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ABSTRACT
The purpose of this paper is to introduce a new class of functions called somewhat nano b-continuous and somewhat
nano b-open functions in nano topological spaces using nano b-open and nano b-closed sets. We obtain their
characterizations and their basic properties.
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INTRODUCTION

The concept of somewhat open functions was introduced by Gentry and Hoyle [3]. These ideas are also closely related
to the idea of weakly equivalent topologies which was first introduced by Yougslova [8]. D. Andrijevic [1] introduced
and studied the concept of b-open sets in topological spaces. D. Santhileela and G. Balasubramanian [7] established the
idea of somewhat semi continuous and somewhat semi open functions. In 2013, Lellis Thivagar [5] introduced the
notion of nano topological spaces. He also established the weak forms of nano open sets namely nano « -open sets,
nano semi open sets and nano pre open sets [5]. In this paper, using the notion of nano b-open sets, the concepts of
somewhat nano b-continuous functions and somewhat nano b-open functions are introduced and studied. Also
characterizations of these functions are obtained and proved with suitable examples and counterexamples.

PRELIMINARIES

Definition 2.1[9]: Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U
named as the indiscernibility relation. Then U is divided into disjoint equivalence classes. Elements belonging to the
same equivalence class are said to be indiscernible with one another. The pair (U, R) is said to be the approximation
space.

Let XU

1. The lower approximation of X with respect to R is the set of all objects, which can be for certainly classified
as X with respect to R and it is denoted by Lg(X). That is

Lr(X) = U {R(X) ‘R(X) < X}, where R(x) denotes the equivalence class determined by xEU.
xeU
2. The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as X
with respect to R and it is denoted by Ug(X). That is
U090 = [J{ROX):R(X) N X~ g}
xeU
3. The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor as
not-X with respect to R and it is denoted by Br(X). That is Bg(X) = Ur(X) — Lr(X).
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Definition 2.2[5]: Let U be an universe, R be an equivalence relation on U and 7, (X) = {U, @, La(X), Ur(X),
Br(X)} where X CU. 7, (X) satisfies the following axioms:
i) Uand e 7=(X)
(if) The union of the elements of any sub-collection of 7, (X) isinz,(X).
(iii) The intersection of the elements of any finite sub-collection of 7, (X) isinz,(X). Thatis, 75 (X) forms
a topology on U called the nano topology on U with respect to X. We call (U,TR(X)) as the nano

topological space. The elements of 7 (X') are called nano open sets.

Definition 2.3[5]: Let (U TR (X )) be a nano topological space and A U. Then, A is said to be
(i) nano semi-open if A < Ncl(Nint(A))
(if) nano pre-open if Ac Nint(Ncl(A))
(iii) nano « -open if A Nint(Ncl(Nint(A)))

Definition 2.4[2]: Let (U TR (X )) be a nano topological space and A< U. Then A is said to be
nano b-open if A C Ncl(WNVintA) U Nint(NclA).

Definition 2.5[2]: A function f : (U, 7, (X))— (V, 7 (Y)) is called a nano b-continuous function if the inverse
image of every nano closed setin (V, 7. (X)) is nano b-closed in (U, 7, (X)).

Definition 2.6[6]: A function f :(U,7(X))— (V, 7 (Y)) is called a nano continuous if the inverse image of
every nano closed setin (V7 (X)) is nano closed in (U, 7, (X)).

3. SOMEWHAT NANO b-CONTINUOUS FUNCTIONS

Definition 3.1: Let (U TR (X)) and (V T (Y)) be any two nano topological spaces. A function
f:(U,75(X) > (V,7,(Y)) is said to be somewhat nano b-continuous if for every Me 7. (Y)and f (M)
# ¢ there exist a nano b-open set N in U suchthat N= ¢ and N f (M).

Definition 3.2: Let (U, 7, (X)) and (V,TR. (Y)) be any two nano topological spaces. A function (U, 7, (X)) is
said to be somewhat nano semi-continuous if for every M e 7. (Y)and f*(M) # ¢ there exist a nano semi-open

setNinUsuchthatN# ¢ andNc f(M).

Definition 3.3: Let (U,Z'R(X)) and (V,TR. (Y)) be any two nano topological spaces. A function (U,Z'R(X)) is
said to be somewhat nano continuous if for every Me 7. (Y)and f (M) # ¢ there exist a nano open set N in U

suchthatN= ¢ andNc f(M).

Example 3.4: Let U = {a, b, ¢, d} with U/R = {{a}, {c}, {b, d}} and X = {a, b}. Then the nano topology is defined
as 75 (X)=A{U, ¢, {a}, {b, d}, {a, b, d}} . Let V = {X, y, z, w} with V/R' ={{} {y, w}, {z}} and Y = {y, w}.
Then 7. (Y) = {V. 4, {y, w}. Define f : (U,7,(X))—= (V,74(Y)) to be f(a) = z, f(b)= w, f(c) = x, f(d) =y.
Then clearly f is somewhat nano b-continuous function.

Theorem 3.5: Every somewhat nano semi-continuous function is somewhat nano b-continuous.

Proof: Let f: U — V be somewhat nano semi continuous function. Let M be any nano open set in V such that
f‘l(M) # ¢ . Since f is somewhat nano semi continuous, there exists a nano semi open set N in U such that

N#¢gandNc f ‘l(M ) . Since every nano semi open set is nano b-open, there exists a nano b-open set N such that
N # ¢ and Nc f (M), which implies that f is somewhat nano b-continuous function.
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Remark 3.6: Converse of the above theorem need not be true in general which follows from the following example.

Example 3.7: Let U = {a, b, c, d} with U/R = {{a}, {c}, {b, d}} and X = {a, b}. Then the nano topology is defined
as 7, (X)={U, ¢, {a}, {b, d}, {a b, d}} . Let V = {x, y, z, w} with V /R"= {{x}, {y, w}, {z}} and Y = {y, w}.
Then 7o (Y) = {V, ¢, {y, w3}. Define f :(U,7,(X))— (V,7,(Y)) to be f(a) = z, f(b)=y, f(c) = x, f(d) = x.
Then f is somewhat nano b-continuous function but not somewhat nano semi continuous.

Theorem 3.8: Every somewhat nano continuous function is somewhat nano b-continuous.

Proof: follows from the Theorem 3.5.

Remark 3.9: Converse of the above theorem need not be true in general which follows from the following example.

Example 3.10: Let U = {a, b, ¢, d} with U/R = {{a, c}, {b}, {d}} and X = {a, d}. Then the nano topology is defined
as 7 (X)={U, ¢, {d}, {a c, d}, {a c}}. Let V = {x, y, z, w} with V/R'= {{x3, {y, W}, {z}} and Y = {y, w}.

Then 7. (Y) = {V. 4, {y, w3}. Define f :(U,zo(X))—= (V, 7o (Y)) to be f(a) = x, f(b)= x, f(c) =y, f(d) = x.
Then f is somewhat nano b-continuous function but not somewhat nano continuous.

Theorem 3.11: Let f: (U, TR(X))—>(V,TR, (Y)) and Q: (V’TR' (Y))—)(\N,TRH (Z)) be any two functions. If f

is somewhat nano b-continuous function and g is nano continuous function, then g o f is somewhat nano b-
continuous function.

. -1 . . . .
Proof: Let M€ 7,.(Z). Suppose that g (M) # ¢ . Since Me 7..(Z) and g is nano continuous function
g (M) e 7. (Y) . Suppose that f (g (M)) # ¢ . Since by hypothesis f is somewhat nano b-continuous
function, there exists a nano b-open set N in U such that N# ¢ and Nc f (g™ (M)). But f *(g*(M)) =
(g ° f)_l(M ) , which implies that N (g of )_1(M ) . Therefore g o f is somewhat nano b-continuous function.

Remark 3.12: In the above Theorem 3.11, if f is nano continuous function and g is somewhat nano b-continuous
function, then it is not necessarily true that g o f is somewhat nano b-continuous function. The following example
serves this purpose.

Example 3.13: Let U = {a, b, ¢, d} with U/R = {{a}, {c}, {b, d}} and X = {a, b}. Then the nano topology is defined
as 7, (X)={U, ¢, {a}, {b, d}, {a b, d}} . Let V = {x, y, z, w} with V /R"= {{x}, {y, w}, {z}} and Y = {y, w}.
Then 7. (Y) = {V. ¢, {y, w3}. Define f : (U,7,(X)) = (V,74(Y)) to be f(a) = x, f(b)= w, f(c) = w, f(d) =y
and define Q: (V \To (Y))—) (\N VT (Z))as g(@) =w, g(b) =y, g(c) = x, g(d) = z . Then clearly f is nano continuous

and g is somewhat nano b-continuous functions but g o f is not somewhat nano b- continuous.

Definition 3.14: Let H be a subset of a hano topological space (U ,Tr(X )) Then H is said to be nano b-dense in U if
there is no proper nano b-closed set C in U suchthat HC CC U.

Theorem 3.15: Let f (U, 7,(X) — (V, 7z (Y)) bea function. Then the following are equivalent:
(i) fissomewhat nano b-continuous function.
(ii) If C is a nano closed subset of Y such that f N (C) # U, then there is a proper nano b-closed subset D of U
suchthatd > f *(C).

(iii) If H is a nano b-dense subset of U then f(H) is a dense subset of V.

Proof:
(i) = (ii): Let C be a nano closed subset of V such that f (C) # U. Then V — C is a nano open set in V such that

f'(V —=C) =u— f*(C) # ¢. By hypothesis (i) there exists a nano b-open set N in U such that N # ¢ and
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Nc f*(V-C)=u- f*(C). This means that U = N > f (C) and U — N = D is a nano b-closed set in U.
This proves (ii).

(if) = (iii): Let H be a nano b-dense set in U. We have to show that f(H) is dense in V. Suppose not, then there exists

a proper nano closed set C in V such that f(H) CCc V . Clearly, fﬁl(C) # U. Hence by (ii) there exists a proper

nano b-closed set D suchthat H — f ™ (C) < D U. This contradicts the fact that H is nano b-dense in U.

(i) = (ii): Suppose that (ii) is not true. This means there exists a nano closed set C in \V such that f _1(C) # U. But
there is no proper nano b-closed set D in U such that f ~(C) = D. This means that f ~(C) is nano b-dense in U.

But by (iiiy f(f (C)) = C must be nano dense in V, which is contradiction to the choice of C.

(i) = (i): Let M € 7.(Y)and f (M) # @. Then V — M is nano closed and f *(V -~M) =u-f (M) = ¢.
By hypothesis of (ii) there exists a proper nano b-closed set D such that D D fﬁl(V —M) . This implies that
U-D c f (M) and U-D is nano b-openand U - D # ¢.

Theorem 3.16: Let (U, 7, (X)) and (V,7_(Y)) be any two nano topological spaces, A be a nano open set in U and

f (A (X)/A) > (V,7,(Y)) be somewhat nano b-continuous function such that f(A) is nano dense in V .
Then any extension F of f is somewhat nano b-continuous function.

Proof: Let M be any nano open set in (V,7_.(Y)) such that F™(M) # ¢. Since f(A) CV is nano dense in V and

M N f(A) # @ it follows that F (M) MA=# ¢. Thatis (M) MA # ¢@. Hence by hypothesis on f, there

exists a nano b-open set N in Asuch that N# ¢ and N f (M) c F (M) which implies F is somewhat nano b-
continuous function.

Theorem 3.15 Let (U, 7 (X)) and (V, 7, (Y)) be any two nano topological spaces, U = A\U B where A and B are

nano open subsets of U and f : (U, 7, (X) — (V, 7z, (Y)) be a function such that f/A and f/B are somewhat nano
b-continuous functions. Then f is somewhat nano b-continuous function.

Proof: Let M be any nano open set in (V, 7. (Y)) such that f*(M) = ¢. Then (f/A)(M) = ¢ or
(f/B)™ (M) orboth (f /A (M) = ¢ and(f/B) (M) = ¢.

Case-1: Suppose (f / A)(M) = ¢
Since f/A is somewhat nano b-continuous, there exists a nano b-open set N in A such that N# ¢ and N C

(f/A)*(M) c f*(M). Since N is nano b-open in A and A is nano open in U, N is nano b-open in U. Thus f is
somewhat nano b-continuous function.

Case-2: Suppose (f /B) (M) = ¢
Since f/B is somewhat nano b-continuous, there exists a nano b-open set N in B such that N# ¢ and N C

(f /B)™(M) c f(M). Since N is nano b-open in B and B is nano open in U, N is nano b-open in U. Thus f is
somewhat nano b-continuous function.

Case-3: Suppose (f / A)*(M) # ¢ and (f /B)™* (M) # ¢.
This follows from both the cases 1 and 2. Thus f is somewhat nano b-continuous function.

Definition 3.17 A nano topological space U is said to be nano b-separable if there exists a countable subset B of U
which is nano b-dense in U.
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Theorem 3.18 If f is somewhat nano b-continuous function from U onto V and if U is hano b-separable, then V is hano
separable.

Proof: Let f :(U,7,(X) — (V,z,(Y)) be somewhat nano b-continuous function such that U is nano b-separable.

Then by definition there exists a countable subset B of U which is nano b-dense in U. Then by Theorem 3.15, f(B) is
nano dense in V. Since B is countable f(B) is also countable which is nano dense in V , which indicates that Y is nano
separable.

Definition 3.19: If U is a set and 7 (X) and 7. (Y) are nano topologies for U, then 7 (X) is said to be nano b-
weakly equivalent to 7. (Y) provided if M€ 7, (X) and M# ¢, then there is a nano b-open set N in (U, 7. (Y))

such that N# ¢ and NCM and if M€ 7. (Y) and M# ¢ then there is a nano b-open set N in (U, 7, (X)) such
that N# ¢ and NC M.

Theorem 3.20: Let f :(U,7,(X) — (V,7,(Y)) be somewhat nano continuous function and let 72(X) be a

nano topology for U, which is nano b-weakly equivalent to TR(X) then the function

iU, (X)—>(V, 7. (Y)) is somewhat nano b-continuous function.

Proof: Let M be any nano open set in (V,7.(Y)) such that f*(M) # ¢ . Since by hypothesis
f (U, z(X) —> (V 7, (Y)) is somewhat nano continuous by definition there exists an nano open set O in
(U, 74(X)) suchthat 0# ¢ and o f *(M). Since O is an nano open set in (U, 7, (X)) such that 0# ¢ and
since by hypothesis 7 (X) is nano b-weakly equivalent to 2'; (X) by definition there exists a hano b-open set N in
(U, 77 (X) such that N# ¢ and Ncoc f*(M). so oc f*(M). Thus for any nano open set M in
(V, 7, (Y)) such that f (M) # ¢ there exist a nano b-open set N in (U, 75 (X) such that Nc f *(M). so

fiU,r(X)—>(V, 7. (Y)) is somewhat nano b-continuous function.

Theorem 3.21: Let f (U, 7(X)— (V,7(Y)) be somewhat nano b-continuous function and let T; (Y) bea

nano topology for V which is weakly equivalent to 7. (Y) Then f : (U, 7, (X) — (V, r; (Y)) is somewhat nano
b-continuous function.

Proof: Let M be a nano open set in (V, 7. (Y)) such that f (M) # ¢ which implies M# ¢ . Since r.(Y) and
7 (Y are weakly equivalent there exists a nano open set W in (V,7_.(Y)) such that W# ¢ and W M. Now, W
is a nano open set such that W# ¢ , which implies f (W) # ¢ . Now by hypothesis f : (U,7,(X) — (V, . (Y)) is
somewhat nano b-continuous function. Therefore there exists a nano b-open set N in U, such that NC f 71(\N) . Now
WC M implies f (W) < f7(M). So we have N f (M), which implies that f : (U,7z,(X) - (V.7 (Y)) is

somewhat nano b-continuous function.

4. SOMEWHAT NANO b-OPEN FUNCTIONS
Definition 4.1: A function f :(U,z,(X)— (V,7_(Y)) is said to be somewhat nano b-open function provided that

forMe 7 (X) and M= ¢ there exists a nano b-open set N in V such that N ¢ and N c f(M).

Example 4.2: Let U = {a, b, c, d} with U/R = {{a, c}, {b}, {d}} and X = {a, d}. Then the nano topology is defined
as 7, (X)={U, ¢, {d}. {a. c,d}, {a,c}}. Let V={x,y, z, w} with V/R' = {{x}, {y, z}, {w}} and Y = {x, z} Then
T2 (Y)={V, 8, {x} {x y, 2}, {y, 23} Define f :(U,7,(X)) > (V,7..(Y)) tobef(a) =y, f(b)=z, f(c) = x, f(d)
= w. Then clearly f is somewhat nano b-open function.

© 2018, IJMA. All Rights Reserved 105



Dhanis Arul Mary A* & Arockiarani | /
Properties of somewhat nano b-continuous and somewhat nano b-open functions / IIMA- 9(6), June-2018.

Theorem 4.3: Every somewhat nano semi-continuous function is somewhat nano b-continuous.

Proof: Let f: U — V be somewhat nano semi continuous function. Let M€ 7, (X) and M# ¢ . Since f is somewhat
nano semi open, there exists a nano semi open set N in V such that N # ¢ and N < f(M). But every nano semi open

set is nano b-open, there exists a nano b-open set N in V such that N # ¢ and N cf(M), which implies that f is
somewhat nano b-open function.

Remark 4.4: Converse of the above theorem need not be true in general which follows from the following example.

Example 4.5: Let U = {a, b, ¢, d} with U/R = {{a, c}, {b}, {d}} and X = {a, d}. Then the nano topology is defined
as 75(X)={U, ¢, {d} {a c, d}, {a c}} . Let V={xy, z w}with V/R'= {{x}, {y, z}, {w}} and Y = {x, z}. Then
T (Y)= V.4, 3 £ v, 24 {y, 233 Define f:(U,75(X)) = (V,74(Y)) to be f(a) = y, f(b)= z, f(c) = y,
f(d) = w. Then clearly f is somewhat nano b-open function but not somewhat nano semi open function.

Theorem 4.6: Every somewhat nano continuous function is somewhat nano b-continuous.

Proof: follows from the Theorem 4.3.

Remark 4.7: Converse of the above theorem need not be true in general which follows from the following example.

Example 4.8: Let U = {a, b, ¢, d} with U/R = {{a}, {b, c}, {d}} and X = {a, c}. Then the nano topology is defined
as 7 (X)={U, ¢, {a}. {a, b, c}, {b, c}} . Let V = {x, y, z, w} with V/R'= {{x}, {y, w}, {z}} and Y = {y, w}.

Then 7. (Y) = {V. 4, {y, w}. Define f : (U,7,(X)) = (V,74(Y)) to be f(a) = w, f(b)=y, f(c) = z, (d) = x.
Then clearly f is somewhat nano b-open function but not somewhat nano open function.

Theorem 4.9: Let f:(U,z‘R(X))—>(V,rR,(Y)) is a nano open function and g:(V,rR‘(Y))—>(W,rR‘. (Z)) is

somewhat nano b-open function, then g o f is somewhat nano b-open function.

Proof: Let M e 7, (X). Suppose that M # ¢ . Since f is a nano open function f(M) is nano open and f(M) # ¢ . Thus
f(M)e 7. (Y) and f(M)# ¢. Since g is somewhat nano b-open function and f(M) € 7. (Y) such that f(M) # ¢

there exists a nano b-open set N € T (Z), Ncg(f(m)), which implies g o T is somewhat nano b-open function.

Theorem 4.10: Let f : (U, 7;(X) — (V, 7. (Y)) is aone-one and onto function, then the following conditions are

equivalent:
(i) fis somewhat nano b-open function.
(ii) If Cis a nano closed subset of U such that f(C) # V, then there is a nano b-closed subset D of V such that D
# V and D D f(C).

Proof:
(i) = (ii): Let C be any nano closed subset of U such that f(C) # V. Then U — C is a nano open set in U and U-C # ¢

. Since f is somewhat nano b-open function, there exists a nano b-open set N # ¢ in V such that N C f(U-C). Put D

=V - N. Clearly D is nano b-closed in V and we claim that D # V. For if D = V, then V = ¢ which is a contradiction.
Since NCf(U-C), D=V -N D V- [f(U-C)] = f(C).

(if) = (i): Let M be any non-empty nano open set in U. Put C = U — M. Then C is a nano closed subset of U and f(U -
M) = f(C) = V- f(M) implies f(C) # ¢ . Therefore by (ii) there is a nano b-closed subset D of V such that D # V and

f(C) = D. PutN = U - D. Clearly N is a nano b-open setand N # ¢ . Further, N=U - D C V- f(C) = V- [V-f(M)] =
f(M).

Theorem 4.11: Let f : (U, 7, (X) — (V,7z_(Y)) be somewhat nano b-open function and A be any nano open subset
of U. Then f /A (A z(X)/A))— (V7 (Y)) is somewhat nano b-open function.
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Proof: Let M € 7,(X)/ Asuch that M# ¢ . Since M is nano open in A and A is nano open in (U, 7;(X)), M is
nano open in (U, 7 (X)) and since by hypothesis f :(U,75(X)— (V,7_(Y)) is somewhat nano b-open

function, there exists a nano b-open set N in V, such that N < f(M). Thus, for any nano open set M in (A, 75 (X)/ A)

with M # ¢, there exists a nano b-open set N in V such that N C f(M) which implies f/A is somewhat nano b-open
function.

Theorem 4.12: Let (U,7,(X)) and (V, 7, (Y)) be any two nano topological spaces, U = AU B where A and B

are nano open subsets of U and f : (U, 7 (X) — (V, 7, (Y)) be a function such that f/A and f/B are somewhat
nano b-open functions. Then f is also somewhat nano b-open function.

Proof: Let M be any nano open setin (U, 75 (X)) such that M= ¢ . Since U = AU B, either AMM# ¢ or B N
M# ¢ or both ANM# ¢ and B MM # ¢. Since M is nano open in(U,7;(X)), M is nano open in both
(A 75(X)/A) and (B,75(X)/B).

Case-(i): Suppose that AN M # ¢ where MM A is nano open in 7 (X)/ A. Since by hypothesis f/A is somewhat

nano b-open function, there exists a nano b-open set N & (V, 7, (Y)) such that N f(M M A) < f(M), which
implies f is somewhat nano b-open function.

Case-(ii): Suppose that B MM = ¢, where MM B is nano open in (B, 7, (X)/B). Since by hypothesis /B is

somewhat nano b-open function, there exists a nano b-open set N in (V,7_.(Y)) such that NCf(M M B) < f(M),
which implies that f is also somewhat nano b-open function.

Case-(iii): Suppose that both both AMM# ¢ and B MM # @ . Then obviously f is somewhat nano b-open function
from the case (i) and case (ii). Thus f is somewhat nano b-open function.
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