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ABSTRACT

In this paper, we have recalled some of the known stochastic orders and the shifted version of them, so discussed their
relations. Also, we obtained some applications of proportional hazard rate ordering
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1. INTRODUCTION

In life testing situations, the mean additional life time given that a component has survived until time t is a function of t,
called the mean residual life. We consider the special case of mean residual life in terms of fuzzy random variables.
More specifically, if the fuzzy random variables X represent the life of a component, then the mean residual life is
given by m,(t) = E[X, — t/X, > t]

The mean residual life has been employed in life length by various authors, e.g. Bryson and Siddigui (1969), Hollander
and Proschan (1975) and Muth (1977). Limiting properties of the mean residual life have been studied by Meillijson
(1972), Bradley and Gutpa [2], (2002). A smooth estimator of the mean residual life is given by Chaubey and Sen
(1999).

It is well known that the failure rate function can be expressed quite well in terms of mean residual life and its
derivative. However, the inverse problem — namely that of expressing the mean residual life in terms of the failure rate
typically involves an integral of the complicated expressions.

2. PRELIMINARIES

Definition 2.1: If X is a random variable with a survival function F and a finite mean p, the mean residual life of X at t

is defined as
_ E[X«—t/X«>t], fort<t®
m_(t) - { 0 otherwise
Where t* = sup{t:F(t) > 0}. Note that if X ia an almost surely positive random variable, then m(0) = p. By the
finiteness of w we have that m(t) <co for all t < oo. However, it is possible that m(0) = 1™ m(t) = 0. A useful
observation is that

m(t) = [” F(x)dx/F(t). When t* = oo

Although in definition, there is no restriction on the support of X, the mean residual life function is usually of interest
when X is a nonnegative random variable. In that case X can be thought of as a lifetime of a device and then expreses
the conditional expected residual life of the device and at time t given that the device is still alive at time t. Clearly,
m (t) > 0, but not every nonnegative function is a mean residual life (mrl) function corresponding to some random
variable. In fact, a function n is an mrl function of some non- negative random variable with an absolutely continuous
distribution function if, and only if, m satisfies the following properties:
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(i) 0<m(t)<owforalt=0,

(i) m(0) > 0,

(iii) m is continuous,

(iv) m(¢t) + t is increasing on [0,o0], and

(v) When there exist a t, such that m(t,) =0, m(t) =0 for all t > t, otherwise when there does not exist such
that a t, with m(t,) =0, thenfowﬁdt =

2.2. FUZZY NUMBERS

Let X be a universal set and Sy = {xeX: f (x; 8) > 0} be the support of X. A fuzzy subset (briefly, a fuzzy set) X of Sy
is defined by its membership function u; : Sy = [0,1]. We denote the o —cuts of ¥ by %, = {x: uz(x) = a}, and %,
is the closure of the set {x: uz(x) > 0}. then f(x; 6) is a fuzzy set.

The fuzzy set X is called a normal fuzzy set if there exists x € Sy such that uz(x) = 1, and called convex fuzzy sets
uz(x + (1 — A)y) = min{uz(x), uz(y)} for every x,y € Sy and A € [0,1]. The fuzzy set % is called fuzzy number if
it is normal and convex fuzzy set and its o —cuts are bounded for all a € [0,1] . In addition, if X is a fuzzy number and
the support of its membership function u; is compact, then we called X as a bounded fuzzy numbers.

If % is a closed and bounded fuzzy number with ¥ = min{x:x € %,} and ! = max{x:x € %,} and its membership
function be strictly increasing on the interval [x%, x] and strictly decreasing on the interval [xY, x{], then % is called a
canonical fuzzy number.

2.3. FUZZY RANDOM VARIABLE
The fuzzy number X with membership functionuz(r) can be induced by any real number x € Sy such that pz(x) =1
and uz(r) <1 forr # x.We denote the set of all fuzzy real numbers induced by real number x € Sy by F(Sy).

The relation ~ on F(Sy) define as ¥, ~%, if and only if %; and X, are induced by the same real number x. Then ~ is an
equivalence relation, which induce the equivalence classes [¥] = {a@: d~x}. The set (F(Sx)/~) called a fuzzy real
number system. In practice, we take only one element ¥ from each equivalence class [%] to form the fuzzy real number
system (F(Sx)/~). If the fuzzy real number system (F(Sy)/~) consists all of the canonical fuzzy real numbers, then we
call (F(Sy)/~) as the canonical fuzzy real number system.

Let be a random variables with support Sy and (Sy) is the set of all canonical fuzzy numbers induce the real numbers in
Sx. A fuzzy random variable is a function X: — (Sx) where for all a€ [0,1].
{(w,x):w €Y, x € Xy(w)} EFX B

Noting that F(Sy) is the support of the fuzzy random variable X and hence, each o —cut set of X depends on the random
variable X .

3. SOME PROPERTIES OF HAZARD RATE ORDER

3.1. FUZzZY HAZARD RATE ORDER:

Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with Hazard rate

functions 7(X) and g (x) respectively, then X is smaller than Y in Hazard rate order. Denoted as X <gyr Y. If
min{o<f<if (¥5) aspzas (7)) _ min{acp<io(75) a<’£i?g(9é’ )}

mmF mmF

min{, fUF(2f) qapiiF (5F)) — min{a<hiC(95) aspiic (7F)}

and

masl 2 (8) a0 (58)) _ marladiRo(58) adfi0(5%)
max{, JFGF(2) a<7§gi (7)) ~ max{o 36 (9) alp i (95} ~

For each a, B € (0,1]NQ, where F, f are the survival and density functions of X respectively and G, g are the survival

and density functions of Y respectively.

3.2. SHIFTED FUZZY HAZARD RATE ORDER:
Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with Shifted
fuzzy Hazard rate functions #(%) andq(x) respectively, then X is smaller than Y in Hazard rate order. Denoted as X
SSFHRI Y If ) )

min{ o B (a+2k) g (%) o< fiif (a+2] )93}

( 5 min
min{ o SF(a+25)G (%), e itF (a+25 )G (X5)}

min{ o firg(a+2Y)f (%h), q<pora(a+x8)r (28}

min{, NG (a+xY)F(%L),qepitG(a+25)F (D))

v

and

max max max

9@} max{, %0 (a+28)f (7)o 2pZia (a+2k)f @Y}

max{a<ﬁ<1f(a+£{;¢)g(xa <B<1f(a+£g) -
max{, R (a+x5)G(2Y), o pLiF (a+2] )6 xh)} ~ max{, J3¥56 (a+2Y)F(2L), o 325G (a+xh )F D)}
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For each a, B € (0, 1] NQ, where F, f are the survival and density functions of X respectively and G, g are the survival
and density functions of Y respectively.

3.3. SHIFTED PROPORTIONAL FUZZY HAZARD RATE ORDER:
Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with Shifted
fuzzy Hazard rate functions #(X) andg(x) respectively, then X is smaller than Y in Hazard rate order. Denoted as X
<prurt Y- If,
min{asrgsirllf(a+fa)g(Afg),a<rgiqf(a+ g) xé ]
min{ o JANF(a+25)G (A%, o HF (a+%] )G (Axk) |

min{ , firg(a+2Y)f (1%5) o piro (a+x5) F (129}
min{ o PG (a+2Y)F(A%5), o HinG (a+ 3 )F(12Y)}

>
a+x

and

max{ o JpES (a+2h)g (Bell) o dpir (a+25)g i)} max{odpZig(a+ll) r(58) adptio(a+28) rAzid)}
max{asrg‘é’lcF(a+ia)(f(Afg) a<’%‘i’1€F(a+xﬁ)G(AxQ)} - max{asrg‘i’lcc(a+ig)l7(l L a<’%‘i’f6(a+xﬁ)F(Axg)}

for each a, B € (0,1]NQ, where F, f are the survival and density functions of X respectively and G,g are the survival
and density functions of Y respectively.

4. SOME PROPERTIES FUZZY MEAN RESIDUAL LIFE ORDER ORDER

4.1. FUZZY MEAN RESIDUAL LIFE ORDER ORDER

Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean
residual life order functions F(¥) andG (%) respectively, then X is smaller than Y in Mean residual life order. Denoted
asX <pypp Y. If

o . mins
fx mm{asBﬂG

© . ming
I mm{asﬂﬂp

and

L max{o J3E0(%) adpA0(7jax _ [y mar{adp10(55) o2pHI0 (8 )ty
I max{ (JEF(3h) o JBGF (2 )Jax T 7 max{o JBEF (7). s piF (76 ) Jay
increases in x over {x: f F(x)dx, fw (x)dx > o}. For each a, B € (0,1]NQ, where F, G are the survival functions of

X and Y respectively.

Definition 4.2: X is said to be Mean residual life aging faster than Y if i"—gxxi is increasing in x > 0 or ultimately Mean
Y
residual life aging faster than Y if above holds for sufficiently large x.

4.3. UP PROPORTIONAL FUZZY MEAN RESIDUAL LIFE ORDER ORDER:

Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean
residual life order functions F(¥) andG (%) respectively, then X is smaller than Y in Mean residual life order. Denoted
as X <yprmrr Y. If

f:min{asrgﬁﬁ(fé t/x6>0) a!gf{a( é t/x6>0)} f:min{asrgﬁg(?é)ragggé(~g)}dy
; [ min{ o JfEiF (2h—t/%>0). < piF (<h—t/f>0)Jax = [ min{o AF(5h) ash<iF (75 )Jay
an
f;omax{asﬁglt ( - t/ff?>0) azpeiC (Xﬁ t/xﬁ>0)] < f?min{aSﬁﬂ_(yﬁ) a<7%?1{c( ll?])}dy
" max{o BT (2=t /2f>0). o JpiF (Rh—t/5p>0)ax T L7 min{o (7)) uzpdiF (7))
increases in x over {x: f F(x)dx, f F(x)dx > 0}. For each o,B € (0,1]NQ, where F,G are the survival functions of

X and Y respectively.

4.4. DOWN PROPORTIONAL FUZZY MEAN RESIDUAL LIFE ORDER ORDER:

Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean
residual life order functions F(%) andG (%) respectively, then X is smaller than Y in Mean residual life order. Denoted
as X <pprymrr Y. If

I minl o 16(5h) B A0(Hix 12 minladf10(5h-0/5520)ashR(5h-t17520 )
£ min o FAF(eh ) a<fP (< )Jax = 57 min{ofEF(vh-t/75>0) asf P (vf-t/7f>0)Jay
and
Iy maxf{, J25G(75), o L3YiG (] ) Jax - I max{  JBEG(Th-t/75>0), 0 pEG (7h-t/75>0) Jay
I max{ ZEF(2h) T (Y ax L maxl I -t/7h0) o Zp AP -t

increases in x over {x: fx°° F(x)dx, fx°° F(x)dx > o}. For each a,p € (0,1]NQ, where F,G are the survival functions of
X and Y respectively.
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4.5. SHIFTED FUZZY MEAN RESIDUAL LIFE ORDER ORDER:

Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean
residual life order functions F (%) andG (%) respectively, then X is smaller than Y in Mean residual life order. Denoted
as X <FMLR1 Y. If

52 minl 56 (v 8) R0 ()t _ 2 mind 36 o) (v
o (e W ) P e W W e

f:max{a<7$215(a+fé) a!ﬁ‘i’{G

feomax{a<ﬁ<1 (a+f;§) axﬁ(
increases in x over {x: f F(x)dx, fx
X and Y respectively.

dx f;:omin{asr"é‘;’{é(i‘lé),a;ﬁ‘é’l‘ﬁ(a+
S o . maxg ~L mg

ax = [ min{ JEF(E) s pdiF(

F(x)dx > o}. For each a,p € (0,1]NQ, where F,G are the survival functions of

7))
7))

rasfs1

4.6. SHIFTED PROPORTIONAL FUZZY MEAN RESIDUAL LIFE ORDER ORDER:

Let X and Y are two non negative fuzzy random variables with continuous distribution functions and with fuzzy mean
residual life order functions F(%) andG (%) respectively, then X is smaller than Y in Mean residual life order. Denoted
as X <pmrpr Y. If

f:mm{ *,::;'qc(a+fg>.a;g;qa<ug)}dx _ L2 minl 0158 o0 (as58 oy
#) ) 1F(275) 3

f°°max{a<’§<1c‘ a+x )a<"g‘i’1cc_(/1fg)}dx < f)§>°min{cts"g<1 _(/1 )a:E(i’f (a+ g)]cly
F(a+sg)

#g)lx = L minlo P (45E) aspdd Jay
(x)dx > 0}. For each o, B € (0,1]NQ, where F, G are the survival functions of

"m m:

increases in x over {x.fx F(x)dx f
X and Y respectively.

4.7. INCREASING FUZZY PROPORTIONAL MEAN RESIDUAL LIFE ORDER PROPERTY:

1. Definition: X has the increasing fuzzy proportional Mean residual life order property, X €;pyrif
fy min{oBEG(%h ) aslrG (%4 ) ax < Ly min{q<FEC (%5 ) asfirG (%5 )y

1 min{ o BEF(%h) o fiF (28 )Jax = [ min{ o FLAF (%) o pinF (2f)Jay
and

[g max{ o216 (75 ) adpsiG (% lax _ [y min{adpSi6 (%)) iG55 ) Jay

fy max{ o JpEF(%p) 0 dp P (%5 ) ax f min{ o JEGF(2) < 2iF (25 ) Jay

2. Definition: continuous non negative fuzzy random variable X admits up increasing fuzzy proportional Mean residual
life order property denoted byX €yppur if,

I3 min{ o JRG (2h -t/ 25>0), o PG (25—t /55 >0) dx - e min{as’§;26(~f;),as’,§‘é:’{5(~g)}dy

; [ min{ o feiF (2h-t/%>0) o piF (h—t/f>0)Jax [ min{o B (%)) q<fiF (75 )y
an

fy max{o JpEG(%f—t/55>0), o PG (2-t/%f>0) Jax foom“"{as"ézlé(’?f?) o2p516(2f)}ay

I max{ o JBEF(2h-t/2[5>0) o L (2 —t/75>0) fax =7 ; max{ o JBEF(h). o JpLF (25 )ty

4.8. Theorem: If X and Y are two fuzzy random variables such that,
min{q<feif (%) aspeaf (7)) _ minlaspzso(5) aspzio (78 )}

; min{qfif (26) a<pf (7))~ min{a<fi6(6) o<peid (7))
an
maxiaspif (Tp) SBstf(’?ll?])]<m“"{a<ﬁ<1g(371L?) o2pi0(75 )}
Th max{ 1P (%) a2 (5)) T max{o25E6(95) adpi6(55))
en
e minlasfa6(#h) opid(#5)lax _ [ min{aspiG(75) asheic(75) )y
, " mino<piF (26 ) aspeaf (5 )Jax = [ min{o<f R (75) asherr (75 )y
an

17 m Ao _ [ mif (5
f;Omax{as[)’ﬂ_(’?,Ié)'asr,rbl’zxﬁ(~g)}dx h fy:o min{a;"é‘;’{ﬁ(y

4.9. Note: Neither of the orders stochastic and fuzzy mean residual life order implies others
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4.10. Theorem: Let X and Y are two non negative fuzzy random variables with mean residual life functions Fyand Gy

respectively. Suppose that X( )

|s increasing in x = 0 and for each ae(0,1]. Then

min{q<feif (7). a<75311f ( £}  minfaspio(9) azpzio (7))
min{o<fiF (%) aspzsf (%)}~ min{a<p<i6(75) acpzid(75)
and
marl S (%) apSif (35)) _ max{odfSio(75) apiio(98))
max{o JBEF (%) oGP (%)} ~ maro2pEi6(75) o 2p2i6 (75}
If
- min{osp<i@(%p) asperG(xg)lax _ fy minlofi6(75) aspert(75)
f min{q FEF (2 ) e fLF (2 )Jax = [ min{ (7)) acfEiF (9
and
g max{ (JEEG(%5) adp 0 (2f Jax _ [ min{o 36 (9)) o Jpi6(5
I max{o ZBEF (k) o SpGF (2 fax = [ min{o JEF(7E) aspliF(v

Proof: It is not hard to verify that Fy (%) is differentiable over {&: P{X > X} > 0} and that if X has the fuzzy Hazard

rate function f(x), then
min

min{ o feif (a+76)o(*4 ) a<pif (o+7f)o(¥6)}
() q<p<iF(a+%5)

f( ) mln{a<7;irllF(a+xa) xq )< 7[?5 +% E(%I&)} 1
x) =
min o (¥ ashers (35))
min{ o FEF(35) a<hiF (34)}

Where f (a + x%) denotes the shifted of f(x).

If Y has the fuzzy Hazard rate function f(y), then
min{a<,;é1f(a+vé)g(?3),a<,;<’1‘f(a+y,,,)g(yé)}

fiy) = minl o AEF(ar9E)0(7Y) g B (ar95)a(78)]
min{ o, B (V5) a<perf(V4))

mlnF

mm{asﬂéq (y,B) hasf<1 (yB }

Fx(®)
Gy (%)’ _
min{ B (o+38)o(38) o pE8s (o4
_ min{ FUF(a+xh)6(xE) o FLiF
fx)= mm{ min ") mmf
asp=1/(%p
B)as

mm{a<ﬁ<1 (5?

The monotonicity of implies that,

min{, B (a+
m‘"{as[)’sqﬁ(

‘<I ‘<I
]| /R
|
Q
=
L[| R
R RS
I
I
3
SIAS
[~
-
—
Q
T

f) =

That is,
min{o i (%) asfeif (35)) _ minlesfeio(75) asheio (7))
U
7

mmF

min{ o BEF(2h) Bt (7))~ min{of16(7F) ashiG (74}
Similarly, we can apply this method for maximum also.

4.11. Theorem: Let X and Y be two non negative fuzzy random variables with Mean residual life orders Fy (%) and

Gy (%), respectively. Suppose that XEX; > FXEE; x>0.If

f mln{a<5<1a(xﬁ) a<1BngllG( lB’)} < f mln{a<6<1G( é)’asmsl:rllG_(

e min{q<fiF (o )aspit (% ltx " min{o<piF(5E) aspeir(
and

iy max{od5Si6 (%) oZpSi6(h lax _ L min{o5Ei6(7h) adpeic

S man{o P (25) (R = S minl ZEEF (7R amp P

Then X is stochastically larger than Y.

Proof: Let Fy be the survival function of X. It is not hard to verify that

= EX 1

Fy(X) = exp {—

x(%) min, B (25 e f (9)) p{-J minf <05 (%),
min{o B (%5) a<piF (75)) min{o<B<1F(%f).

over {x: P{X > x} > 0}
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The survival function of Y can be expressed as

Gy(%) = — exp {— [ _— }
P il O IO s I AR )
min] o B (75) o B (0] min] B (75) o R (D)

over {x: P{Y > x} > 0}

Therefore, under the assumptions of the theorem, it is seen that Z"g; >1.
Y

Similarly, we can apply this method for maximum also.

The mean residual life order can be characterized by means of the hazard rate order and the appropriate equilibrium age
variables that for non- negative fuzzy random variables X and Y with finite means we denote by and the
corresponding asymptotic equilibrium ages.

4.12. Theorem: For non negative fuzzy random variables X and Y with finite mean we have

min

L min{qBEG(25), a<ts<1G(xts)}dx < Jo minloPRC(95) < fr6 (78 ) ax
Ly min{ BOF(2h) qapitF (2f )Jax = [ min{ o JFRF(55) asp i F (5 jax

and
L max| o dpE10(%h) o 2p L0 (¥ Jax _ [ minlodfSi0(7h) odp0 (8 lax i
< if and only if
I3 man{ R (58) (R (Y i — I minl () g P ex
min{ o B f (a+2k)g(12Y), o frf (a+2] ) 9 Ak} - min{ o Ferg(a+2¥)f (A%k), g firg (a+2k) fA%Y))
mm{as’[?lgllF(a+xa)G(/1xg) a<’£ﬂF(a+fg) Té} - min{asrggllc(a+xa)F(/1xa) a<$iq6(a+xB)F(Axg)]
and

max max

max{ o Jp8f (a+35)g(xY), o 5 (a+2] )a 1z} max{,Jp%ig(a+28)f(A%k), o 3% g (a+2k) f (1Y)}
max{, JEF(a+%5)G(A%Y), o Jp25F (a+25 )6 (A5} ~ max{, %G (a+xY)F(2%L),, 23456 (a+ 2k )F(ax)}

v

5. SOME CLOSURE PROPERTIES

IS
=

16 (71 ) aspei6(x1p)} in{a<fziG (V1) aspzi6 (715}
X <t = e () i (e ax [ min| o 37 (31 ) o i (510 ax OO
f;o max{asm‘;’{é(ﬁ%).asm‘é)fé(ﬁ%)}dx f;o min{asr,rbl’?icg(ﬁlﬁ)'asrgzjlcé(ﬁ%)}dx
fi” maxlq G (¥1f) o g2 (Vg )Jax = 77 min{ 5P (77 ) aepdiF (71 )Jax
AND
f;omin{as?siqé(f]ﬁ)'as?éqé(;;?])]dx I min{asrgéqé(?lf?)'asmsiné(?lB])]dx
B T A R B e e
[ max{ o 3856 (725 ) wdpi6 (@Y Jax _ [ min o326 (725) o 2350 (72 Jax
I mar] R (72l B R (72 ) ax = [ min{ PG (72) e 7 (725 v

X1, X,, Y1, Y, are independant fuzzy random variables. Then it is not necessarily true that {X;+X,} < {\;+\,} =
foo mln{a<"£i7llc(x1+xzﬂ) a<7[;<i1 ‘(xng)]ax < f;o mm{a<7£3116(y1+y2ﬁ.) a<ﬂ<'1 _(ymzﬂ)}dx q

Iy mln{a<’£i1 (x1+x26) a<T[:’li1 (xng)}dx - fxoomin as’gfllF(y1+yZB) a<B<1 (y1+y26)}
Iy max{asrz,‘;’l‘G(xmzlé) as’g‘;’{@(xﬁ-l-‘ng)}dx I an{aSm‘gG_(yl [)’) asr"é‘;’{é(ymzﬁ)}dx
1 max{ PGP (xf)  JEF (w2 )ax = [ min{, BEF(vITY2}) qep i (yTFy2f)Jax

5.1. Lemma: If the random variables X and Y are such that

S minf o dFERG(2h) RO [ minodBERG(9E) e O3t
d 12 min{ o B (2h) a2 Jax = [ min{q B RF(5E). acpiiF (95 )}y
an
a max o . maxs( 5L maxs( U
; :‘Z%“ﬁ;ﬁ%xﬁ ; “jﬁ;i%x”’ﬁd’c < i"w:l_zgas,ﬁjiigf;'as S,f;gf,;} and if Z is an IFR random variables
x asp=1F\¥p ) asp<1t\Xp )jdx x MM asp<1t\Yg ) asp<1”\Vp
which is independant of X and Y, then
I3 min{ o PG (¥F2h), < pinG (v72Y }d(xz)< [ min, 75;26(mf,,),a;gs‘:’;é(m}!)}d(yz)
I3 min{ o S (72 ) o b iF (7728 ) Ja(ez) T [ min{ , SO (57925 0 b F (3729 ) Jd(v2)
and
[g max o216 (725 ) oZpeiC (72 lacz) _ [ min{ o p2i6(772)).api6 (7924 )} r2)
1 max{ o JBEF (7725 ) o pEF (7724 Jaten) = [ min{ o JBEF (7725 ).asp iF (72 )Java)
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Proof: Denote by f,, and F,the density function and the survival function of random variables X and g,, and G,, are

survival and density functions of Y. Note that
R i )
x=s W | [P min{ , JPOF(XF25), g piF (2 F2] ) ax

too = | I min{ oG (%h) qepnc (%) G(2) aspinG(zf))ax)
L Fw{ i P (35 ) p i i ) | T il B 2 p e & Y S

Now, for s < t, compute

P s 0 ) WP W Gl S DO
=L min{asrlrfléiril": (m[Lf)'aST[:’lS_iril": (w72 )Jax y=t WL min{ o JEF(vF2p) asrlrflérilﬁ (772f ) Jax
(= g [ minlasf (T a0 ) oo o (S minl RO R )
I i = e e e L e e e e
wnicn IS equa to
veo o [ S minop 6 (5h ) a6 ax) [ S minfaghi () acpio(2)ar)
R o o) © | oo e ©

L oo o (ol
17 min{ EF(9) asp i (9 ™ | 127 minf o B (2f) LA (2 Jax
voo [ L min o L6(2h) acpiG (24 )Jax L min{o<f<i6(25) azpeac (2 lax|
Fh o B il o () g e ) 0 | o 32 gt e ) )
f;omin{as'gshﬁ(ié),a;gsiq&(ig)}dx/ f;omin{as'gsiq(_;(Zé)‘asrgsirfﬁ(fg)}dx _
f:’mm{aszl:;ﬁ(fé)ra;{;:;f@g()]a;‘ ) %w,;]m{a;;;qﬁ(zg) a:ﬁi?f(fé’)]zx )“ z}d)]d ©
= foomin asZ’lsiqé ’Zf? rasrélsiqc_ ’?[l?] dx fxoomin asrlr?lsiqé Zf? 'asrlr?lsiqé Z[l?] dx
f{f::;FW{ xoo ; ine{ - inel ~ (u) C in- in= (t_u)
2 12 min{ BT (2) e (2] ) Jax I min{ o FEF(2h) o1 (2 ) ax
f:’min{a;gg"’l‘@(yé),asrgsiqc_(yg)}dx/ ) fx mm{asrﬁngllg(Zé)‘asz’lsirilg(zg)}dx (t _ 17) (+)
1 min{ o FEF(95).ofF (78 )Jax " || £ min{o JFEF(2h) afiF (2f ) Jax
[ g [ minlafo(h) 0o o [ L minlasB0() acfi(ex) o
wm{ "1 f;g m;n{a;g;’;(f(f%}),a;ﬁ’;f(f@}dx{ _ (f;;min{,a;g(i’;i%fé).as’ﬁé’;f(fé’)}dx
12 min{ ( JBG(7E) 6 (7 ) Jax, { 12 min{ o JBNG (25), o minG (25 dx}

- - - = — dudv.
f;omin{asré‘é’llﬁ(yé),asré{‘é’llﬁ(?g)(]dx)\u) | LE""m)i;{as’é‘é’;ﬁ(zé),as’%qﬁ(zf)]d}f Es | u)} 1; v)}
oo ([T min{ o 3G (5), o 3G (24 Jax L min{q<p<i6(vh ) aspeiG(7g fax] -
ST e e 0% | St 0

voo o [ L3 min{ 86 (7). 56 (] Jax fe min{a<B6(95) ashei(9F )Jax
R i s e) 0 T B Rarope) €Y

which is multiplied in to
_ ffmin{asglsi"llc_(i ra<Be
{fz(s - u)[{ f;o‘min{a minﬁ(z <
{ Ly min{ o <Fh6(
1

Similarly we proof maximum function also.

B
aspei(25))ax

5.2. Theorem: Let (X;,Y;),i = 1,2, ..., m, be independent pairs of fuzzy random variables such that

12 min B (5afRS () ax _ 12 minloB (55RO
L 2 G ) R R e G S ) T S
and
g2 ma () dp 0o _ I max BE0) BBy (o
I max{ o JEEF(%ip) o B (%1 ) Jax = [ max{o JEEF(91) qepdiF(vig)Jay S

If (X;,Y)),i=1,2,..,m,areall IFR, then
m f,:omin{a;ﬁ;qé(fié)rasrﬁgé(’?iz)}dx <ym f;omin{asrggé(iié)rasrgsl:qé(?ig)}dy
S O O R e T W W

and
L T ) e 0 (P AR T )
T max{o BEF(tip) adpBF (2 )lax T T L max{ ( JIEF(9if ) aep fiF (915 ) Jay

Proof: We applying the above Closure property, we will get the result.
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5.3. Lemma: If the fuzzy random variables X and Y are such that,
minf o328 (25 ) ash s (75)) _ min{ashlio(95) achio (78))
m‘”{aSﬁﬂ ("ﬁ) a<fiF (xﬁ )} B mi"{asrﬁéqé(yé)'asrﬁéqé(yg)],

and

max

max{ B2 (%) adpzs (%5} < max{o2h%i9(75) a<ﬁ<1g(yﬂ )
max{ (). o UF(2)} ~ max{o 286 (5h) o336 (95}
and if Z is DFMLR fuzzy random variables independent of X and Y, then
[e min{ o6 (¥F75) aspeiG (725 ) Jaa) < g min <G (777 ZIL?) aspei6 (774 )}z
U
“p

f;o min{asgéqﬁ(x+zﬁ) a<"£51‘F(x+zB )}d(xz) f;o min{a;gsi"llﬁ(y+z;;) aJEE’IF(y )}d(yz)

and
Iy max{a<ﬁ<1G(x+zﬁ) al"é‘;’l‘(_;(va g)}d(xz) Iy mm{a<6<16(y+zﬁ) a<B<1G( g)}d(yz)
- <
f max{ o JPEF(TF2p) o P (2] Jater) — [ min{( JPEF(5F2) 0ep fiF (7724 )Jar2)

Proof: We applying the above Closure property, definition, we will get the result.
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