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ABSTRACT 
This paper concerns with the problem of finding non-zero distinct integer solutions to the Pell-like equation 
represented by 2758 22 =− yx . A few interesting relations among its solutions are presented. Also, knowing an 
integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented. 
Employing the solutions, a special Pythagorean triangle is constructed. 
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INTRODUCTION 
 
The diophantine equation offer an field for research due to their variety [1-3].  In particular, the binary quadratic 
diophantine equations of the form ( )2 2 , , , 0ax by N a b N− = ≠  are rich in variety and have been analyzed by many 
mathematicians for their respective integer solutions for particular values of a, b and N. In this context, one may refer 
[4-16]. 
 
This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic 
equation representing hyperbola given by 2 28 5 27x y− = . A few interesting relations among its solutions are 
presented. Knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and 
parabolas are presented. Employing the solutions, a special Pythagorean triangle is constructed. 

 
 

METHOD OF ANALYSIS 
 
The binary quadratic equation representing hyperbola is given by 

2 28 5 27x y− =                                                     (1) 
 
Taking                  5x X T= + , 8y X T= +                                                 (2) 
In (1), it simplifies the equation 

2 240 9X T= +                                                                       (3) 
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The smallest positive integer solution 0 0( , )T X of (3) is 

0 01 , 7T X= =  
To obtain the other solutions of (3), consider the pellian equation 

2 240 1X T= +                                                        (4) 
whose smallest positive integer solution is 

0 03, 19T X= =   

The general solution ( , )n nT X  of (4) is given by 

( ) 1
40 19 3 40 , 0,1, 2....

n

n nX T n
+

+ = + =                     (5) 

 
Since irrational roots occur in pairs, we have 

( ) 1
40 19 3 40 , 0,1, 2....

n

n nX T n
+

− = − =                                  (6) 

 
From (5) and (6), solving for ,n nX T  , we have 

( ) ( )1 11 1
19 3 40 19 3 40

2 2

n n

n nX f
+ +

= + + − = 
  

  

( ) ( )1 11 1
19 3 40 19 3 40

2 40 2 40

n n

n nT g
+ +

= + − − = 
  

  

 
Applying Brahmagupta lemma between the solutions 0 0( , )T X  and ( , )n nT X  , the general solution 1 1( , )n nT X+ + of (3) is 
found to be 

1

7 1
22 40n n nT g f+⇒ = +                      (7) 

1

7 40
2 2n n nX f g+⇒ = +                      (8) 

 
Using (7) and (8) in (2) we have 

1 1 1

75
5 6

2 40
n n n n nx X T f g+ + += + = +                                  (9) 

1 1 1

15 48
8

2 40n n n n ny X T f g+ + += + = +                                       (10) 

Thus, (9) and (10) represent the integer solutions of the hyperbola (1). 
 
A few numerical examples are given in the Table: 1 below: 
 

Table-1: Numerical Examples 
     n                1+nx         1+ny  
    -1               12        15 
     0              453        573 
     1           17202      21759 
     2          653223     826269 
      3        24805272   31376463 
      4     941947113 1191479325 

 
Recurrence relations for x and y are: 

3 2 138 0 , 1,0,1.....n n nx x x n+ + +− + = = −   

 3 2 138 0 , 1,0,1.....n n ny y y n+ + +− + = = −  
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 A few interesting relations among the solutions are given below: 

• 2 1 338 0n n nx x x+ + +− − =  

• 2 1 119 15 0n n nx x y+ + +− − =  

• 3 1 1721 570 0n n nx x y+ + +− − =  

• 2 1 124 19 0n n ny x y+ + +− − =  

• 3 1 1912 721 0n n ny x y+ + +− − =  

• 2 1 219 15 0n n nx x y+ + +− − =  

• 3 1 230 0n n nx x y+ + +− − =  

• 3 1 219 24 721 0n n ny x y+ + +− − =  

• 2 1 3721 19 15 0n n nx x y+ + +− − =  

• 3 1 3721 570 0n n nx x y+ + +− − =  

• 3 2 119 721 15 0n n nx x y+ + +− − =  

• 2 2 119 24 0n n ny x y+ + +− − =  

• 3 2 148 0n n ny x y+ + +− − =  

• 3 2 219 15 0n n nx x y+ + +− − =  

• 3 2 224 19 0n n ny x y+ + +− − =  

• 2 2 319 24 0n n ny x y+ + ++ − =  

• 2 3 1721 24 19 0n n ny x y+ + +− − =  

• 3 3 1721 912 0n n ny x y+ + +− − =  

• 1 3 3721 570 0n n nx x y+ + +− + =  

• 2 3 138 0n n ny y y+ + +− − =  

• 2 3 319 15 0n n nx x y+ + +− − =  

• 2 3 324 19 0n n ny x y+ + ++ − =  
 

 Each of the following expressions represent a cubical integer.  

• ( )[ ]3 3 3 4 1 2

1
5730 150 3 5730 150

405 n n n nx x x x+ + + +− + −  

• ( )[ ]3 3 3 5 1 3

1
43518 30 3 43518 30

3078 n n n nx x x x+ + + +− + −  

• ( )[ ]3 3 3 3 1 1

1
192 150 3 192 150

27 n n n nx y x y+ + + +− + −  

• ( )[ ]3 3 3 4 1 2

1
7248 150 3 7248 150

513 n n n nx y x y+ + + +− + −  

• ( )[ ]3 3 3 5 1 3

1
91744 50 3 91744 50

6489 n n n nx y x y+ + + +− + −  

• ( )[ ]3 4 3 5 2 3

1
217590 5730 3 217590 5730

405 n n n nx x x x+ + + +− + −  

• ( )[ ]3 4 3 3 2 1

1
192 5730 3 192 5730

513 n n n nx y x y+ + + +− + −  

• ( )[ ]3 4 3 4 2 2

1
7248 5730 3 7248 5730

27 n n n nx y x y+ + + +− + −  
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• ( )[ ]3 4 3 5 2 3

1
275232 5730 3 275232 5730

513 n n n nx y x y+ + + +− + −  

• ( )[ ]3 5 3 3 3 1

1
64 72530 3 64 72530

6489 n n n nx y x y+ + + +− + −  

• ( )[ ]3 5 3 5 3 1

1
275232 217590 3 275232 217590

27 n n n nx y x y+ + + +− + −  

• ( )[ ]3 5 3 4 3 2

1
7248 217590 3 7248 217590

513 n n n nx y x y+ + + +− + −  

• ( )[ ]3 4 3 3 2 1

1
48 1812 3 48 1812

162 n n n ny y y y+ + + +− + −  

• ( )[ ]3 5 3 3 3 1

1
48 68808 3 48 68808

6156 n n n ny y y y+ + + +− + −  

• ( )[ ]3 5 3 4 3 2

1
7248 275232 3 7248 275232

648 n n n ny y y y+ + + +− + −  

 
 Each of the following expressions represent bi-quadratic integer: 

• ( )2

4 4 4 5 1 22

1
2320650 60750 4 5730 150 328050

405 n n n nx x x x+ + + +− + − −    

• ( )2

4 4 4 6 1 32

1
133948404 92340 4 43518 30 18948168

3078 n n n nx x x x+ + + +− + − −    

• ( )2

4 4 4 4 1 22

1
5184 4050 4 192 150 1458

27 n n n nx y x y+ + + +− + − −    

• ( )2

4 4 4 5 1 22

1
3718224 76950 4 7248 150 526338

513 n n n nx y x y+ + + +− + − −    

• ( )2

4 4 4 6 1 32

1
595326816 324450 4 91744 50 84214242

6489 n n n nx y x y+ + + +− + − −    

• ( )2

4 5 4 6 2 32

1
88123950 2320650 4 217590 5730 328050

405 n n n nx x x x+ + + +− + − −    

• ( )2

4 5 4 4 2 12

1
98496 2939490 4 192 5730 526338

513 n n n nx y x y+ + + +− + − −    

• ( )2

4 5 4 5 2 22

1
195696 154710 4 7248 5730 1458

27 n n n nx y x y+ + + +− + − −    

• ( )2

4 5 4 6 2 32

1
141194016 2939490 4 275232 5730 526338

513 n n n nx y x y+ + + +− + − −    

• ( )2

4 6 4 4 3 12

1
415296 470647170 4 64 72530 84214242

6489 n n n nx y x y+ + + +− + − −    

• ( )2

4 6 4 6 3 32

1
7431264 5874930 4 275232 217590 1458

27 n n n nx y x y+ + + +− + − −    

• ( )2

4 5 4 4 2 12

1
7776 293544 4 48 1812 52488

162 n n n ny y y y+ + + +− + − −    

• ( )2

4 6 4 4 3 12

1
295488 423582048 4 48 68808 75792672

6156 n n n ny y y y+ + + +− + − −    

• ( )2

4 6 4 5 3 22

1
3718224 111623670 4 7248 217590 526338

513 n n n nx y x y+ + + +− + − −    

• ( )2

4 6 4 5 3 22

1
4696704 178350336 4 7248 275232 839808

648 n n n ny y y y+ + + +− + − −    
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• ( )2

4 5 4 6 2 32

1
141194016 2939490 4 275232 5730 526338

513 n n n nx y x y+ + + +− + − −    

 
 Each of the following expressions represents Nasty number: 

• [ ]3222 150343804860
405
1

++ −+ nn xx  

• [ ]2 2 2 4

1
36936 261108 180

3078 n nx x+ ++ −  

• [ ]2 2 2 2

1
324 1152 900

27 n nx y+ ++ −  

• [ ]2 2 2 3

1
6156 43488 900

513 n nx y+ ++ −  

• [ ]2 2 2 4

1
77868 550464 300

6489 n nx y+ ++ −  

• [ ]2 3 2 4

1
4860 1305540 34380

405 n nx x+ ++ −  

• [ ]2 3 2 2

1
6156 1152 34380

513 n nx y+ ++ −  

• [ ]2 3 2 3

1
324 43488 34380

27 n nx y+ ++ −  

• [ ]2 3 2 4

1
6156 1651392 34380

513 n nx y+ ++ −  

• [ ]2 4 2 2

1
77868 384 435180

6489 n nx y+ ++ −  

• [ ]2 4 2 4

1
324 1651392 1305540

27 n nx y+ ++ −  

• [ ]2 4 2 3

1
6156 43488 1305540

513 n nx y+ ++ −  

• [ ]2 3 2 2

1
1944 288 10872

162 n ny y+ ++ −  

• [ ]2 4 2 2

1
73872 288 412848

6156 n ny y+ ++ −  

• [ ]2 4 2 3

1
7776 43488 1651392

648 n ny y+ ++ −  

 
 Each of the following expressions represents quintic integer 

• 
( ) ( )

( ) 











−−
−+−

++

++++

21

3
216555

3 246037509398632505
1505730524603750939863250

405
1

nn

nnnn

xx
xxxx

 

• 
( ) ( )

( ) 











−−
−+−

++

++++

31

3
317555

3 2842225200041229318755
30435185284222520004122931875

3078
1

nn

nnnn

xx
xxxx

 

• ( ) ( )
( ) 









−−
−+−

++

++++

11

3
115555

3 1093501399685
1501925109350139968

27
1

nn

nnnn

yx
yxyx  

• ( ) ( )
( ) 









−−
−+−

++

++++

21

3
216555

3 3947535019074489125
15072485394753501907448912

513
1

nn

nnnn

yx
yxyx  
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• ( ) ( )
( ) 









−−
−+−

++

++++

31

3
317555

3 210535605000038630757095
5091744521053560500003863075709

6489
1

nn

nnnn

yx
yxyx  

• ( ) ( )
( ) 









−−
−+−

++

++++

32

3
327565

3 939863250035690199755
5730217590593986325003569019975

405
1

nn

nnnn

xx
xxxx  

• 
( ) ( )

( ) 








−−
−+−

++

++++

12

3
125565

3 1507958370505284485
57301925150795837050528448

513
1

nn

nnnn

yx
yxyx

 

• ( ) ( )
( ) 









−−
−+−

++

++++

22

3
226565

3 417717052837925
57307248541771705283792

27
1

nn

nnnn

yx
yxyx  

• ( ) ( )
( ) 









−−
−+−

++

++++

32

3
327565

3 1507958370072432530215
57302752325150795837007243253021

513
1

nn

nnnn

yx
yxyx  

• ( ) ( )
( ) 









−−
−+−

++

++++

13

3
135575

3 000305402948626948557445
7253064500030540294862694855744

6489
1

nn

nnnn

yx
yxyx  

• ( ) ( )
( ) 









−−
−+−

++

++++

33

3
337575

3 1586231102006441285
2175902752325158623110200644128

27
1

nn

nnnn

yx
yxyx  

• ( ) ( )
( ) 









−−
−+−

++

=+++

23

3
236575

3 0572629427119074489125
21759072485057262942711907448912

513
1

nn

nnnn

yx
yxyx  

• ( ) ( )
( ) 









−−
−+−

++

++++

12

3
125565

3 4755412812597125
1812485475541281259712

162
1

nn

nnnn

yy
yyyy  

• ( ) ( )
( ) 









−−
−+−

++

++++

13

3
135575

3 000260757108718190241285
6880848500026075710871819024128

6156
1

nn

nnnn

yy
yyyy  

• ( ) ( )
( ) 









−−
−+−

++

++++

23

3
236575

3 00115571017730434641925
275232724850011557101773043464192

6483
1

nn

nnnn

yy
yyyy  

 
REMARKABLE OBSERVATIONS 
 

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other 
choices of hyperbola which are presented in Table: 2 below: 

 
Table-2: Hyperbolas 

S.No Hyperbolas ( ),n nX Y  
1 2 240 26244000n nX Y− =  ( ) ( )[ ]1 2 2 15730 150 , 960 36240n n n nx x x x+ + + +− −  
2 2 240 1515853440n nX Y− =  ( ) ( )[ ]1 3 3 143518 30 , 192 275232n n n nx x x x+ + + +− −  

3 2 240 116640n nX Y− =  ( ) ( )[ ]1 1 1 1192 150 , 960 1200n n n nx y y x+ + + +− −  

4 2 240 42107040n nX Y− =  ( ) ( )[ ]1 2 2 17248 150 , 960 45840n n n nx y y x+ + + +− −  
5 2 240 6737139360n nX Y− =  ( ) ( )[ ]1 3 3 191744 50 , 320 580240n n n nx y y x+ + + +− −  

6 2 240 26244000n nX Y− =  ( ) ( )[ ]2 3 3 2217590 5730 , 36240 1376160n n n nx x x x+ + + +− −  

7 2 240 42107040n nX Y− =  ( ) ( )[ ]2 1 1 2192 5730 , 36240 1200n n n nx y y x+ + + +− −  

8 2 240 116640n nX Y− =  ( ) ( )[ ]2 2 2 27248 5730 , 36240 45840n n n nx y y x+ + + +− −  
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9 2 240 42107040n nX Y− =  ( ) ( )[ ]2 3 3 2275232 5730 , 36240 1740720n n n nx y y x+ + + +− −  

10 2 240 6737139360n nX Y− =  ( ) ( )[ ]3 1 1 364 72530 , 458720 400n n n nx y y x+ + + +− −  

11 2 240 116640n nX Y− =  ( ) ( )[ ]3 3 3 3275232 217590 , 1376160 1740720n n n nx y y x+ + + +− −  

12 2 240 42107040n nX Y− =  ( ) ( )[ ]3 2 3 37248 217590 , 1376160 45840n n n nx y y x+ + + +− −  
13 2 240 4199040n nX Y− =  ( ) ( )[ ]2 1 1 248 1812 , 11460 300n n n ny y y y+ + + +− −  

14 2 240 6063413760n nX Y− =  ( ) ( )[ ]3 1 1 348 68808 , 435180 300n n n ny y y y+ + + +− −  

15 2 240 67184640n nX Y− =  ( ) ( )[ ]3 2 2 37248 275232 , 1740720 45840n n n ny y y y+ + + +− −  
 

2. Employing linear combination among the solutions for other choices of parabola which are presented in Table 
3 below: 

 
Table-3: Parabolas 

 
S.No 

            
Parabolas 

                     

                               ( )nn YX ,  
1 216200 26244000n nX Y− =  ( )

( )
2 2 2 3

2 1

810 5730 150 ,

960 36240
n n

n n

x x

x x
+ +

+ +

+ −

−

 
 
 

 

2 2123120 1515853440n nX Y− =  ( )
( )

2 2 2 4

3 1

6156 43518 30 ,

192 275232
n n

n n

x x

x x
+ +

+ +

+ −

−

 
 
 

 

3 21080 116640n nX Y− =  ( )
( )

2 2 2 2

1 1

54 192 150 ,

960 1200
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

4 220520 42107040n nX Y− =  ( )
( )

2 2 2 3

2 1

1026 7248 150 ,

960 45840
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

5 2259560 6737139360n nX Y− =  ( )
( )

2 2 2 4

3 1

12978 91744 50 ,

320 580240
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

6 216200 26244000n nX Y− =  ( )
( )

2 3 2 4

3 2

810 217590 5730 ,

36240 1376160
n n

n n

x x

x x
+ +

+ +

+ −

−

 
 
 

 

7 220520 42107040n nX Y− =  ( )
( )

2 3 2 2

1 2

1026 192 5730 ,

36240 1200
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

8 21080 116640n nX Y− =  ( )
( )

2 3 2 3

2 2

54 7248 5730 ,

36240 45840
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

9 220520 42107040n nX Y− =  ( )
( )

2 3 2 4

3 2

1026 275232 5730 ,

36240 1740720
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

10 2259560 6737139360n nX Y− =  ( )
( )

2 4 2 2

1 3

12978 64 72530 ,

458720 400
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

11 21080 116640n nX Y− =  ( )
( )

2 4 2 4

3 3

54 275232 217590 ,

1376160 1740720
n n

n n

x y

y x
+ +

+ +

+ −

−
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12 4210704020520 2 =− nn YX  ( )
( )

2 4 2 3

3 3

1026 7248 217590 ,

1376160 45840
n n

n n

x y

y x
+ +

+ +

+ −

−

 
 
 

 

13 26480 4199040n nX Y− =  ( )
( )

2 3 2 2

1 2

324 48 1812 ,

11460 300
n n

n n

y y

y y
+ +

+ +

+ −

−

 
 
 

 

14 2246240 6063413760n nX Y− =  ( )
( )

2 4 2 2

1 3

12312 48 68808 ,

435180 300
n n

n n

y y

y y
+ +

+ +

+ −

−

 
 
 

 

15 225920 67184640n nX Y− =  
( )
( )

2 4 2 3

2 3

1296 7248 275232 ,

1740720 45840
n n

n n

y y

y y
+ +

+ +

+ −

−

 
 
 

 

 
3. GENERATORS OF THE PYTHAGOREAN TRIANGLE 
 
Let p, q be the non-zero distinct integers such that 1 1 1,n n np x y q x+ + += + =   

Note that 0p q> > . Treat p, q as the generators of the Pythagorean triangle ( ), ,T X Y Z  
2 2 2 22 , , , 0X pq Y p q Z p q p q= = − = + > >  

 
Let A,P represent the area and perimeter of  T 

 
Then the following interesting relations are observed. 

• 5 4 27X Y Z− − =  

• 
20

4 9 27
A

Z Y
P

− + =  

• 1 1

2
n n

A
x y

P + +=  

 
Suppose p, q be the non-zero distinct integers such that 

1 1n np x y+ += +  , 1nq y +=  
 
In this case, the corresponding ( ), ,T X Y Z Pythagorean satisfies the relation 

5 16 11 54Y X Z− + =  
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