ~1XBA ⊂⊂ and fine intuitionistic fuzzy nowhere 

dense ring in ),,( fR σσ  if there exists no fine intuitionistic fuzzy open ring B in ),,( fR σσ  such that 

)(AFIfRclB ⊂ (i.e) ~X0fRcl(A))FIfRint(FI = .
 

 
Definition 4.7: Let ),,( fR σσ  be any fine intuitionistic fuzzy structure ring space. Let 

AA
xA γµ ττ ,,= be a fine 

intuitionistic fuzzy ring in R. Then A is said to be a fine intuitionistic fuzzy first category ring in ),,( fR σσ  if 

ii
AA



∝

=
=

1
 where Ai’s are fine intuitionistic fuzzy nowhere dense rings in ),,( fR σσ and its complement is a fine 

intuitionistic fuzzy residual ring in ),,( fR σσ .  
 
Proposition 4.2: Let ),,( fR σσ  be a fine intuitionistic fuzzyring structure space. If A is a fine intuitionistic fuzzy 

δG  ring and the fine intuitionistic fuzzy ring exterior of A is a fine intuitionistic fuzzy dense ring in ),,( fR σσ  then 

A is a fine intuitionistic fuzzy first category ring in ),,( fR σσ . 
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Proof: Since A is fine intuitionistic fuzzy δG  ring in ),,( fR σσ , ii
AA



∝

=
=

1
 where Ai’s are fine intuitionistic 

fuzzy open rings. Since the fine intuitionistic fuzzy ring exterior of A  is afine intuitionistic fuzzy dense ringin

),,( fR σσ , ~X1))ARExt(FIfRcl(FIf = .Since FIfRcl(A),A)AFIfRExt( ⊆⊆ FIfRcl(A))AFIfRExt( ⊆

from this we have  ).(AFIfRcl1 FIfRcl(A),))ARExt(FIfRcl(FIf ~X ⊆⊆ Therefore, .~X1 FIfRcl(A) =  

(i.e.) ~X i1i
1A FIfRclAFIfRcl ==

∝

=
)()(



.But )FIfRcl(A A  FIfRcl  i1i i1i 

∝

=

∝

=
⊆)( . 

Hence, )(  i1i~X AFIfRcl 1


∝

=
⊆ ~X i1i

1)FIfRcl(A =⇒
∝

=
. This implies that ~X i 1)FIfRcl(A =  

Foreach f iA τ∈ . Thus ~X1))ARint(FIfRcl(FIf = . 
 
Consider, ))(FIfRint(AFIfRint))AfRcl(FIfRint(FI ii =  

                ~0))( XiFIfRint(AFIfRcl == . 

Therefore,  iA is the fine intuitionistic fuzzy nowhere dense ring in ),,( fR σσ . Now, 

 i1i i1i
AAA



∝

=

∝

=
== . Hence,  i1i

AA


∝

=
= where  iA ’s are the fineintuitionistic fuzzy 

nowhere dense rings in ),,( fR σσ . Therefore, A  is a fine intuitionistic fuzzy first category ring in ),,( fR σσ . 
 
Proposition 4.3: If A is a fine intuitionistic fuzzy first category ring in a fine intuitionistic fuzzy ring structure space 

),,( fR σσ  such that AB ⊆  where B is non-zero fine intuitionistic fuzzy  δG ring and the fine intuitionistic fuzzy 

ring exterior of  B  is a fine intuitionistic fuzzy dense ring in ),,( fR σσ then A is a fine intuitionistic fuzzy nowhere 

dense ring in ),,( fR σσ . 
 

Proof: Let A be a fine intuitionistic fuzzy first category ring in ),,( fR σσ . Then, ii
AA



∝

=
=

1
 

where iA ’s are the fine intuitionistic fuzzy nowhere dense rings in ),,( fR σσ . Now, 

)( iAFIfRcl is a fine intuitionistic fuzzy open ring in ),,( fR σσ . Let  )(
1 ii

AFIfRclB


∝

=
=  . 

Then, B is non-zero fine intuitionistic fuzzy δG  ring in ),,( fR σσ .  
 

Consider AAAFIfRclAFIfRclB iiiiii
=⊆==

∝

=

∝

=

∝

=  111
)()(  

Hence, AB ⊆ . Then, BA⊆ . 
 

Let ))(()( BFIfRclFIfRint(AFIfRclFIfRint( ⊆  

))(( BintFIfRFIfRint=  

   ))(BintFIfRFIfRcl(=  

   ))(BExtFIfRFIfRcl(=  

We know that )(BExtFIfR  is a fine intuitionistic fuzzy dense ring in ),,( fR σσ , .1))(( ~XBExtFIfRFIfRcl =

Therefore ~0))( XAclFIfRFIfint( ⊆ . Then ~0))( XAclFIfRFIfint( = . Hence, A is a fine intuitionistic fuzzy 

nowhere dense ring in ),,( fR σσ . 
 
Definition 4.8: Let ),,( fR σσ  be any fine intuitionistic fuzzy ring structure space. Let A be a fine intuitionistic 

fuzzy ring in ),,( fR σσ . Then A is said to be a fine intuitionistic fuzzy regular closed ring in ),,( fR σσ   
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if  .))( AAcl(FIfintFIfR =  The complement of a fine intuitionistic fuzzy regular closed ring in ),,( fR σσ is a fine 

intuitionistic fuzzy regular open ring in ),,( fR σσ . 
 
Remark 4.1: Every fine intuitionistic fuzzy regular closed ring is a fine intuitionistic fuzzy closed ring. 
 
Definition 4.9: Let ),,( fR σσ  be any fine intuitionistic fuzzy ring structure space. Then ),,( fR σσ  is called a fine 

intuitionistic fuzzy ring δ 1/ 2G T space if every nonzero fine intuitionistic fuzzy δG  ring in ),,( fR σσ  is a fine 

intuitionistic fuzzy open ring in ),,( fR σσ . 
 
Proposition 4.4: If the fine intuitionistic fuzzy ring structure space ),,( fR σσ  is a fine intuitionistic fuzzy ring 

2/1TGδ  space and if A is a fine intuitionistic fuzzy first category ring in ),,( fR σσ , then A is not a fine intuitionistic 

fuzzy dense ring in ),,( fR σσ . 
 
Proof: Suppose that A is a fine intuitionistic fuzzy first categoryring in ),,( fR σσ  such that A is a fine intuitionistic 

fuzzy dense ring in ),,( fR σσ ,that is, ~1)( XAFIfRcl = .Then, ~( ( )) 1 , 1X iFIfRcl FIfRExt B A Ai
∝= = =  where iA ’s are 

fineintuitionistic fuzzy nowhere dense rings in ),,( fR σσ .  
 

Now, )( iAFIfRcl is a fine intuitionistic fuzzy open ring in ),,( fR σσ .Let )(
11 iAFIfRclB



∝

=
= .Then, B is non-

zero, fine intuitionistic fuzzy δG  ring in ),,( fR σσ .  
 

Consider AAAFIfRclBAFIfRclB iiiiii =⊆===
∝

=

∝

=

∝
= 

 111 )()( . Hence AB ⊆ . Then 

~0)()int()int( XAFIfRclAFIfRBFIfR =⊆⊆ . That is, ~0)int( XBFIfR = .Since ),,( fR σσ  is a fine 

intuitionistic fuzzy ring 2/1TGδ  space, BBFIfR =)int( , which implies that ~0XB = . This is a contradiction. 

Therefore, A is not a fine intuitionistic fuzzy dense ring in ),,( fR σσ . 
 
5. FINEINTUITIONISTIC FUZZY NORMALSUBRING 
 
Definition 5.1: A fine intuitionistic fuzzy subset δ of a ring ( , ,.)R +  is said to be a fineintuitionistic fuzzy subring 
ofa ring ( , ,.)R + is denoted by (FIfSR) if it satisfies the following conditions 

a. ( ) { ( ), ( )}x y Min x y
δ δ δµ µ µτ τ τ− ≥  

b. ( ) { ( ), ( )}xy Min x y
δ δ δµ µ µτ τ τ≥  

c. ( ) { ( ), ( )}x y Max x y
δ δ δγ γ γτ τ τ− ≤  

d. ( ) { ( ), ( )} , .xy Max x y x y R
δ δ δγ γ γτ τ τ≤ ∀ ∈  

 
Definition 5.2: Let ( , , .)R +  be a ring. A fine intuitionistic fuzzy subset δ of R is said to be a fine intuitionistic fuzzy 
normal subring of R is denoted by FIfNSR if it satisfies 

i. ( ) ( )xy yx
δ δµ µτ τ=  

ii. ( ) ( ) , .xy yx x y R
δ δγ γτ τ= ∀ ∈  

 
Definition 5.3: Let R1 and R2 be two rings with identity.  Letδ andθ  be the two fine intuitionistic fuzzy subsets of the 
fine intuitionistic fuzzy rings and δ θ× is a fine intuitionistic fuzzy subring of R1×R2 if the following condition holds 
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Let δ and θ  be two fine intuitionistic fuzzy subsets of the fine intuitionistic fuzzy rings with an identity R1 and R2 and 
δ θ× is a fine intuitionistic fuzzy subring of R1×R2.thefollowingholds  

i. If 1( ) ( )x e
δ θµ µτ τ≤  and 1( ) ( )x e

δ θγ γτ τ≥  thenδ is a fine intuitionistic fuzzy subring of R1. 

ii. If ( ) ( )x e
θ δµ µτ τ≤   and  ( ) ( )x e

θ δγ γτ τ≥  then θ  is a fine intuitionistic fuzzy subring of R2. 

iii. Either δ  is a fine intuitionistic fuzzy subring of R1(or) fine intuitionistic fuzzy subring of R2. 
 
Definition 5.4: Let A and B be two fine intuitionistic fuzzy subring of rings of rings R1 and R2respectively. The 
product of A and B denoted by A B×  is defined as   

1 2{ ( , ), ( , ), ( for all and,   ) : }
A B A B

xA B x y x y x y R y Rµ γτ τ
× ×

∈ ∈× = where 

( , ) Min{ ( ), ( )}
A B A B

x y x yµ µ µτ τ τ
×

= and ( , ) Max{ ( ), ( )}
A B A B

x y x yγ γ γτ τ τ
×

=
.
 

 
Theorem 5.1: Let ( , ,.)R +  be a ring.  If Aand B are two fine intuitionistic fuzzy normal subrings of R. Then their 
intersection A B is a fine intuitionistic fuzzy normal subring of R. 
The intersection A Bof any two fine intuitionistic fuzzy normal subrings of a ring ( , ,.)R +  is afine intuitionistic 
fuzzy normal subring of R.  
 
Proof: Let x, y∈R.  Let { , ( ),  ( ) : }

A A
A xx Rx xµ γτ τ ∈= and { , ( ),  ( ) : }

B B
B xx Rx xµ γτ τ ∈= be a fine 

intuitionistic fuzzy subring of a ring R. Let C = A B and { , ( ),  ( ) : }
C C

C xx Rx xµ γτ τ ∈= where min

{ ( ), ( )} ( )
A B C

x x xµ µ µτ τ τ=  and max{ ( ), ( )} ( )
A B C

x x xγ γ γτ τ τ= .  Hence, C is a fine intuitionistic fuzzy subring of  
a ring R. 
Since A and B are two intuitionistic fuzzy subrings of a ring R.  

( )
C

xyµτ =min{ ( ), ( )
A B

x y x yµ µτ τ } = min{ ( ), ( )
A B

yx yxµ µτ τ } = ( )
C

yxµτ . ( )
C

xyµτ = ( )
C

yxµτ ,x y R∀ ∈ , 

also ( )
C

xyγτ =max{ ( ), ( )
A B

xy xyγ γτ τ } = max{ ( ), ( )
A B

yx yxγ γτ τ } = ( )
C

yxγτ . ( )
C

xyγτ = ( )
C

yxγτ ,x y R∀ ∈ .  
Hence, intersection of any two fine intuitionistic fuzzy normal subring is a fine intuitionistic fuzzy normal subring of a 
ring R. 
 
Theorem 5.2: Let  A and  B be fine intuitionistic fuzzy subsets of  the rings with an identity  R1  and  R2 and  A×B  is  
a fine intuitionistic fuzzy normal  subring  of R1×R2the  following  holds 

i. If  ( ) ( ')
A B

x eµ µτ τ≤  and ( ) ( ')
A B

x eγ γτ τ≥  then A is a fine intuitionistic fuzzy normal subring of R1. 

ii. If  ( ) ( )
B A

x eµ µτ τ≤  and ( ) ( )
B A

x eγ γτ τ≥  then B is a fine intuitionistic fuzzy normal subring of R2. 

iii. either A is  afine intuitionistic fuzzy normal  subring  of R1  or B is afine intuitionistic fuzzy normal  subring  
of R2. 

 
Proof: Let A×B be a fine intuitionistic fuzzy normal subring of R1×R2 andx, y in R1 and 'e ∈  R2.   Then ( , ')x e  and 

( , ')y e  are in R1×R2and Clearly, A×B is a fine intuitionistic fuzzy subring  of R1. ( )
A

xyµτ =min{

( ), ( ' ')
A B

xy e eµ µτ τ } =  (( ), ( ' '))
A B

xy e eµτ ×
= (( , '), ( , '))

A B
x e y eµτ ×

= (( , '), ( , '))
A B

y e x eµτ ×
= min{

( ), ( ' ')
A B

yx e eµ µτ τ } = ( )
A

yxµτ . Thus, ( )
A

xyµτ = ( )
A

yxµτ ,x y R∀ ∈ .  

( )
A

xyγτ =max{ ( ), ( ' ')
A B

xy e eγ γτ τ } = (( ), ( ' '))
A B

xy e eγτ ×
 = (( , '), ( , '))

A B
x e y eγτ ×

=  (( , '), ( , '))
A B

y e x eγτ ×
 =

(( ), ( ' '))
A B

yx e eγτ ×
= max{ ( ), ( ' ')

A B
yx e eγ γτ τ } = ( )

A
yxγτ . 

 
Thus, ( )

A
xyγτ = ( )

A
yxγτ ,x y R∀ ∈ . Hence, A is a fine intuitionistic fuzzy subring of R1. ( )

B
xµτ ≤ ( )

A
eµτ , 

( )
B

xγτ ≥ ( )
A

eγτ ,  2x R∀ ∈  and let 2,x y R∈ and  e ∈R1.Then ( , )e x and ( , )e y  are in R1×R2. Thus B is a fine 

intuitionistic fuzzy subring of R2. ( )
B

xyµτ =min{ ( ), ( )
B A

xy eeµ µτ τ } = min{ ( ), ( )
A B

ee xyµ µτ τ }= (( ), ( ))
A B

ee xyµτ ×

= (( , ), ( , ))
A B

e x e yµτ ×
= (( , ), ( , ))

A B
e y e xµτ ×

= (( ), ( ))
A B

ee yxµτ ×
=min{ (( ), ( ))

A B
ee yxµ µτ τ } = ( )

B
yxµτ .

( )
B

xyµτ = ( )
B

yxµτ ,x y R∀ ∈ .  
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( )

B
xyγτ =max{ ( ), ( ' ')

B A
xy e eγ γτ τ } = max{ ( ' '), ( )

A B
e e xyγ γτ τ } = (( ), ( ))

A B
ee xyγτ ×

 = (( , )( , ))
A B

e x e yγτ ×
=

(( ), ( ))
A B

ee yxγτ ×
= max{ ( ), ( )

A B
ee yxγ γτ τ  } = ( )

B
yxγτ  

( )
B

xyγτ = ( )
B

yxγτ ,x y R∀ ∈ . Hence, B is a fine intuitionistic fuzzy normal subring of R2. 
 
Theorem 5.3: If A is a fine intuitionistic fuzzy normal subring of R, then □ A is a fine intuitionistic fuzzy normal 
subring of a ring R.    
 
Proof:  Let □A = B = { , ( ), ( )

B B
x x xµ γτ τ }. Hence, □A is a fine intuitionistic fuzzy subring of a ring R. Since A is a 

fine intuitionistic fuzzy subring of a ring R.  Let x, y R∈ . Then ( ) ( )
B B

x y y xµ µτ τ+ = + and ( ) ( )
B B

xy yxµ µτ τ= ,

( ) ( )
A A

x y y xµ µτ τ+ = + . ~ ~1 ( ) 1 ( )
B BX Xx y y xγ γτ τ− + = − +   

(i.e)  ( ) ( )
B B

x y y xγ γτ τ+ = +
 
and ( ) ( )

A A
xy yxµ µτ τ= . This implies ~ ~1 ( ) 1 ( )

B BX Xxy yxγ γτ τ− = − .  

(i.e) ( ) ( )
B B

xy yxγ γτ τ= . Hence, B = □A is a fine intuitionistic fuzzy normal subring of a ring R. 
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