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ABSTRACT 

In this paper, we have recalled some of the known stochastic orders and the shifted version of them, so discussed their 
relations. Also, we obtained some applications of proportional hazard rate ordering 
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1. INTRODUCTION 
 
In life testing situations, the mean additional life time given that a component has survived until time t is a function of t, 
called the mean residual life. We consider the special case of mean residual life in terms of fuzzy random variables. 
More specifically, if the fuzzy random variables X represent the life of a component, then the mean residual life is 
given by 𝑚𝛼(t) = E[𝑋𝛼 − 𝑡/𝑋𝛼 > 𝑡] 
 
The mean residual life has been employed in life length by various authors, e.g. Bryson and Siddigui (1969), Hollander 
and Proschan (1975) and Muth (1977). Limiting properties of the mean residual life have been studied by Meillijson 
(1972), Bradley and Gutpa [2], (2002). A smooth estimator of the mean residual life is given by Chaubey and Sen 
(1999).  
 
It is well known that the failure rate function can be expressed quite well in terms of mean residual life and its 
derivative. However, the inverse problem – namely that of expressing the mean residual life in terms of the failure rate 
typically involves an integral of the complicated expressions. 
 
2. PRELIMINARIES 
 
Definition 2.1: If 𝑋 is a random variable with a survival function 𝐹�  and a finite mean μ, the mean residual life of X at t 
is defined as   

𝑚(𝑡) = {             0                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 E[𝑋∝−𝑡/𝑋∝>𝑡],   for t<t∗  

Where 𝑡∗ = sup{t:𝐹�(t) > 0}. Note that if X ia an almost surely positive random variable, then 𝑚(0) = μ. By the 
finiteness of μ we have that 𝑚(t) < ∞ for all t < ∞. However, it is possible that 𝑚(∞) ≡  𝑚(𝑡)𝑡→∞

𝑙𝑖𝑚 = ∞. A useful 
observation is that 

𝑚(𝑡) = ∫ 𝐹�∞
𝑡 (𝑥)𝑑𝑥/𝐹�(𝑡). When 𝑡∗ = ∞ 

 
Although in definition, there is no restriction on the support of 𝑋, the mean residual life function is usually of interest 
when 𝑋 is a nonnegative random variable. In that case 𝑋 can be thought of as a lifetime of a device and then expreses 
the conditional expected residual life of the device and at time t given that the device is still alive at time t. Clearly,        
m (t) ≥ 0, b ut not every nonnegative function is a mean residual life (mrl) function corresponding to some random 
variable. In fact, a function n is an mrl function of some non- negative random variable with an absolutely continuous 
distribution function if, and only if, 𝑚 satisfies the following properties:  
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(i) 0 ≤ 𝑚(𝑡) < ∞ for all 𝑡 ≥ 0, 
(ii) 𝑚(0) > 0, 
(iii) 𝑚 is continuous, 
(iv) 𝑚(𝑡) + 𝑡 is increasing on [0,∞], and 
(v) When there exist a 𝑡0 such that 𝑚(𝑡0) = 0, 𝑚(𝑡) = 0 for all 𝑡 ≥ 𝑡0 otherwise when there does not exist such 

that a 𝑡0 with 𝑚(𝑡0) = 0, then∫ 1
𝑚(𝑡)

∞
0 𝑑𝑡 = ∞. 

 
2.2. FUZZY NUMBERS 
Let 𝑋 be a universal set and 𝑆𝑋 = {𝑥𝜖𝑋: 𝑓(𝑥; 𝜃) > 0} be the support of  𝑋. A fuzzy subset (briefly, a fuzzy set) 𝑥 �of 𝑆𝑋  
is defined by its membership function 𝜇𝑥� ∶  𝑆𝑋 → [0,1]. We denote the α –cuts of 𝑥�  by 𝑥�𝛼 = {𝑥: 𝜇𝑥�(𝑥) ≥  𝛼} , and  𝑥�0 
is the closure of the set {𝑥: 𝜇𝑥�(𝑥) > 0}. then 𝑓(𝑥; 𝜃) is a fuzzy set. 
 
The fuzzy set 𝑥� is called a normal fuzzy set if there exists 𝑥 ∈  𝑆𝑋  such that 𝜇𝑥�(𝑥) = 1, and called convex fuzzy sets 
𝜇𝑥�(λ𝑥 + (1 − 𝜆)𝑦) ≥ min{𝜇𝑥�(𝑥), 𝜇𝑥�(𝑦)} for every 𝑥,𝑦 ∈  𝑆𝑋  and λ ∈ [0,1]. The fuzzy set 𝑥� is called fuzzy number if 
it is normal and convex fuzzy set and its α –cuts are bounded for all α ∈ [0,1] . In addition, if 𝑥� is a fuzzy number and 
the support of its membership function 𝜇𝑥�  is compact, then we called 𝑥� as a bounded fuzzy numbers. 
        
If 𝑥� is a closed and bounded fuzzy number with 𝑥�𝛼𝐿 = 𝑚𝑖𝑛{𝑥: 𝑥 ∈  𝑥�𝛼}  and 𝑥�𝛼𝑈 = 𝑚𝑎𝑥{𝑥: 𝑥 ∈  𝑥�𝛼} and its membership 
function be strictly increasing on the interval [𝑥𝛼𝐿 , 𝑥1𝐿] and strictly decreasing on the interval [𝑥𝛼𝑈, 𝑥1𝑈], then 𝑥� is called a 
canonical fuzzy number. 
 
2.3. FUZZY RANDOM VARIABLE 
The fuzzy number 𝑥 �with membership function𝜇𝑥�(𝑟)  can be induced by any real number 𝑥 ∈ 𝑆𝑋 such that 𝜇𝑥�(𝑥) = 1 
and  𝜇𝑥�(𝑟) < 1  for 𝑟 ≠ 𝑥.We denote the set of all fuzzy real numbers induced by real  number 𝑥 ∈ 𝑆𝑋 by F(𝑆𝑋). 
 
The relation ~ on F(𝑆𝑋) define as 𝑥�1~𝑥�2 if and only if  𝑥�1 and 𝑥�2 are induced by the same real number 𝑥. Then ~ is an 
equivalence relation, which induce the equivalence classes [𝑥�] = {𝑎:� 𝑎�~𝑥�}. The set (F(𝑆𝑋)/~) called a fuzzy real 
number system. In practice, we take only one element 𝑥� from each equivalence class [𝑥�] to form the fuzzy real number 
system (F(𝑆𝑋)/~).  If the fuzzy real number system (F(𝑆𝑋)/~)  consists all of the canonical fuzzy real numbers, then we 
call (F(𝑆𝑋)/~)  as the canonical fuzzy real number system. 
 
Let be a random variables with support 𝑆𝑋 and  (𝑆𝑋) is the set of all canonical fuzzy numbers induce the real numbers in 
𝑆𝑋. A fuzzy random variable is a function 𝑋:  →  (𝑆𝑋)  where for all α∈ [0,1]. 

{(𝜔, 𝑥):𝜔 ∈ 𝜓, 𝑥 ∈ 𝑋�𝛼(𝜔)} ∈ Ƒ×  ℬ 
 
Noting that F(𝑆𝑋)  is the support of the fuzzy random variable 𝑋� and hence, each α –cut set of 𝑋� depends on the random 
variable 𝑋 .   
 
3. SOME PROPERTIES OF HAZARD RATE ORDER 
 
3.1. FUZZY HAZARD RATE ORDER: 
Let 𝑋 and 𝑌 are two non negative fuzzy random variables with continuous distribution functions and with Hazard rate 
functions �̃�(𝑥�) and 𝑞� (𝑥�) respectively, then 𝑋 is smaller than 𝑌  in Hazard rate order. Denoted as 𝑋 ≤𝐹𝐻𝑅 𝑌. If 

𝑚𝑖𝑛� 𝑓�𝑥�𝛽
𝐿�, 𝑓�𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  ≤  
𝑚𝑖𝑛� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 

and 
𝑚𝑎𝑥� 𝑓�𝑥�𝛽

𝐿�, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 ≤ 
𝑚𝑎𝑥� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 

For each α, β Є (0,1]∩Q, where   𝐹,� 𝑓 are the survival and density functions of 𝑋 respectively and �̅�, 𝑔 are the survival 
and density functions of  𝑌 respectively.  
 
3.2. SHIFTED FUZZY HAZARD RATE ORDER: 
Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with Shifted 
fuzzy Hazard rate functions �̃�(𝑥�) and 𝑞� (𝑥�) respectively, then X is smaller than Y  in Hazard rate order. Denoted as X 
≤𝑆𝐹𝐻𝑅↥ Y. If 

𝑚𝑖𝑛� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝑥�𝛼𝑈�, 𝑓�𝑎+𝑥�𝛽
𝑈�𝑔(𝑥�𝛼𝐿)𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑎+𝑥�𝛼𝐿��̅��𝑥�𝛼𝑈�, 𝐹��𝑎+𝑥�𝛽
𝑈��̅�(𝑥�𝛼𝐿)𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �
  ≥  

𝑚𝑖𝑛� 𝑔�𝑎+𝑥�𝛼𝑈�𝑓�𝑥�𝛼𝐿�, 𝑔�𝑎+𝑥�𝛼𝐿�𝑓(𝑥�𝛼𝑈)𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑎+𝑥�𝛼𝑈�𝐹��𝑥�𝛼𝐿�, �̅��𝑎+𝑥�𝛽
𝐿�𝐹�(𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �
 

and 
𝑚𝑎𝑥� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝑥�𝛼𝑈�, 𝑓�𝑎+𝑥�𝛽

𝑈�𝑔(𝑥�𝛼𝐿)𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� 𝐹��𝑎+𝑥�𝛼𝐿��̅��𝑥�𝛼𝑈�, 𝐹��𝑎+𝑥�𝛽
𝑈��̅�(𝑥�𝛼𝐿)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

  ≥ 
𝑚𝑎𝑥� 𝑔�𝑎+𝑥�𝛼𝑈�𝑓�𝑥�𝛼𝐿�, 𝑔�𝑎+𝑥�𝛼𝐿�𝑓(𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� �̅��𝑎+𝑥�𝛼𝑈�𝐹��𝑥�𝛼𝐿�, �̅��𝑎+𝑥�𝛽
𝐿�𝐹�(𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �
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For each α, β Є (0, 1] ∩Q, where  𝐹,� 𝑓 are the survival and density functions of 𝑋 respectively and �̅�, 𝑔 are the survival 
and density functions of  𝑌 respectively. 
 
3.3. SHIFTED PROPORTIONAL FUZZY HAZARD RATE ORDER: 
Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with Shifted 
fuzzy Hazard rate functions �̃�(𝑥�) and 𝑞� (𝑥�) respectively, then X is smaller than Y  in Hazard rate order. Denoted as X 
≤𝑃𝐹𝐻𝑅↥Y. If, 

𝑚𝑖𝑛� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝜆𝑥�𝛼𝑈�, 𝑓�𝑎+𝑥�𝛽
𝑈�𝑔(𝜆𝑥�𝛼

𝐿)𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑎+𝑥�𝛼𝐿��̅��𝜆𝑥�𝛼𝑈�, 𝐹��𝑎+𝑥�𝛽
𝑈��̅�(𝜆𝑥�𝛼

𝐿)𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  ≥  
𝑚𝑖𝑛� 𝑔�𝑎+𝑥�𝛼𝑈�𝑓�𝜆𝑥�𝛼𝐿�, 𝑔�𝑎+𝑥�𝛼𝐿�𝑓(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑎+𝑥�𝛼𝑈�𝐹��𝜆𝑥�𝛼𝐿�, �̅��𝑎+𝑥�𝛽
𝐿�𝐹�(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �
 

and 
𝑚𝑎𝑥� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝜆𝑥�𝛼

𝑈�, 𝑓�𝑎+𝑥�𝛽
𝑈�𝑔(𝜆𝑥�𝛼𝐿)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� 𝐹��𝑎+𝑥�𝛼𝐿��̅��𝜆𝑥�𝛼𝑈�, 𝐹��𝑎+𝑥�𝛽
𝑈��̅�(𝜆𝑥�𝛼𝐿)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

  ≥  
𝑚𝑎𝑥� 𝑔�𝑎+𝑥�𝛼𝑈�𝑓�𝜆𝑥�𝛼𝐿�, 𝑔�𝑎+𝑥�𝛼𝐿�𝑓(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� �̅��𝑎+𝑥�𝛼𝑈�𝐹��𝜆𝑥�𝛼𝐿�, �̅��𝑎+𝑥�𝛽
𝐿�𝐹�(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 

for each α, β Є (0,1]∩Q, where   𝐹,� 𝑓 are the survival and density functions of X respectively and �̅�,𝑔 are the survival 
and density functions of Y respectively. 
 
4. SOME PROPERTIES FUZZY MEAN RESIDUAL LIFE ORDER ORDER 
 
4.1. FUZZY MEAN RESIDUAL LIFE ORDER ORDER 
Let 𝑋 and 𝑌 are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean 
residual life order functions 𝐹�(𝑥�) and�̅� (𝑥�) respectively, then 𝑋 is smaller than 𝑌  in Mean residual life order. Denoted 
as 𝑋 ≤𝐹𝑀𝐿𝑅  𝑌. If 

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑎𝑥� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 , 

increases in 𝑥 over {𝑥:∫ 𝐹�∞
𝑥 (𝑥)𝑑𝑥,∫ 𝐹�∞

𝑥 (𝑥)𝑑𝑥 > 𝑜}. For each α, β Є (0,1]∩Q, where  𝐹,� �̅� are the survival  functions of 
𝑋 and 𝑌 respectively. 
 
Definition 4.2:  𝑋 is said to be Mean residual life aging faster than 𝑌 if 𝐹

�𝑋(𝑥�)
�̅�𝑌(𝑥�)

 is increasing in 𝑥 ≥ 0 or ultimately Mean 
residual life aging faster than 𝑌 if above holds for sufficiently large 𝑥. 
 
4.3. UP PROPORTIONAL FUZZY MEAN RESIDUAL LIFE ORDER ORDER: 
Let 𝑋 and 𝑌 are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean 
residual life order functions 𝐹�(𝑥�) and�̅� (𝑥�) respectively, then 𝑋 is smaller than 𝑌  in Mean residual life order. Denoted 
as 𝑋 ≤𝑈𝑃𝐹𝑀𝐿𝑅  𝑌. If 

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�, �̅��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�, 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿−𝑡/𝑥�𝛽
𝐿>0�, �̅��𝑥�𝛽

𝐿−𝑡/𝑥�𝛽
𝐿>0�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�, 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

increases in 𝑥 over {𝑥:∫ 𝐹�∞
𝑥 (𝑥)𝑑𝑥,∫ 𝐹�∞

𝑥 (𝑥)𝑑𝑥 > 𝑜}. For each α,β Є (0,1]∩Q, where   𝐹,� �̅� are the survival  functions of 
𝑋 and 𝑌 respectively. 
 
4.4. DOWN PROPORTIONAL FUZZY MEAN RESIDUAL LIFE ORDER ORDER: 
Let 𝑋 and 𝑌 are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean 
residual life order functions 𝐹�(𝑥�) and�̅� (𝑥�) respectively, then 𝑋 is smaller than 𝑌  in Mean residual life order. Denoted 
as 𝑋 ≤𝐷𝑃𝐹𝑀𝐿𝑅 𝑌. If 

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�, �̅��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�, 𝐹��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑎𝑥� �̅��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�, �̅��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�, 𝐹��𝑦�𝛽
𝐿−𝑡/𝑦�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

 
increases in 𝑥 over {𝑥:∫ 𝐹�∞

𝑥 (𝑥)𝑑𝑥,∫ 𝐹�∞
𝑥 (𝑥)𝑑𝑥 > 𝑜}. For each α,β Є (0,1]∩Q, where   𝐹,� �̅� are the survival  functions of 

𝑋 and 𝑌 respectively. 
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4.5. SHIFTED FUZZY MEAN RESIDUAL LIFE ORDER ORDER: 
Let 𝑋 and 𝑌 are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean 
residual life order functions 𝐹�(𝑥�) and�̅�(𝑥�) respectively, then 𝑋 is smaller than 𝑌  in Mean residual life order. Denoted 
as 𝑋 ≤𝐹𝑀𝐿𝑅↑ 𝑌. If 

∫ 𝑚𝑖𝑛� �̅��𝑎+𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑎+𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑎+𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑎+𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 , 

increases in 𝑥 over {𝑥:∫ 𝐹�∞
𝑥 (𝑥)𝑑𝑥,∫ 𝐹�∞

𝑥 (𝑥)𝑑𝑥 > 𝑜}. For each α,β Є (0,1]∩Q, where   𝐹,� �̅� are the survival  functions of 
𝑋 and 𝑌 respectively. 
 
4.6. SHIFTED PROPORTIONAL FUZZY MEAN RESIDUAL LIFE ORDER ORDER: 
Let 𝑋 and 𝑌 are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean 
residual life order functions 𝐹�(𝑥�) and�̅� (𝑥�) respectively, then 𝑋 is smaller than 𝑌  in Mean residual life order. Denoted 
as 𝑋 ≤𝐹𝑀𝐿𝑅↑ 𝑌. If 

∫ 𝑚𝑖𝑛� �̅��𝑎+𝑥�𝛽
𝐿�, �̅��𝜆𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑎+𝑥�𝛽
𝐿�, 𝐹��𝜆𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝜆𝑦�𝛽
𝐿�, �̅��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝜆𝑦�𝛽
𝐿�, 𝐹��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑎+𝑥�𝛽

𝐿�, �̅��𝜆𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑎+𝑥�𝛽
𝐿�, 𝐹��𝜆𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
  ≤ 

∫ 𝑚𝑖𝑛� �̅��𝜆𝑦�𝛽
𝐿�, �̅��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝜆𝑦�𝛽
𝐿�, 𝐹��𝑎+𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

increases in 𝑥 over {𝑥:∫ 𝐹�∞
𝑥 (𝑥)𝑑𝑥,∫ 𝐹�∞

𝑥 (𝑥)𝑑𝑥 > 𝑜}. For each α, β Є (0,1]∩Q, where  𝐹,� �̅� are the survival  functions of 
𝑋 and 𝑌 respectively. 
 
4.7. INCREASING FUZZY PROPORTIONAL MEAN RESIDUAL LIFE ORDER PROPERTY: 
 
1. Definition:  𝑋 has the increasing fuzzy proportional Mean residual life order property, 𝑋 ∈𝐼𝐹𝑀𝐿𝑅if 

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹���̅�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

 
2. Definition: continuous non negative fuzzy random variable 𝑋 admits up increasing fuzzy proportional Mean residual 
life order property denoted by𝑋 ∈𝑈𝐼𝐹𝑃𝑀𝑅  if, 

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�, �̅��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�, 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿−𝑡/𝑥�𝛽
𝐿>0�, �̅��𝑥�𝛽

𝐿−𝑡/𝑥�𝛽
𝐿>0�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�, 𝐹��𝑥�𝛽
𝐿−𝑡/𝑥�𝛽

𝐿>0�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

 
4.8. Theorem: If 𝑋 and 𝑌 are two fuzzy random variables such that,                       

𝑚𝑖𝑛� 𝑓�𝑥�𝛽
𝐿�, 𝑓�𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

≤  
𝑚𝑖𝑛� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 

and 
𝑚𝑎𝑥� 𝑓�𝑥�𝛽

𝐿�, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 ≤ 
𝑚𝑎𝑥� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 , 

Then 
∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑𝑥∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

 
4.9. Note: Neither of the orders stochastic and fuzzy mean residual life order implies others  
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4.10. Theorem: Let 𝑋 and 𝑌 are two non negative fuzzy random variables with mean residual life functions 𝐹�𝑋and �̅�𝑌 
respectively. Suppose that 𝐹

�𝑋(𝑥�)
�̅�𝑌(𝑥�)

 is increasing in 𝑥 ≥ 0 and for each 𝛼𝜖(0,1]. Then        
𝑚𝑖𝑛� 𝑓�𝑥�𝛽

𝐿�, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 ≤ 
𝑚𝑖𝑛� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 

and 
𝑚𝑎𝑥� 𝑓�𝑥�𝛽

𝐿�, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 ≤ 
𝑚𝑎𝑥� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 

 If 
∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑𝑥∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

 
Proof: It is not hard to verify that 𝐹�𝑋(𝑥�) is differentiable over {𝑥:� 𝑃{𝑋 > 𝑥�} > 0} and that if 𝑋 has the fuzzy Hazard 
rate function 𝑓(𝑥), then 

𝑓(𝑥) =  
    
𝑚𝑖𝑛� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝑥�𝛼

𝑈�, 𝑓�𝑎+𝑥�𝛽
𝑈�𝑔�𝑥�𝛼𝐿�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑎+𝑥�𝛼𝐿�𝐺��𝑥�𝛼
𝑈�, 𝐹��𝑎+𝑥�𝛽

𝑈�𝐺��𝑥�𝛼𝐿�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  + 1

  
𝑚𝑖𝑛� 𝑓�𝑥�𝛽

𝐿 �, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿 �, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 

Where 𝑓(𝑎 + 𝑥�𝛼𝐿) denotes the shifted of 𝑓(𝑥). 
 
If 𝑌 has the fuzzy Hazard rate function 𝑓(𝑦), then 

𝑓(𝑦) = 
    
𝑚𝑖𝑛� 𝑓�𝑎+𝑦�𝛼𝐿�𝑔�𝑦�𝛼

𝑈�, 𝑓�𝑎+𝑦�𝛽
𝑈�𝑔�𝑦�𝛼𝐿�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑎+𝑦�𝛼𝐿�𝐺��𝑦�𝛼
𝑈�, 𝐹��𝑎+𝑦�𝛽

𝑈�𝐺��𝑦�𝛼𝐿�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 + 1

  
𝑚𝑖𝑛� 𝑓�𝑦�𝛽

𝐿 �, 𝑓�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿 �, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 

 
The monotonicity of  𝐹

�𝑋(𝑥�)
�̅�𝑌(𝑥�)

,  implies that, 

𝑓(𝑥) = 
    
𝑚𝑖𝑛� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝑥�𝛼

𝑈�, 𝑓�𝑎+𝑥�𝛽
𝑈�𝑔�𝑥�𝛼𝐿�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑎+𝑥�𝛼𝐿�𝐺��𝑥�𝛼
𝑈�, 𝐹��𝑎+𝑥�𝛽

𝑈�𝐺��𝑥�𝛼𝐿�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  +1

  
𝑚𝑖𝑛� 𝑓�𝑥�𝛽

𝐿 �, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿 �, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  ≥ 

 

𝑓(𝑦) = 
    
𝑚𝑖𝑛� 𝑓�𝑎+𝑦�𝛼𝐿�𝑔�𝑦�𝛼

𝑈�, 𝑓�𝑎+𝑦�𝛽
𝑈�𝑔�𝑦�𝛼𝐿�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑎+𝑦�𝛼𝐿�𝐺��𝑦�𝛼
𝑈�, 𝐹��𝑎+𝑦�𝛽

𝑈�𝐺��𝑦�𝛼𝐿�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 +   1

  
𝑚𝑖𝑛� 𝑓�𝑦�𝛽

𝐿 �, 𝑓�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿 �, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 

That is, 
𝑚𝑖𝑛� 𝑓�𝑥�𝛽

𝐿�, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 ≤ 
𝑚𝑖𝑛� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 

Similarly, we can apply this method for maximum also. 
 
4.11. Theorem: Let 𝑋 and 𝑌 be two non negative fuzzy random variables with Mean residual life orders  𝐹�𝑋(𝑥�) and 
�̅�𝑌(𝑥�), respectively. Suppose that 𝐹

�𝑋(𝑥�)
�̅�𝑌(𝑥�)

  ≥  𝐹
�𝑋(0)
�̅�𝑌(0)

 , 𝑥 ≥ 0. If , 

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 

Then 𝑋 is stochastically larger than 𝑌. 
 
Proof: Let  𝐹�𝑋 be the survival function of 𝑋. It is not hard to verify that  

𝐹�𝑋(𝑥�) =  𝐸𝑋

  
𝑚𝑖𝑛� 𝑓�𝑥�𝛽

𝐿 �, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿 �, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  exp {−∫ 1

 
𝑚𝑖𝑛� 𝑓�𝑥�𝛽

𝐿 �, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿 �, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑥
0 } 

               over {𝑥:𝑃{𝑋 > 𝑥} > 0} 
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The survival function of 𝑌 can be expressed as  

�̅�𝑌(𝑥�) = 𝐸𝑌

  
𝑚𝑖𝑛� 𝑓�𝑦�𝛽

𝐿 �, 𝑓�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿 �, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  exp {−∫ 1

 
𝑚𝑖𝑛� 𝑓�𝑦�𝛽

𝐿 �, 𝑓�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿 �, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑥
0 }  

over {𝑥:𝑃{𝑌 > 𝑥} > 0} 
 
Therefore, under the assumptions of the theorem, it is seen that 𝐹

�𝑋(𝑥�)
�̅�𝑌(𝑥�)

 ≥ 1.  
 
Similarly, we can apply this method for maximum also. 
 
The mean residual life order can be characterized by means of the hazard rate order and the appropriate equilibrium age 
variables that for non- negative fuzzy random variables X and Y with finite means we denote by  and  the 
corresponding asymptotic equilibrium ages.  
 
4.12. Theorem: For non negative fuzzy random variables 𝑋 and 𝑌 with finite mean we have  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
   if and only if 

𝑚𝑖𝑛� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝜆𝑥�𝛼𝑈�, 𝑓�𝑎+𝑥�𝛽
𝑈�𝑔(𝜆𝑥�𝛼

𝐿)𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑎+𝑥�𝛼𝐿��̅��𝜆𝑥�𝛼𝑈�, 𝐹��𝑎+𝑥�𝛽
𝑈��̅�(𝜆𝑥�𝛼

𝐿)𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

  ≥  
𝑚𝑖𝑛� 𝑔�𝑎+𝑥�𝛼𝑈�𝑓�𝜆𝑥�𝛼𝐿�, 𝑔�𝑎+𝑥�𝛼𝐿�𝑓(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑎+𝑥�𝛼𝑈�𝐹��𝜆𝑥�𝛼𝐿�, �̅��𝑎+𝑥�𝛽
𝐿�𝐹�(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �
 

and 
𝑚𝑎𝑥� 𝑓�𝑎+𝑥�𝛼𝐿�𝑔�𝜆𝑥�𝛼

𝑈�, 𝑓�𝑎+𝑥�𝛽
𝑈�𝑔(𝜆𝑥�𝛼𝐿)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� 𝐹��𝑎+𝑥�𝛼𝐿��̅��𝜆𝑥�𝛼𝑈�, 𝐹��𝑎+𝑥�𝛽
𝑈��̅�(𝜆𝑥�𝛼𝐿)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

  ≥ 
𝑚𝑎𝑥� 𝑔�𝑎+𝑥�𝛼𝑈�𝑓�𝜆𝑥�𝛼𝐿�, 𝑔�𝑎+𝑥�𝛼𝐿�𝑓(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� �̅��𝑎+𝑥�𝛼𝑈�𝐹��𝜆𝑥�𝛼𝐿�, �̅��𝑎+𝑥�𝛽
𝐿�𝐹�(𝜆𝑥�𝛼𝑈)𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 

 
5. SOME CLOSURE PROPERTIES 
 

  If  𝑋1 ≤ 𝑌1  ⟹   
∫ 𝑚𝑖𝑛� �̅��𝑥1�𝛽

𝐿 �, �̅��𝑥1�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑𝑥∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥1�𝛽
𝐿 �, 𝐹��𝑥1�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦1�𝛽
𝐿 �, �̅��𝑦1�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦1�𝛽
𝐿 �, 𝐹��𝑦1�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
  and 

                            
∫ 𝑚𝑎𝑥� �̅��𝑥1�𝛽

𝐿 �, �̅��𝑥1�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥1�𝛽
𝐿 �, 𝐹��𝑥1�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦1�𝛽
𝐿 �, �̅��𝑦1�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦1�𝛽
𝐿 �, 𝐹��𝑦1�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 

                             AND 

  If  𝑋2 ≤ 𝑌2  ⟹   
∫ 𝑚𝑖𝑛� �̅��𝑥2�𝛽

𝐿�, �̅��𝑥2�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑𝑥∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥2�𝛽
𝐿�, 𝐹��𝑥2�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦2�𝛽
𝐿 �, �̅��𝑦2�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦2�𝛽
𝐿 �, 𝐹��𝑦2�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
  and 

                            
∫ 𝑚𝑎𝑥� �̅��𝑥2�𝛽

𝐿 �, �̅��𝑥2�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥2�𝛽
𝐿 �, 𝐹��𝑥2�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦2�𝛽
𝐿 �, �̅��𝑦2�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦2�𝛽
𝐿 �, 𝐹��𝑦2�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 

 
𝑋1, 𝑋2,𝑌1,𝑌2 are independant fuzzy random variables. Then it is not necessarily true that {𝑋1+𝑋2} ≤ {𝑌1+𝑌2}  ⟹ 

∫ 𝑚𝑖𝑛� �̅��𝑥1+𝑥2� 𝛽
𝐿�, �̅��𝑥1+𝑥2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥1+𝑥2� 𝛽
𝐿�, 𝐹��𝑥1+𝑥2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦1+𝑦2� 𝛽
𝐿�, �̅��𝑦1+𝑦2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦1+𝑦2� 𝛽
𝐿�, 𝐹��𝑦1+𝑦2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
  and 

∫ 𝑚𝑎𝑥� �̅��𝑥1+𝑥2� 𝛽
𝐿�, �̅��𝑥1+𝑥2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥1+𝑥2� 𝛽
𝐿�, 𝐹��𝑥1+𝑥2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦1+𝑦2� 𝛽
𝐿�, �̅��𝑦1+𝑦2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦1+𝑦2� 𝛽
𝐿�, 𝐹��𝑦1+𝑦2� 𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 

 
5.1. Lemma: If the random variables 𝑋 and 𝑌 are such that  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
   

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝛽

𝐿�, �̅��𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
  ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 , and if 𝑍 is an IFR random variables 

which is independant of 𝑋 and 𝑌, then 

 
∫ 𝑚𝑖𝑛� �̅��𝑥+𝑧�𝛽

𝐿�, �̅��𝑥+𝑧�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑(𝑥𝑧)∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥+𝑧�𝛽
𝐿�, 𝐹��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑(𝑥𝑧)
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦+𝑧�𝛽
𝐿�, �̅��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑(𝑦𝑧)∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦+𝑧�𝛽
𝐿�, 𝐹��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑(𝑦𝑧)
   

and   
∫ 𝑚𝑎𝑥� �̅��𝑥+𝑧�𝛽

𝐿�, �̅��𝑥+𝑧�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑(𝑥𝑧)∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥+𝑧�𝛽
𝐿�, 𝐹��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑(𝑥𝑧)
≤  

∫ 𝑚𝑖𝑛� �̅��𝑦+𝑧�𝛽
𝐿�, �̅��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑(𝑦𝑧)∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦+𝑧�𝛽
𝐿�, 𝐹��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑(𝑦𝑧)
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Proof: Denote by 𝑓𝑤 and 𝐹�𝑤the density function and the survival function of random variables 𝑋 and 𝑔𝑤  and �̅�𝑤 are 
survival and density functions of 𝑌. Note that 

∫ 𝐹�𝑤
∞
𝑥=𝑠 � 

∫ 𝑚𝑖𝑛� �̅��𝑥+𝑧�𝛽
𝐿�, �̅��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥+𝑧�𝛽
𝐿�, 𝐹��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� 𝑑𝑥  =                                                    

∫ 𝐹�𝑤
+∞
−∞ �  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
�(𝑢) � 

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
�(𝑠 − 𝑢)𝑑𝑢, ∀ 𝑠. 

 
Now, for 𝑠 ≤ 𝑡, compute 

∫ 𝐹�𝑤
∞
𝑥=𝑠 � 

∫ 𝑚𝑖𝑛� �̅��𝑥+𝑧�𝛽
𝐿�, �̅��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥+𝑧�𝛽
𝐿�, 𝐹��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� 𝑑𝑥 ∫ 𝐹�𝑤

∞
𝑦=𝑡 � 

∫ 𝑚𝑖𝑛� �̅��𝑦+𝑧�𝛽
𝐿�, �̅��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦+𝑧�𝛽
𝐿�, 𝐹��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� 𝑑𝑥(-) 

∫ 𝐹�𝑤
∞
𝑥=𝑡 � 

∫ 𝑚𝑖𝑛� �̅��𝑥+𝑧�𝛽
𝐿�, �̅��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥+𝑧�𝛽
𝐿�, 𝐹��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� 𝑑𝑥 ∫ 𝐹�𝑤

∞
𝑦=𝑠 � 

∫ 𝑚𝑖𝑛� �̅��𝑦+𝑧�𝛽
𝐿�, �̅��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦+𝑧�𝛽
𝐿�, 𝐹��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� 𝑑𝑥 

which is equal to  

∫  {∫ 𝐹�𝑤
+∞
𝑢≥𝑣 �  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑢) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑠 − 𝑢)  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
(𝑣) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑡 − 𝑣) (+) 

∫∫ 𝐹�𝑤
+∞
𝑢≥𝑣 �  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑣) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑠 − 𝑣)  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
(𝑢) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑠 − 𝑢)}𝑑𝑢𝑑𝑣.  (-) 

∫  {∫ 𝐹�𝑤
+∞
𝑢≥𝑣 �  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑢) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑡 − 𝑢)  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
(𝑣) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑡 − 𝑣) (+) 

∫∫ 𝐹�𝑤
+∞
𝑢≥𝑣 �  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑣) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑡 − 𝑣)  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
(𝑢) �  

∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽
𝐿�, �̅��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑠 − 𝑢)}𝑑𝑢𝑑𝑣. 

=∫∫ {𝐹���𝑤
+∞
𝑥=𝑢 �  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑥)𝑑𝑥 �  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑣)(−) 

∫∫ 𝐹�𝑤
+∞
𝑥=𝑢 �  

∫ 𝑚𝑖𝑛� �̅��𝑥�𝛽
𝐿�, �̅��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑣)𝑑𝑥 �  

∫ 𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝛽
𝐿�, 𝐹��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑥)} 

 which is multiplied in to 

{𝑓�̅�(𝑠 − 𝑢)[ �  
∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽

𝐿�, �̅��𝑧�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑𝑥∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
� (𝑡 − 𝑣)(−) 𝑓�̅�(𝑠 − 𝑢)                               ` 

�  
∫ 𝑚𝑖𝑛� �̅��𝑧�𝛽

𝐿�, �̅��𝑧�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑𝑥∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑧�𝛽
𝐿�, 𝐹��𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
�]𝑑𝑢𝑑𝑣 

Similarly we proof maximum function also. 
 
5.2. Theorem: Let  (𝑋𝑖 ,𝑌𝑖) , 𝑖 = 1,2, … ,𝑚, be independent pairs of fuzzy random variables such that 

∫ 𝑚𝑖𝑛� �̅��𝑥�𝑖𝛽
𝐿 �, �̅��𝑥�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑥∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝑖𝛽
𝐿 �, 𝐹��𝑥�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦�𝑖𝛽
𝐿 �, �̅��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝑖𝛽
𝐿 �, 𝐹��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
 , for all 𝑖 = 1,2, … ,𝑚. 

and 
∫ 𝑚𝑎𝑥� �̅��𝑥�𝑖𝛽

𝐿 �, �̅��𝑥�𝑖𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝑖𝛽
𝐿 �, 𝐹��𝑥�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤  

∫ 𝑚𝑎𝑥� �̅��𝑦�𝑖𝛽
𝐿 �, �̅��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑦�𝑖𝛽
𝐿 �, 𝐹��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
 , for all 𝑖 = 1,2, … ,𝑚. 

 
If  (𝑋𝑖 ,𝑌𝑖) , 𝑖 = 1,2, … ,𝑚, are all 𝐼𝐹𝑅, then 

 ∑  
∫ 𝑚𝑖𝑛� �̅��𝑥�𝑖𝛽

𝐿 �, �̅��𝑥�𝑖𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑𝑥∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥�𝑖𝛽
𝐿 �, 𝐹��𝑥�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑥
≤ ∑

∫ 𝑚𝑖𝑛� �̅��𝑦�𝑖𝛽
𝐿�, �̅��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑𝑦∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦�𝑖𝛽
𝐿�, 𝐹��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑𝑦
𝑚
𝑖=1

𝑚
𝑖=1    

and 

∑   
∫ 𝑚𝑎𝑥� �̅��𝑥�𝑖𝛽

𝐿�, �̅��𝑥�𝑖𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑥∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥�𝑖𝛽
𝐿�, 𝐹��𝑥�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑥
 ≤ ∑

∫ 𝑚𝑎𝑥� �̅��𝑦�𝑖𝛽
𝐿 �, �̅��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑𝑦∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑦�𝑖𝛽
𝐿 �, 𝐹��𝑦�𝑖𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑𝑦
𝑚
𝑖=1

𝑚
𝑖=1   

 
Proof: We applying the above Closure property, we will get the result. 
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5.3. Lemma: If the fuzzy random variables 𝑋 and 𝑌 are such that, 

𝑚𝑖𝑛� 𝑓�𝑥�𝛽
𝐿�, 𝑓�𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

𝑚𝑖𝑛� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

 ≤ 
𝑚𝑖𝑛� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �

𝑚𝑖𝑛� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �

,  

and 
𝑚𝑎𝑥� 𝑓�𝑥�𝛽

𝐿�, 𝑓�𝑥�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� 𝐹��𝑥�𝛽
𝐿�, 𝐹��𝑥�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 ≤
𝑚𝑎𝑥� 𝑔�𝑦�𝛽

𝐿�, 𝑔�𝑦�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �

𝑚𝑎𝑥� �̅��𝑦�𝛽
𝐿�, �̅��𝑦�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �

 

and if 𝑍 is 𝐷𝐹𝑀𝐿𝑅 fuzzy random variables independent of 𝑋 and 𝑌, then 
∫ 𝑚𝑖𝑛� �̅��𝑥+𝑧�𝛽

𝐿�, �̅��𝑥+𝑧�𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑖𝑛
𝛼≤𝛽≤1

𝑚𝑖𝑛 �𝑑(𝑥𝑧)∞
𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑥+𝑧�𝛽
𝐿�, 𝐹��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑(𝑥𝑧)
 ≤ 

∫ 𝑚𝑖𝑛� �̅��𝑦+𝑧�𝛽
𝐿�, �̅��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �𝑑(𝑦𝑧)∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦+𝑧�𝛽
𝐿�, 𝐹��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑖𝑛

𝛼≤𝛽≤1
𝑚𝑖𝑛 �∞

𝑥 𝑑(𝑦𝑧)
   

and   
∫ 𝑚𝑎𝑥� �̅��𝑥+𝑧�𝛽

𝐿�, �̅��𝑥1+𝑥2� 𝛽
𝑈�𝛼≤𝛽≤1

𝑚𝑎𝑥
𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑(𝑥𝑧)∞

𝑥

∫ 𝑚𝑎𝑥� 𝐹��𝑥+𝑧�𝛽
𝐿�, 𝐹��𝑥+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑(𝑥𝑧)
 ≤  

∫ 𝑚𝑖𝑛� �̅��𝑦+𝑧�𝛽
𝐿�, �̅��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚𝑎𝑥

𝛼≤𝛽≤1
𝑚𝑎𝑥 �𝑑(𝑦𝑧)∞

𝑥

∫ 𝑚𝑖𝑛� 𝐹��𝑦+𝑧�𝛽
𝐿�, 𝐹��𝑦+𝑧�𝛽

𝑈�𝛼≤𝛽≤1
𝑚

𝛼≤𝛽≤1
𝑚𝑎𝑥 �∞

𝑥 𝑑(𝑦𝑧)
 

 
Proof: We applying the above Closure property, definition, we will get the result. 
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