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ABSTRACT
In this paper, the maintenance problem of a repairable deteriorating System subject to random shocks with varying
cost structures is studied. An Explicit expression for the long run average cost per unit time under policy N is derived
and an optimal policy N* for minimizing the long run average cost per unit time is determined analytically.
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1. INTRODUCTION

In most of the real life situations, owing to the ageing effect and accumulated wearing, systems are degenerative in the
sense that the successive operating times between failures will be shorter and shorter, while the consecutive repair
times after failures are getting longer and longer. In other words, the successive operating times are stochastically
decreasing and finally dying out, while the consecutive repair times are stochastically increasing and finally tend to
infinity. Barlow and Proschan (1983) introduced an imperfect repair model. Other studies along this line include
Block.et.al (1985), Kijima (1989), Wang and Zhang (2009), Zhang and Wang (2011) and Zong, Chai and Zhang
(2013). Most of existing shock models were based on the accumulated or extreme damage causing a system failure. Li
(1984) first introduced the § —shock model to avoid measuring the amount of damage which may not be easy in many
situations. The & — shock model focuses mainly on the frequency of shocks rather than the magnitude of shocks. In
this paper, we adopt a general § — shock model by letting & to be an exponentially distributed random variable with
parameter varying with number of repairs. Lam and Zang (2004) studied a general § —shock model for both repairable
improving and deteriorating systems and derived the N* replacement policy.

2. PRELIMINARIES
To formulate the § —shock model, we need the geometric process first introduced by Lam [1998].

Definition 2.1: A random variable X is said to be stochastically smaller than another random variable Y, if
P(X >a) <P(Y >a), forallreal a. It is denoted by X <, Y. Further, a stochastic process {X,,,n =1,2,...}is
said to be stochastically increasing, if X,, < X,41,forn =12, ...

Definition 2.2: A Stochastic process {X,,,n = 1,2, ...} is a geometric process (GP), if there exists a real constant
a > 0 such that {a" !X, ,n = 1,2,...} forms a renewal process. The number a is called the ratio of the geometric
process.

If0 < a <1, the GP is stochastically increasing; ifa > 1, the GP is stochastically decreasing and ifa = 1, the GP
will reduce to a renewal process.

Definition 2.3: An integer valued random variable N is said to be a stopping time for the sequence of independent
random variables X;, X,, ..., if the event {N = n} is independent of X,,_;, X,,_,, ..., foralln = 1,2, ....

Theorem 2.4: Wald’s equation. If X;, X,, ...independent and identically distributed random variables are having finite

expectations and if N the stopping is time for X,, X5, ..., such that E[N] < oo, then
N
E|) x,

n=1

E(N)E(X1)
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Definition 2.5: The N — policy. It is a policy under which the system will be replaced upon the N — th failure of the
system, since the last replacement.

3. THE REPLACEMENT POLICY N

In this section, we study the maintenance problem of a repairable system and we use the N policy with various cost
structures. Under the replacement policy N , the problem is to determine an optimal N* such that the long run average
cost per unit time is minimized. We make the following assumptions:

Al. Att =0, a new system is installed. Whenever the system fails, it is either repaired or replaced with a new
identical one.

A2, Let {X,;,i =1,2,..}are the intervals between the (i — 1)st and the ith shock after the (n — 1)st repair.
{Y..,i =1,2,..}is the sequence of the amount of shock damage produced by the ith shock after the (n — 1)st
repair. Let E[X;, = 1], E[Y1; = u].

A3. Assume that {X,;,i=1,2,..}and {Y,;,i =1,2,..} are independent identically distributed sequences for
all n. After the (n — 1)st repair the system will fail if the amount of a shock damage first exceeds a™~!
where0 <a<1.

A4. Let Z,, be the repair time after nth repair. {Z,,;,i = 1,2, ...} Constitutes a Geometric Process with E[Z;] =
é and aratiob , suchthat 0 < b < 1. N,(t) is the counting process of the number of s {X,,; ,i = 1,2, ...} and
{Yn:,i=1,2,..} hoks after the (n — 1)st repair and E[Z,,] = (bnl_l) 6.

A5, Let Z be the replacement time and E[Z] = r.

Ab. The process {X,,;,i = 1,2,..},{Yn;,i = 1,2, ...} and Z are independent

AT. The operating reward rate is r; for the ith reward and the repair cost rate is ¢; for the ith repair and the
replacement cost is c.

Let T; be the first replacement time for n > 2. Let T,, be the time between the (n — 1)st and the nth
replacement. Then {T,,,n = 1,2,...} forms a renewal process.

By the renewal reward theorem, the long-run average cost per unit time under the replacement policy N is given by
time
the expected cost incurred in a cycle

C(N) =
() the expected length of a cycle

LetL = min{l: Y,;, > a" M} then W, = %7, X,,;

n 1S the number of shocks until the first deadly shock occurred following the (n — 1)st failure. Then L,, has a
geometric distribution G (p,), with P{L, = k} = p,,Q¥~%, k = 1,2, ..., where P{Y,;, > a® *M}and q, = 1 — p,.
The E[L,] = i .We have A, = E[W,] = E[L,JE[X,,] = ia.

Under the N policy the average cost rate is

E(Zn 1CnZyn) — E(Zrl\{zl Wy +c¢

E(ZN 1Zn) + EQR-s Wo) + E(2)
=1 CnE(Zn) - Zrl\{=1 mEW,) +c

E(ZN 1Z) + EGRoi W) + E(2)

_6 N—l(bflnl)_ n=1Tndn + ¢

S (b" 1) + XN A+

C(N) =

We shall determine an optimal replacement policy for minimizing C(N). Since a < 1, A,, is decreasing in n. The above
equation becomes

N-1 (Cn T
bn 1

5 Nl(bn t) Iy A T

)+rr+c

C(N) = -1,

To find the optimal policyN* , we study the difference between C(N + 1) and C(N).

Let h(N) = 8 ¥N=1 () + Zi-y A, + T then
S ¥nmilen + 1dn) = Ay Zaci BV "+ 1T (T4 ) (Ana b+ 6)
bY-Th(N + 1)h(N) bY-Th(N + 1)A(N)

C(N+1)—-C(N) =
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To compare the difference between C(N + 1) and C(N), we introduce the auxiliary function, B(N) as follows
) Zﬁ;ll(cn + rnln) - AN+1 271;12_11 b +7T
T+ c)Ay bV 1 +6)

B(N) =

Since the denominator of C(N + 1) — C(N) is positive, the sign of C(N + 1) — C(N) is the same as the sign of its
numerator. We have

C(N+1)>C(N) = B(N) >1,

C(N+1)=¢(N) & B(N) =1,

C(N+1)<C(N) e B(N) <1,

Note here that B(N + 1) —B(N) = 0, that is B(N) is non-decreasing in N if and only if which on simplification
yields

The optimal replacement policy N* can be determined by
N* = min{N|B(N) > 1}

If B(N*) > 1, that the optimal policy N*is unique. Because B(N) is non decreasing in N, there exists an integer
N such that
B(N) >= N> N*and B(N) <& N < N*

CONCLUSION
In this paper, we studied the optimal replacement policy for a repairable and deteriorating system. Using a & shock

model with varying cost structures. We obtain the optimal replacement policy N* by minimizing the average cost
rate C(N).
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