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ABSTRACT 

In this paper we obtain a new fixed point theorem for rational expressions using Meir-Keeler type contractions in 
complete metric spaces. The presented theorem is an extension of the result of Dass and Gupta (1975). We also gave 
some applications to contractions of integral type. 
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1. INTRODUCTION 
 
Fixed point theory is an important and real topic of nonlinear analysis. If 𝑇 is self mapping of a metric space (𝑋, 𝑑), 
then a point 𝑥𝜖𝑋 is called  fixed point of T  if 𝑇𝑥 = 𝑥. The application of fixed point theorem has been observed in  
many fields of engineering and science. The Banach contraction principle is in its core. Many researchers tried to 
generalize and extend it in different aspects. Also some of them improved in different ways. 
 
Some authors dealt with the contractive condition of Meir-Keeler  type [2] [9] [10] [17], some extended the theorem to 
more generalized metric-type spaces[1][3][5][7][15-16][21] and others applied to common [4], coupled and tripled 
versions ([6,22] and the references therein).  
 
In 1969 Meir and Keeler [17] established a fixed point theorem in a metric space (𝑋, 𝑑)for mappings satisfying the 
following condition, called the Meir-Keeler type contractive condition: 
∀𝜖 > 0, ∃ 𝛿 > 0:  𝜖 ≤ 𝑑(𝑥, 𝑦) < 𝛿 + 𝜖 implies  𝑑(𝑓𝑥, 𝑓𝑦) < 𝜖 
Then 𝑇 has a unique fixed point 𝜉 ∈ 𝑋. Moreover, for all 𝑥 ∈ 𝑋, the sequence{𝑇𝑛𝑥} converges to𝜉. 
 
The above theorem is a generalization of the Banach contraction principle. Some generalizations of   in above theorem 
exist in literature. 
 
In 1973 Dass and Gupta [12] proved the following fixed point theorem. 
 
Theorem 1.1: Let (𝑋, 𝑑)be a complete metric space and let 𝑇 be a mapping from 𝑋 into itself satisfying  

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝛼𝑑(𝑦, 𝑇𝑦) 1+𝑑(𝑥,𝑇𝑥)
1+𝑑(𝑥,𝑦)

+𝛽𝑑(𝑥, 𝑦), 
for all 𝑥, 𝑦 ∈ 𝑋 where 𝛼, 𝛽 are constants with 𝛼, 𝛽 > 0 and 𝛼 + 𝛽 < 1. Then T has a unique fixed point 𝜉 ∈ 𝑋. 
Moreover, for all 𝑥 ∈ 𝑋 ,the sequence {𝑇𝑛𝑥} converges  to 𝜉. 
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In 1978 Maiti and Pal [14] generalized a fixed point for maps satisfying the following condition: 

∀𝜀 > 0, ∃𝛿 > 0: 𝜀 ≤ 𝑚𝑎𝑥{𝑑(𝑥, 𝑦), 𝑑(𝑥, 𝑓𝑥), 𝑑(𝑦, 𝑓𝑦)} < 𝛿 +  𝜀 
implies 𝑑(𝑓𝑥, 𝑓𝑦) < 𝜖  
 
Later in 1981, Park and Rhoades in [18] established fixed point theorems for a pair of mappings f, g satisfying a 
contractive condition that can be reduced to the following generalization of (2) when 𝑓 = 𝑔𝑓 = 𝑔. 

∀𝜀 > 0, ∃𝛿 > 0;  𝜀 ≤ 𝑚𝑎𝑥 �𝑑(𝑥, 𝑦), 𝑑(𝑥, 𝑓𝑥), 𝑑(𝑦, 𝑓𝑦),
𝑑(𝑥, 𝑓𝑦) + 𝑑(𝑦, 𝑓𝑥)

2
� < 𝛿 + 𝜀 

implies 𝑑(𝑓𝑥, 𝑓𝑦) < 𝜀 
 
Branciari [11] obtained a fixed point result for a single mapping satisfying an analogue of Banach’s contraction 
principle for an integral-type inequality. In 2007 Altun Ishak,, Trkoglu  Duran and. Rhoades Billy E. [8] proved  
following  fixed point theorem for weakly compatible maps satisfying a general contractive  condition of integral type. 
 
Theorem 1.2: Let 𝐴, 𝐵, 𝑆, and 𝑇 be self-maps defined on a metric space (𝑋, 𝑑) satisfying the following conditions: 
(i)  𝑆(𝑋)  ⊆  𝐵(𝑋), 𝑇(𝑋)  ⊆  𝐴(𝑋), 
(ii) for all 𝑥, 𝑦 ∈  𝑋, there exists a right continuous function 𝜓 ∶  𝑅+ → 𝑅+, 𝜓(0) = 0, and 𝜓(𝑠) < 𝑠 for 𝑠 > 0 such   
      that 

� 𝜑(𝑡)𝑑𝑡 ≤  𝜓 �� 𝜑(𝑡)𝑑𝑡
𝑀(𝑥,𝑦)

0
�

𝑑(𝑆𝑥,𝑇𝑦)

0
 

     where ϕ : R+ → R+ is a Lebesque integrable mapping which is summable, nonnegative and such that 

� 𝜑(𝑡)𝑑𝑡 > 0 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝜀 > 0
𝜀

0
 

𝑀(𝑥, 𝑦)  =  𝑚𝑎𝑥 �𝑑(𝐴𝑥, 𝐵𝑦), 𝑑(𝑆𝑥, 𝐴𝑥), 𝑑(𝑇𝑦, 𝐵𝑦), 𝑑(𝑆𝑥,𝐵𝑦)+𝑑(𝑇𝑦,𝐴𝑥)
2

�.                                          (1.1) 
If one of 𝐴(𝑋), 𝐵(𝑋), 𝑆(𝑋), 𝑜𝑟 𝑇(𝑋) is a complete subspace of X, then 
(1) A and S have a coincidence point, or 
(2) B and T have a coincidence point. 
 
Further, if S and A as well as T and B are weakly compatible, then 
(3) A, B, S, and T have a unique common fixed point. 
 
In 2011 Thabet Abdeljawad, Erdal Karapınar, and Kenan Tas [3] proved some fixed point theorems for self-mappings 
satisfying certain contraction principles on a cone Banach space.  
 
Let 𝐶 be a closed and convex subset of a cone Banach space X with norm ‖𝑥‖𝑝and let 𝑑: 𝑋 ×  𝑋 →  𝐸 be such that 
(𝑥, 𝑦)  =  ‖𝑥 − 𝑦‖𝑝 . If there exist 𝑎, 𝑏, 𝑐, 𝑠 and 𝑇 ∶  𝐶 →  𝐶 satisfying the conditions 
(1) 0 ≤ 𝑠+𝑎−2𝑏+𝑐

2(𝑎+𝑏)
< 1, 𝑎 + 𝑏 ≠ 0, 𝑎 + 𝑏 + 𝑐 > 1, 𝑠 ≥ 0, 

(2) 𝑎𝑑(𝑇𝑥, 𝑇𝑦) + 𝑏[𝑑(𝑥, 𝑇𝑥) +  𝑑(𝑦, 𝑇𝑦)] +  𝑐𝑑(𝑦, 𝑇𝑥) ≤ 𝑠𝑑(𝑥, 𝑦) hold for all 𝑥, 𝑦 ∈ 𝐶. Then, 𝑇 has at least one fixed 
point. 
 
In 2012 Hassen Aydi and Erdal Karapinar [9] established a common fixed point result for four self-maps satisfying a 
generalized Meir-Keeler type contraction on partial metric spaces. The result is as follows: 
 
Theorem 1.3: Let 𝐴, 𝐵, 𝑆 𝑎𝑛𝑑 𝑇 be the self-maps defined on a complete partial metric space (X, p) satisfying the 
following conditions: 
 
(i) 𝐴𝑋 ⊆ 𝑇𝑋, 𝐵𝑋 ⊆ 𝑆𝑋 
(ii) for all 𝜀 > 0, ∃ 𝛿 > 0 such that for all 𝑥, 𝑦 ∈ 𝑋 

𝜀 < 𝑀(𝑥, 𝑦) < 𝜀 + 𝛿 ⟹ 𝑝(𝐴𝑥, 𝐵𝑦) ≤ 𝜀 
where  𝑀(𝑥, 𝑦) = 𝑚𝑎𝑥 �𝑝(𝑆𝑥, 𝑇𝑦), 𝑝(𝐴𝑥, 𝑆𝑥), 𝑝(𝐵𝑦, 𝑇𝑦), 1

2
[𝑝(𝑆𝑥, 𝐵𝑦) + 𝑝(𝐴𝑥, 𝑇𝑦)]� 

(iii) for all  𝑥, 𝑦 ∈ 𝑋 with𝑀(𝑥, 𝑦) > 0 ⟹ 𝑝(𝐴𝑥, 𝐵𝑦) < 𝑀(𝑥, 𝑦) 
(iv) 𝑝(𝐴𝑥, 𝐵𝑦) ≤ 𝑚𝑎𝑥{𝑎[𝑝(𝑆𝑥, 𝑇𝑦) + 𝑝(𝐴𝑥, 𝑆𝑥) + 𝑝(𝐵𝑦, 𝑇𝑦)], 𝑏[𝑝(𝑆𝑥, 𝐵𝑦) + 𝑝(𝐴𝑥, 𝑇𝑦)]} for all 𝑥, 𝑦 ∈ 𝑋 

0 ≤ 𝑎 <
1
2

, 0 ≤ 𝑏 <
1
2

 
If one of the ranges 𝐴𝑋, 𝐵𝑋, 𝑇𝑋 and 𝑆𝑋 is a closed subset of (𝑋, 𝑝) then 
(I) A and S have a coincidence point, 
(II)B and T have a coincidence point,  
Moreover, if A and S, as well as, B and T are weakly compatible, then A, B, S and T have a unique common fixed 
point. 

https://fixedpointtheoryandapplications.springeropen.com/articles/10.1186/1687-1812-2013-19#CR16�
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Later Hassen Aydi  and Erdal Karapınar  in 2012 [10] combined partial metric spaces and ordered sets, and 
discussed the existence and uniqueness of some new Meir-Keeler type tripled fixed-point theorems in the context of 
partially ordered partial metric spaces. The result is as follows: 
 
Theorem 1.4: Let (𝑋, 𝑝, ≤) be a partially ordered complete partial metric space. Suppose that 𝑋 has the following 
properties: 
(i) if {𝑥𝑛} is a s𝑒quence such that𝑥𝑛−1> 𝑥𝑛for each 𝑛 = 1,2 … ... and 𝑥𝑛 → 𝑥 then 𝑥𝑛 < 𝑥 for each 𝑛 = 1,2 … 
(ii) if {𝑦𝑛}  is a sequence such that 𝑦𝑛−1 < 𝑦𝑛  for each 𝑛 = 1,2 … . . ... and 𝑦𝑛 → 𝑦   then 𝑦𝑛 > 𝑦  for each 𝑛 = 1,2 …..  
Assume that 𝐹 ∶  𝑋3 →  𝑋 satisfies the following hypotheses: 
(i)  𝐹 has the mixed strict monotone property,    
(ii)  F is a generalized p-Meir-Keeler type function, 
(iii) there exist 𝑥0, 𝑦0, 𝑧0 ∈  𝑋 such that 

𝑥0 <  𝐹(𝑥0, 𝑦0 , 𝑧0), 𝑦0 ≥ F(𝑦0, 𝑥0, 𝑦0), 𝑧0 < 𝐹(𝑧0,𝑦0 , 𝑥0) 
Then, F has a tripled �ixed point, that is, there exist 𝑥, 𝑦, 𝑧 ∈  𝑋 such that 

(𝐹(𝑥, 𝑦, 𝑧) = 𝑥, 𝐹(𝑦, 𝑥, 𝑦) = 𝑦, 𝐹(𝑧, 𝑦, 𝑥) = 𝑧 
Also, 𝑝(𝑥, 𝑥) = 𝑝(𝑦, 𝑦) = 𝑝(𝑧, 𝑧) = 0. 
 
Some generalization of above theorem exist in literature. 
 
In this paper, we derive a new fixed point theorem of Meir-Keeler type that generalizes Theorem 2.1.1 of Dass and 
Gupta in the case 𝛼, 𝛽 ∈ �0, 1

2
�.  

 
2 MAIN RESULTS 
 
Now we prove our main result. 
 
Theorem 2.1: Let (𝑋, 𝑑) be a complete metric space and 𝑇 be a mapping from 𝑋 into itself. Let the following 
hypothesis holds: 
Given 𝜖 > 0, there exists 𝛿(𝜖) > 0 such that  

2𝜖 ≤ 𝑑(𝑇𝑥, 𝑦) 1+𝑑(𝑥,𝑇𝑥)
1+𝑑(𝑥,𝑦)

+ 𝑑(𝑥, 𝑦) < 2𝜖 +< 𝛿(𝜖) ⟹ 𝑑(𝑇𝑥, 𝑇𝑦) < 𝜖                                          (2.1) 
Then 𝑇 has a unique fixed point 𝜉 ∈ 𝑋. Moreover, for any 𝑥 ∈ 𝑋, the sequence {𝑇𝑛𝑥} converges to 𝜉. 
 
Proof: We first observe that (2.1) trivially implies that 𝑇 satisfies: 

𝑥 ≠ 𝑦 𝑜𝑟 𝑦 ≠ 𝑇𝑦 implies that 𝑑(𝑇𝑥, 𝑇𝑦) < 1
2

𝑑(𝑇𝑥, 𝑦) 1+𝑑(𝑥,𝑇𝑥)
1+𝑑(𝑥,𝑦)

+ 1
2

𝑑(𝑥, 𝑦)                          (2.2) 
 
Let 𝑥 ∈ 𝑋. Consider the sequence{𝑥𝑛} = {𝑇𝑛𝑥}. We will show that  {𝑥𝑛} is a Cauchy sequence in 𝑋. 
 
If there exists 𝑝 ∈ 𝑁 such that 𝑥𝑝 = 𝑥𝑝+1, then 𝑥𝑝  is a fixed point of T. For this reason, we will assume that 𝑥𝑝 ≠ 𝑥𝑝+1, 
for all 𝑝 ∈ 𝑁 .Let  

𝑐𝑛 = 𝑑(𝑥𝑛 , 𝑥𝑛+1)∀𝑛 ∈ 𝑁 
 
From (2.2), we have  𝑐𝑛 = 𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛) < 1

2
𝑑(𝑇𝑥𝑛−1, 𝑥𝑛) 1+𝑑(𝑥𝑛−1,𝑥𝑛)

1+𝑑(𝑥𝑛−1,𝑥𝑛)
+ 1

2
𝑑(𝑥𝑛−1, 𝑥𝑛) = 1

2
𝑐𝑛−1 

Then  𝑐𝑛 < 𝑐𝑛−1, ∀ 𝑛 ∈ 𝑁∗ 
and the sequence {𝑐𝑛} is decreasing with 𝑛. Suppose now that 𝑐𝑛 ↓ 𝜀 > 0 𝑎𝑠 𝑛 → ∞. then 𝑐𝑛 + 𝑐𝑛−1 ↓ 2𝜀 as 𝑛 → ∞. 
This implies that ∃ 𝑁 ∈ 𝑁∗ such that   

2𝜀 ≤  𝑐𝑁 + 𝑐𝑁−1 < 2𝜀 + 𝛿(𝜀) 
 
We get ,2𝜀 ≤ 𝑑(𝑇𝑥𝑁−1, 𝑥𝑁) 1+𝑑(𝑥𝑁−1,𝑇𝑥𝑁−1)

1+𝑑(𝑥𝑁−1,𝑥𝑁)
+ 𝑑(𝑥𝑁−1, 𝑥𝑁) < 2𝜀 + 𝛿(𝜀) 

 
From (2.1) we obtain, 𝑑(𝑇𝑥𝑁−1, 𝑇𝑥𝑁) = 𝑑(𝑥𝑁 , 𝑥𝑁+1) = 𝑐𝑁 < 𝜀  that is a contradiction. Then we deduce that  

𝑐𝑛 ↓ 0  as 𝑛 → ∞                                      (2.3) 
 
Let𝜀 > 0. Condition (2.1) will remain true with 𝛿(𝜀) replaced by 𝛿′(𝜀) = min(  𝛿(𝜀), 𝜀, 1). From (2.3), ∃ 𝑘 ∈ 𝑁  

𝑑(𝑥𝑚, 𝑥𝑚+1) < 𝛿′(𝜀)
4

, ∀𝑚 ≥ 𝑘                                          (2.4) 
 
Now, we introduce the set Λ ⊂ 𝑋 defined by Λ = �𝑥𝑝�𝑝 ≥ 𝑘, 𝑑�𝑥𝑝 , 𝑥𝑘� < 2𝜀 +  𝛿′(𝜀)

2
� 
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Let us prove that 

𝑇(Λ) ⊂ Λ                                                                                         (2.5) 
 
Let 𝜆 ∈  Λ.There exists 𝑝 ≥ 𝑘 such that 𝜆 = and 𝑑�𝑥𝑝 , 𝑥𝑘� < 2𝜀 +  𝛿′(𝜀)

2
. 

 
If 𝑝 = 𝑘, we have 𝑇(𝜆) = 𝑥𝑘+1  ∈ Λ by (2.4).Then we will assume that 𝑝 > 𝑘. We distinguish two cases. 
 
Case-1: 

2𝜀 ≤  𝑑�𝑥𝑝 , 𝑥𝑘� < 2𝜀 +  𝛿′(𝜀)
2

                                                    (2.6) 
 
First, let us prove that  

𝜀 ≤ 1
2

 𝑑�𝑥𝑝+1, 𝑥𝑘� 1+𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 1
2

𝑑�𝑥𝑝, 𝑥𝑘� < 𝜀 +  𝛿′(𝜀)
2

                               (2.7) 

 
From (2.6), we have 

𝜀 ≤ 1
2

𝑑�𝑥𝑝 , 𝑥𝑘� ≤ 1
2

 𝑑�𝑥𝑝+1, 𝑥𝑘� 1+𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 1
2

𝑑�𝑥𝑝 , 𝑥𝑘�                                           (2.8) 

 
On the other hand, we have  
1
2

 𝑑�𝑥𝑝+1, 𝑥𝑘� 1+𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 1
2

𝑑�𝑥𝑝 , 𝑥𝑘� ≤ 1
2

𝑑�𝑥𝑝+1, 𝑥𝑘� + 1
2

𝑑�𝑥𝑝+1, 𝑥𝑘� 1+𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+1
2

𝑑�𝑥𝑝, 𝑥𝑘�      

                                                                          <  1
2

�𝑑�𝑥𝑝, 𝑥𝑘� + 𝑑�𝑥𝑝+1, 𝑥𝑘�� + 1
2

𝑑�𝑥𝑝+1,𝑥𝑘�
1+𝑑�𝑥𝑝,𝑥𝑘�

𝑑�𝑥𝑝, 𝑥𝑝+1�     

                  =
1
2

𝑑�𝑥𝑝, 𝑥𝑝+1� +
1
2 

 
𝑑�𝑥𝑝+1, 𝑥𝑘�

1 + 𝑑�𝑥𝑝, 𝑥𝑘�
𝑑�𝑥𝑝 , 𝑥𝑝+1� 

    By (2.4)         <  𝛿′(𝜀)
8

+ 1
2

𝑑�𝑥𝑝 , 𝑥𝑝+1�             

                                           By (2.4)        <  𝛿′(𝜀)
8

+  𝛿′(𝜀)
8

 

                                                                         <
 𝛿′(𝜀)

4
<

 𝛿′(𝜀)
2

<  𝜀 +
 𝛿′(𝜀)

2
) 

Then 
1
2

 𝑑�𝑥𝑝+1, 𝑥𝑘� 1+𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 1
2

𝑑�𝑥𝑝 , 𝑥𝑘� <  𝜀 +  𝛿′(𝜀)
2

                                                             (2.9) 

 
It follows from (2.8)-(2.9) that (2.7) holds. Then  

2𝜀 ≤ 𝑑(𝑇𝑥𝑝 , 𝑥𝑘) 1+𝑑�𝑥𝑝,𝑇𝑥𝑝�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 𝑑�𝑥𝑝, 𝑥𝑘� <  2𝜀 + 𝛿′(𝜀)  

which implies by (2.1) that 
𝑑�𝑇𝑥𝑝, 𝑇𝑥𝑘� < 𝜀                                                                          (2.10) 

 
Now, we have  

𝑑�𝑇𝑥𝑝, 𝑥𝑘� ≤ 𝑑�𝑇𝑥𝑝 , 𝑇𝑥𝑘� + 𝑑(𝑇𝑥𝑘 , 𝑥𝑘) 
 
By (3.10) and (3.4)                  < 𝜀 +  𝛿′(𝜀)

4
 

                     < 2𝜀 +  𝛿′(𝜀)
2

 
This implies that  𝑇𝜆 = 𝑇𝑥𝑝 = 𝑥𝑝+1 ∈ Λ  
 
Case-II: 

𝑑�𝑥𝑝 , 𝑥𝑘� < 2𝜀                                                (2.11) 
From (2.2), we have: 

𝑑�𝑇𝑥𝑝, 𝑥𝑘� ≤ 𝑑�𝑇𝑥𝑝 , 𝑇𝑥𝑘� + 𝑑(𝑇𝑥𝑘 , 𝑥𝑘) 

        < 1
2

 𝑑�𝑥𝑝+1, 𝑥𝑘� 1+𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 1
2

𝑑�𝑥𝑝, 𝑥𝑘� + 𝑑(𝑥𝑘+1, 𝑥𝑘) 

                                                      < 1
2

 𝑑�𝑥𝑝+1, 𝑥𝑘� + 1
2

 𝑑�𝑥𝑝+1,𝑥𝑘�𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 1
2

𝑑�𝑥𝑝, 𝑥𝑘� + 𝑑(𝑥𝑘+1, 𝑥𝑘) 

                                                      < 1
2

 𝑑�𝑥𝑝+1, 𝑥𝑝� + 1
2

 𝑑�𝑥𝑝+1,𝑥𝑘�𝑑�𝑥𝑝,𝑥𝑝+1�
1+𝑑�𝑥𝑝,𝑥𝑘�

+ 𝑑�𝑥𝑝, 𝑥𝑘� + 𝑑(𝑥𝑘+1, 𝑥𝑘) 

           < 1
2

 𝑑�𝑥𝑝+1, 𝑥𝑝� + 𝑑�𝑥𝑝, 𝑥𝑘� + 𝑑(𝑥𝑘+1, 𝑥𝑘) + 1
2

 𝑑�𝑥𝑝+1, 𝑥𝑝� 
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By (2.4) and (2. 11)                < 2𝜀 +  𝛿′(𝜀)

2
 

 
This implies that = 𝑇𝑥𝑝 = 𝑥𝑝+1 ∈ Λ . Hence (2.5) holds and  

𝑑(𝑥𝑚, 𝑥𝑘) < 2𝜀 +  𝛿′(𝜀)
2

,    ∀𝑚 > 𝑘                                                                   (2.12) 
 
Now, for all (𝑚, 𝑛) ∈ 𝑁2 such that 𝑚 > 𝑛 > 𝑘, by (2.12), we get: 

𝑑(𝑥𝑚, 𝑥𝑛) ≤ 𝑑(𝑥𝑚, 𝑥𝑘) + 𝑑(𝑥𝑛 , 𝑥𝑘) < 4 𝜀 + 𝛿′(𝜀) < 5𝜀 
 
This implies that {𝑥𝑛} is a Cauchy sequence in 𝑋. 
 
Since (𝑋, 𝑑) is complete, there exists 𝜉 ∈ 𝑋 such that {𝑥𝑛} converges to 𝜉. From (2.2), we have 

𝑑(𝑇𝜉, 𝜉) ≤ 𝑑(𝑇𝜉, 𝑇𝑥𝑛) + 𝑑(𝑥𝑛+1, 𝜉) 
               <  1

2
𝑑(𝑇𝜉, 𝑥𝑛+1) 1+𝑑(𝜉,𝑇𝜉)

1+𝑑(𝜉, 𝑥𝑛
) + 1

2
𝑑(𝜉, 𝑥𝑛) + 𝑑(𝑥𝑛+1, 𝜉). 

Now let 𝑛 → ∞, we get 𝑑(𝑇𝜉, 𝜉) ≤ 0, 
 
which implies that 𝜉 = 𝑇𝜉, i.e. 𝜉 is a fixed point of 𝑇. 
 
Suppose now that 𝜂 is another fixed point of 𝑇. From (2.2). we get 

𝑑(𝜉, 𝜂) = 𝑑(𝑇𝜉, 𝑇𝜂) <  1
2

𝑑(𝜉, 𝜂) 1+𝑑(𝜉,𝜉)
1+𝑑(𝜉,𝜂)

+ 1
2

𝑑(𝜉, 𝜂) = 1
2

𝑑(𝜉, 𝜂) 
 
Which is a contradiction. Then the uniqueness of the fixed point is proved. This makes end to the proof. 
 
Now we will show that the result of Dass and Gupta [12] (when 𝛼, 𝛽 ∈ (0,1/2) is a particular case of theorem 2.2.1. 
 
Corollary 2.2: (Dass and Gupta [12]) 
 
Let (𝑋, 𝑑) be a complete metric space and 𝑇 be a mapping from 𝑋 into itself. We assume that the mapping 𝑇 satisfies: 
For all 𝑥, 𝑦 ∈ 𝑋, 

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘 �𝑑(𝑇𝑥, 𝑦) 1+𝑑(𝑥,𝑇𝑥)
1+𝑑(𝑥,𝑦)

+ 𝑑(𝑥, 𝑦)�                                                                 (2.13) 

where 𝑘 ∈ (0,1/2)  is a constant. Then 𝑇 has a unique fixed point 𝜉 ∈ 𝑋. Moreover, for any 𝑥 ∈ 𝑋, the sequence {𝑇𝑛𝑥} 
converges to 𝜉. 
 
Proof: Fix 𝜀 > 0, we take: 𝛿(𝜀) =  𝜀 �1

𝑘
− 2� 

Assume that  
2 𝜀 ≤ 𝑑(𝑇𝑥, 𝑦) 1+𝑑(𝑥,𝑇𝑥)

1+𝑑(𝑥,𝑦)
+ 𝑑(𝑥, 𝑦) < 2𝜀 + 𝛿(𝜀) 

 
From (2.13), we have 

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘 �𝑑(𝑇𝑥, 𝑦)
1 + 𝑑(𝑥, 𝑇𝑥)
1 + 𝑑(𝑥, 𝑦) + 𝑑(𝑥, 𝑦)� < 𝑘(2𝜀 + 𝛿(𝜀) = 2𝜀𝑘 + 𝜀𝑘 �

1
𝑘

− 2� = 𝜀 

Then condition (2.1) of Theorem 2.1 satisfied. This makes end to the proof. 
 
3. APPLICATION TO MEIR-KEELER CONTRACTIONS OF INTEGRAL TYPE 
 
In recent years, Branciari [11] initiated a study of contractive condition of integral type, giving an integral version of 
the Banach contraction principle that could be extended to more general contractive conditions. More precisely, he 
established the following result. 
 
Theorem 3.1: (Branciari [11]) 
Let (𝑋, 𝑑) be a complete metric space, 𝑘 ∈ (0, 1), and let 𝑇 be a mapping from 𝑋 into itself such that for each 𝑥, 𝑦 ∈ 𝑋, 

∫ 𝜑(𝑡)𝑑𝑡𝑑(𝑇𝑥,𝑇𝑦)
0 ≤ 𝑘 ∫ 𝜑(𝑡)𝑑𝑡𝑑(𝑥,𝑦)

0                                                            (3.1) 
where 𝜑 is  a locally integrable function from [0, ∞] into itself and such that for all 𝜀 > 0, 

� 𝜑(𝑡)𝑑𝑡 > 0.
𝜀

0
 

Then 𝑇 admits a unique fixed point 𝜉 ∈ 𝑋 such that for each 𝑥 ∈ 𝑋, the sequence {𝑇𝑛𝑥} converges to 𝜉. 
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Putting 𝜑(𝑡) = 1 in the previous theorem, we retrieve the Banach fixed point theorem. 
 
Later on, the authors in [8, 13, 19, 20, 24] established fixed point theorems involving more general contractive 
conditions. 
 
Suzuki [23] showed that Meir-Keeler contractions of integral type are still Meir-Keeler contractions and so proved that 
Theorem 3.1 of Branciari is a particular case of the Meir-Keeler fixed point theorem [17]. In this section, following the 
idea of Suzuki [23], we will show that Theorem 2.1 allows us to obtain an integral version of Corollary 2.2. 
 
We start by proving the following result. 
 
Theorem 3.2: Let (𝑋;  𝑑) be a metric space and let T be a mapping from X into itself. Assume that there exists a 
function 𝜃 from [0, ∞) into itself satisfying the following: 
(i) 𝜃(0) = 0 and 𝜃(𝑡) > 0 for every 𝑡 > 0 
(ii)𝜃 is non -decreasing  and right continuous. 
(iii) for every𝜀 > 0, there exists 𝛿(𝜀) > 0 such that  

2𝜀 ≤ 𝜃 �𝑑(𝑇𝑥, 𝑦)
1 + 𝑑(𝑥, 𝑇𝑥)
1 + 𝑑(𝑥, 𝑦) + 𝑑(𝑥, 𝑦)� < 2𝜖+<  𝛿(𝜖) ⟹ 𝜃�2𝑑(𝑇𝑥, 𝑇𝑦)� < 2𝜖 

      for all 𝑥, 𝑦 ∈ 𝑋. 
Then (2.1) is satisfied. 
 
Proof:-Fix 𝜀 > 0. Since 𝜃(2𝜀) > 0, by (iii), there exists 𝛼 > 0 such that 

𝜃(2𝜀) ≤ 𝜃 �𝑑(𝑇𝑥, 𝑦) 1+𝑑(𝑥,𝑇𝑥)
1+𝑑(𝑥,𝑦)

+ 𝑑(𝑥, 𝑦)� < 𝜃(2𝜀) + 𝛼 ⟹ 𝜃�2𝑑(𝑇𝑥, 𝑇𝑦)� < 𝜃(2𝜀)                  (3.2) 

 
From the right continuity of  𝜃 , there exists 𝛿 > 0 such that 𝜃(2𝜀 + 𝛿) < 𝜃(2𝜀) + 𝛼. Fix 𝑥, 𝑦 ∈ 𝑋 such that  

2𝜀 ≤ 𝑑(𝑇𝑥, 𝑦)
1 + 𝑑(𝑥, 𝑇𝑥)
1 + 𝑑(𝑥, 𝑦) + 𝑑(𝑥, 𝑦) < 2𝜀 + 𝛿 

 
Since 𝜃 is nondecreasing, we get: 

𝜃(2𝜀) ≤  𝜃 �𝑑(𝑇𝑥, 𝑦)
1 + 𝑑(𝑥, 𝑇𝑥)
1 + 𝑑(𝑥, 𝑦) + 𝑑(𝑥, 𝑦)� ≤  𝜃(2𝜀 + 𝛿) < 𝜃(2𝜀) + 𝛼 

Then by (3.2), we have: 
𝜃(2𝑑(𝑇𝑥, 𝑇𝑦) ) < 𝜃(2𝜀) 

 
which implies that 𝑑(𝑇𝑥, 𝑇𝑦) < 𝜀. Then (2.1)is satisfied.  This completes the proof. 
 
Since a function 𝑡 ↦ ∫ 𝜑(𝑠)𝑑𝑠𝑡

0  is absolutely continuous, we obtain the following, 
 
Corollary 3.3: Let (𝑋, 𝑑) be a metric space and let T be a mapping from X into itself. Let  𝜑 be a locally integrable 
function from[0, +∞) into itself such that ∫ 𝜑(𝑠)𝑑𝑠 > 0𝑡

0   for all 𝑡 > 0. Assume that for each 𝜀 > 0, there exists 
𝛿(𝜀) > 0 such that  

2𝜀 ≤ ∫ 𝜑(𝑡)𝑑𝑡 < 2𝜀 + 𝛿(𝜀)
𝑑(𝑇𝑥,𝑦)1+𝑑(𝑥,𝑇𝑥)

1+𝑑(𝑥,𝑦) +𝑑(𝑥,𝑦)

0 ⟹ ∫ 𝜑(𝑡)𝑑𝑡 < 2𝜀2𝑑(𝑇𝑥,𝑇𝑦)
0                                 (3.3) 

Then (2.1) is satisfied. 
 
Now we are able to obtain the integral version of corollary 3.3. We have the following result. 
 
Corollary 3.4: Let (𝑋, 𝑑) be a metric space and let T be a mapping from X into itself. Let  𝜑 be a locally integrable 
function from[0,∞) into itself 

∫ 𝜑(𝑡)𝑑𝑡 ≤ 𝑐 ∫ 𝜑(𝑡)𝑑𝑡,
𝑑(𝑇𝑥,𝑦)1+𝑑(𝑥,𝑇𝑥)

1+𝑑(𝑥,𝑦) +𝑑(𝑥,𝑦)

0
𝟐𝒅(𝑻𝒙,𝑻𝒚)

𝟎                                              (3.4) 
where 𝑐 ∈ (0,1) is a constant. Then T   has a unique fixed point 𝜉 ∈ 𝑋. Moreover, for any 𝑥 ∈ 𝑋, the sequence {𝑇𝑛𝑥} 
converges to 𝜉. 
 
Proof: Fix𝜀 > 0. It is easily to check that (2.1) is satisfied with 𝛿(𝜀) = 2𝜀 �1

𝑐
− 1�.Then (2.1) is satisfied and we can 

apply Theorems. 
 
 



Abha Tenguria1, Anil Rajput2 and Rucha Athaley3* /  
Fixed Point Theorem for Complete Metric Spaces Using Meir-Keeler Type Contractions / IJMA- 9(7), July-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                      81  

 
REFERENCES 
 

[1] Abdeljawad, T., Alzabut, JO Mukheimer, E., Zaidan, Y., Banach contraction principle for cyclical mappings 
on partial metric spaces. Fixed Point Theory Appl. 2012, 154. 

[2] Abdeljawad, T., Karapınar, E., Aydi, H., A new Meir-Keeler type coupled fixed point on ordered partial 
metric spaces. Math. Probl. Eng. 2012, Article ID 327273 (2012). doi:10.1155/2012/327273. 

[3] Abdeljawad, T., Karapınar, E., Tas, K., Common fixed point theorems in cone Banach spaces. Hacet. J. Math. 
Stat. 40(2), (2011), 211-217. 

[4] Abdeljawad, T., Karapınar, E., Tas, K., Existence and uniqueness of a common fixed point on partial metric 
spaces. Appl.Math. Lett. 24(11) (2011), 1900-1904. 

[5] Abdeljawad, T., Murthy, PP, Tas, K., A Gregus type common fixed point theorem of set-valued mappings in 
cone metric spaces. J. Comput. Anal. Appl. 13(4) (2011), 622-628. 

[6] Abdeljawad, T., Coupled fixed point theorems for partially contractive type mappings. Fixed Point Theory 
Appl. 2012148 (2012). 

[7] Abdeljawad, T., Fixed points for generalized weakly contractive mappings in partial metric spaces. Math. 
Comput. Model. 54(11-12) (2011), 2923-2927. 

[8] Altun I., Turkoglu D., and Rhoades B. E., Fixed points of weakly compatible maps satisfying a general 
contractive condition of integral type, Fixed Point Theory Appl. Vol. 2007 (2007), Article ID 17301, 9,    
pages. 3 

[9] Aydi, H., Karapınar, E., A Meir-Keeler common type fixed point theorem on partial metric spaces. Fixed 
Point Theory Appl. 2012, 26. 

[10] Aydi, H., Karapınar, E., New Meir-Keeler type tripled fixed point theorems on ordered partial metric spaces. 
Math. Probl.Eng. 2012, Article ID 409872. 

[11] Branciari, A., A fixed point theorem for mappings satisfying a general contractive condition of integral type, 
Int. J. Math.Math. Sci. 29 (2002), 531-536. 1, 3, 3.1 

[12] Dass B.K., Gupta, S., An extension of Banach contraction principle through rational expression, Indian J. Pure 
Appl.Math. 6 (1975), 1455-1458. 1, 2, 2.2 

[13]  Djoudi, A., Aliouche A., Common fixed point theorems of Gregus type for weakly compatible mappings 
satisfying contractive conditions of integral type, J. Math. Anal. Appl. 329 (2007), 31-45. 

[14] Maiti, M., Pal, T.K., 1978. Generalization of two fixed point theorems. Bull. Calcutta Math. Soc. 70: 57- 61. 
[15] Matthews, SG,Partial metric topology. In: General Topology and Its Applications. Proc. 8th Summer Conf., 

Queen’s College (1992). Annals of the New York Academy of Sciences, vol. 728(1994), pp. 183-197. 
[16] Matthews, SG, Partial metric topology. Research report 212, Dept. of Computer Science, University of 

Warwick (1992). 
[17] Meir, A, Keeler, E., A theorem on contraction mappings. J. Math. Anal. Appl. 28(1969), 326-329. 
[18] Park, S., Rhoades, B.E., Meir-Keeler type contractive conditions. Math. Jpn. 26(1) (1981), 13-20. 
[19] Rhoades B.E., Two fixed point theorems for mappings satisfying a general contractive condition of integral 

type, Int. J. Math. Math. Sci. 63 (2003), 4007-4013.  
[20] Samet B. Yazidi, H., An extension of Banach fixed point theorem for mappings satisfying a contractive 

condition of integral type, to appear in Ita. J. Pure Appl. Math 1, 3 
[21] Shatanawi, W, Nashine, HK,A generalization of Banach’s contraction principle for nonlinear contraction in a 

partial metric space. J. Nonlinear Sci. Appl. 5(2012), 37-43. 
[22] Shatanawi, W., Samet, B., Abbas, M., Coupled fixed point theorems for mixed monotone mappings in ordered 

partial metric spaces. Math. Comput. Model. (2012). doi:10.1016/j.mcm.2011.08.042 
[23] Suzuki T., Meir-Keeler Contractions of Integral Type Are Still Meir-Keeler Contractions, Int. J. Math. Math. 

Sci. Vol 2007(2007), Article ID 39281, 6 pages. 1, 3 
[24] Vijayaraju P., Rhoades B. E, Mohanraj R., A fixed point theorem for a pair of maps satisfying a general 

contractive condition of integral type, Int. J. Math. Math. Sci. 15 (2005), 2359-2364.  
 

Source of support: Nil, Conflict of interest: None Declared. 
[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 


