International Journal of Mathematical Archive-9(9), 2018, 74-79
@§I~1AAvailable online through www.ijma.info ISSN 2229 - 5046

OSCILLATIONS OF THIRD ORDER LINEAR NEUTRAL DELAY DIFFERENTIAL EQUATIONS
P. V. H. S SAI KUMAR*1 AND K. V. V SESHAGIRI RAO?

1Department of Mathematics,
Sridevi Womens Engineering College, Vattinagulapalli
Near Gopanpalli, Wipro Campus, Hyderabad, India.

2Department of Mathematics,
Kakatiya Institute of Technology and Science, Warangal, India.

(Received On: 13-08-18; Revised & Accepted On: 05-09-18)

ABSTRACT

In this paper we study the sufficient conditions for oscillations of third order linear neutral delay differential equations
of the form

d d? F(t)
a{n(t)w(m(t)y(t) s

where I, (t), r(t),m(t) are positive real valued continuous functions and f(t) >0 and « is the ratio of odd
positive integers such that 0 < o < 1.

ya(t—T)j}-i- f)yt-o)=0; t=>t,
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1. INTRODUCTION

This paper is concerned with the oscillatory behavior of third order linear neutral delay differential equation

d d’ re) . _
a{rl(t)m—z{m(t)y(m -0’ (t —r)}}+ fFOy(t-0)=0 (1)

where 1, (t) € C([t, o), (0,0)), r(t), f(t) € C([t,,»),[0,0)) .

Recently oscillation of solutions of neutral delay differential equations attracted many researchers [1, 2, 10 and 12].
Hanan[16], Erbe;[10] studied the special case of the equation (1) given by
3

d’y _
e fOyt)=0 )

We can find theoscillatory behavior of solutions of third order delay equations in [3,4,6,7,8,9,11,20] and [14-19, 21-
27].

We present sufficient conditions for the solutions to be oscillatory or asymptotically tend to zero.

By a solution of equation (1) we mean a function y(t) e C([T, ,)) where T, >t; which satisfies() on [T, ,o0).

We consider only those solutions of y(t) of (1) which satisfy Sup {|y(t)|: t>T }> 0 forall T >T, and assume that
(1) possesses such solutions.
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A solution of equation (1) is called oscillatory if it has arbitrary large zeros on [Ty,oo); otherwise it is called

nonoscillatory. Equation (1) is said to be oscillatory it all its solutions oscillate .Unless otherwise stated, when we write
a functional inequality, it will be assumed to hold for sufficiently large t in our subsequent discussion.

1. MAIN RESULTS

We need the following in our discussion:

(H,): r(),m(t),eC ([ty,»),(0,0)): r(t),m(t)>0
(H,):r(t), f(t)eC(t,,»),[0,0)), f(t)>D0.
(H;):0<a <1,and o isthe ratio of odd positive integers.

st 2(t) =m(B)y(t) + (:(t))y (t-7) @
and R(t) = J.—ds— )

We have the following Lemma

Lemma2.1:1f a>0,b>0and 0<a <1, then
a’b"™ <aa+(1-a)b. (5)

Proof: The proof of this Lemma be found in (13)

Lemma 2.2 (See [5 Lemma 3]): Assume that u(t) >0,u (t) >0,and u (t) <O for t >t,. Then for every

a € (0,2), there exists a o T, >T, such that uit—a) > al:(t) for t>T,.
-0

u(t—o) S a(t—o)
ut)y

Lemma 2.3: If u satisfies conditions of Lemma 2.2, then for i =1,2,....m.

Lemma 2.4: (See [5, Lemma 4 ] ) Assume that u(t) >0,u (t) >0,and u (t) <0 for t >t_.Then for each

S €(0), thereexistsa TS > t, such that u(t) > ﬂ%(t) fort>t,.

Lemma 2.5: If u satisfies conditions of Lemma 2.4 then

for i=12,....... m

u(t—o) S pt-o)
' 2

ut-o)
We use the Integral averaging technique to establish a Philos-Type criteria for (1)

Let
={(t,s):t>s>t,} and D, = {(t,8) 't >s>1,}.
(i) H(t,t)=0, t>t,; H(t,s)>0,(t,s)eD,;
(if) H has anon positive continuous partial derivative &H/5 on D, w.r.t the second variable, and there exists a
function p € C ([t, ), (0,x)), & eC ([t,,),R)and h e C(D,,R) such that

6Ha(; S) ,0((5)) H (t S) = —h(t S)m ©
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Now we state our main Theorem

Theorem 2.4: Assuming that conditions (H,) — (H ;) are satisfied. If

. Sup j [H(t s)G(s)—— p(s)r(s)h(t, s)}ds %0 )
H(t.t);

for some « € (0,1), S €(0,1) and for some H e X, where

G(S):_p(S)(f(t)m(sl_G){1_0{ r(S—O') _ r(S (7) (1 )M}MJ

r(s—o-7) r(s—o-r) 2s
Then every solution of 'y of (1) is either oscillatory or satisfies Lim y(t) = 0.
t>ow

Lim

Set
2() =m0+ Oy ()
mOY0 =20) - Oy ()
y”‘ﬁ{ (t)—%y“(t—r)}
() ‘W{ 01 z“(t—r)}
y“"ﬁ{ - (;(i)z“(t)} ®

Using the above Lemma with b =1

YOE (t){ - (t(_))(az(t)+(1—a))}

)t
y()_ﬁ{ o e e )—}z(t) ©

we have used z(t) >M >0 forall t > 1.

Using (1) and (9)

d d? F(t)
a{rl(t)dt—z(m(t)y(t) o _T)j} <

—f(t).;{l—a rt-o) __rlt=0) ,_ )'\;}z(t—a)

m(t—o) rt—oc-7) r(t—-o-1)
(10)
Define

o) = (). (Zt')'“)

Then @(t) > 0

for t>1 11)

N (O LRI LG O]
CRVCRs p(t){ 0 }
AUEA IR OHACLAOIEACL RO L)
P2k p(t) —
z'(t) ')
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AOL ORI LA O L PN AG LA GIA }1
{)——————| p(t
Pt 70 +p(t) ) _p() Y
L0270, S O7OF [ nof }l
t)———~~2-
Pt O +p(t) 70 pt)- =Y
POy, o L0 O { Lol <t}}
() w(t) + p(t) 0 (t)-* =Y (12)
By (11) we have
olt) 02"
p)  Z@M
') _ o)
Z(t) n®pe®)
. () )
Squaring both sides {Z(t)} G0 (13)
Substituting (10) and (13) into (12) we obtain
o'(t) <
o) 1 rit—o) rit-o) 1|z(t-0)
o) (t)“’(t)( o (t—a){l_ar(t—a—r) o0 ¢ )M} 7 () J
2%
PO ()
w'(t) <
rit—o) rit-o) (t-o)
_p(t)(f(t) m(t— ){1 to-1) Tt-o-n )_} 7 (1) ]
PO [ o (t) }
p(t) PO (t)
(14)
It follows from Lemma 2.3 and Lemma 2.5 that for any @ € (0,1), and S € (0,1)
Z(t—O‘): (t—o) Z'(t—<y)>%('[—c7)2 (15)
') '(t-o) z (@) 2 t
Again substituting (15) into (14) we get
w'(t) <
1 rt—o) rt—o) afi(t—o)?
_p(t)(f(t)m(t—a){l_ar(t—a—r)_r(t Gl )M} ot ]

(t) p)r(t)
o (t) < -G(t) + Al)o(t) — B(t)w?(t)

P, _ 1
where A(t) = o) B(t) = —p(t) O and

G(t)=—p(t)[f(t) {1-(1 rt=o) __rlt=o) ,_ )M}aﬂ(t—a)ZJ

1
m(t—o) r(t—a—z') rt—o—-r) 2t
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Multiplying both sides by H(t,s) and integrating w.r.t s from T, (T, 2 T) to t we derive from H(t, t)=0 and (1) that

j H (t,s)G(s)ds < j H(t, ) @'(s) + A(s)a(s) - B(s)w? (s)]ds

=H(,T,)o(T,) +j._ (%jt A(S)H (t, s)} w(s)—H(t, s)B(s)a)z(s)} ds

“H(t,T,)o() —j.:h(t,s)w/H (t.5)a(s) + H (t,5)B(s)w?(s) ds

=H(t,T1)60(|'1)—;[ H(t,s)B(s)w(s)+% ds*i_ljét{:))ds

Thus
t t hZ(t S)
IH(t,s)G(s)ds < H(t,Tl)w(Tl)+j—’ds
7 * 4B(s)
1 1
and hence
t 1
Lim—J{H (t,8)G(s) —= p(s)r(s)h’(t, S)} ds < @(T,) which contradicts (7).
t—o0 H(t,Tl)Tl 4
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