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ABSTRACT
For any two vertices U and V in a connected graph G , the detour distance D (u,v) is the length of a longest U —Vv

path inG . A u—v path of length D(u,v) is called a U —Vvdetour. Aset S —V s called an edge detour set of G

if every edge in G lies on a detour joining a pair of vertices of S . A connected edge detour set of a graph G is a edge
detour set S such that the sub graph < S > induced by S is connected. The minimum cardinality of a connected edge
detour set of G is a connected edge detour number, denoted by cdn, (G) of G and any connected edge detour set of

order cdn, (G) is called a connected edge detour basis of G . A connected edge detour set S in a connected graph G
is called a minimal connected edge detour set of G if no proper subset of S is a connected edge detour set of G . The
upper connected edge detour number Cdnl+ (G) of G is the maximum cardinality of a minimal connected edge detour
set of G . In this paper the upper connected edge detour number of certain classes of graphs is determined. It is proved
that for each paira,b of integers with5<a<b $5, there is a connected graphG with cdn, (G) =a and
cdn,” (G) =Db. It is also proved that for every pair @,b of integers with2 < a <b, there exists a connected graph
G with cdn,"(G)=a and cdn" (G)=bS.
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INTRODUCTION

By agraphG = (V, E), we mean a finite undirected connected simple graph. The order and size of G are denoted by
Nnand m respectively. For basic definitions and terminologies, we refer to [1, 4].

For vertices U andV in a connected graph G , the distance d(u,v) is the length of a shortest u—Vv path inG . A

U —V path of length d(u,v) is called au —Vv geodesic. For a vertex v of G, the eccentricity e(v) is the distance
between Vv and a vertex farthest from v.

The minimum eccentricity among the vertices of G is the radius, rad (G)of G and the maximum eccentricity is its
diameter, diam(G) of G .

Avertex X issaidtolieona U—V detour P if X isavertex of P including the vertices Uandv Aset SV s
called a detour set if every vertex V in G lies on a detour joining a pair of vertices of S . The detour number dn(G)

of G is the minimum cardinality of a detour set and any detour set of order dn(G) is called a detour basis of G . A

detour set S in a connected graph G is called a minimal detour set if no proper subset of S is a detour set. The upper
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detour number dn” (G) is the maximum cardinality of a minimal detour set of G . The upper detour number of a
graph was introduced and studied by Chartrand et.al [3].

AsetS CV is called a connected detour set of G if S is a detour set of G and the subgraphG < S > induced by S
is connected. The connected detour number Cdn(G) of G is the minimum cardinality of its connected detour set and
any connected detour set of order Cdn(G) is called a connected detour basis of G . A connected detour setS in a
connected graph G is called a minimal connected detour set of G if no proper subset of S is a connected detour set
of G . The upper connected detour number Cdn+(G) of G is the maximum cardinality of a minimal connected

detour set of G . 1n 2009, the upper connected detour number of a graph was introduced and studied by Santhakumaran
and Athisayanathan [5].

A setS CV is called an edge detour set of G if every edge inG lies on detour joining a pair of vertices of S . The
edge detour number dnl(G) of G is the minimum cardinality of its edge detour sets and any edge set of order
dn1 (G) is an edge detour basis of G . An edge detour set S in a connected graph G is called a minimal edge detour
set of G if no proper subset of S is an edge detour set of G . The upper edge detour number dn*(G) of G as the

maximum cardinality of a minimal edge detour set of G . In 2011, the upper edge detour number of a graph was
introduced and studied by Santhakumaran and Athisayanathan [6, 7].

Aset S 'V is called a connected edge detour set of G if S is an edge detour set G and the subgraph< S > induced
by S is connected. The connected edge detour number cdnl(G), of G is the minimum order of its connected edge

detour sets and any connected edge detour set of ordeernl (G) is called a connected edge detour basis of G . These
concepts were studied by Prabakar and Athisayanathan [8].

The following theorems are used in sequel.
Theorem 1.1[7]: All the end-vertices and the cut-vertices of an edge detour graph G belong to every connected edge
detour setof G .

Theorem 1.2[7]: LetG be the complete graph K, (n>3) orcycle Cn(n > 3). Thenaset SV is a connected

edge detour basis of G if and only if S consists of any three adjacent vertices of G .

Theorem 1.3[7]: LetG be the complete bipartite graph Kin (2 <m< n). Then a setS 'V is a connected edge

detour basis of G if and only if S consists of any three vertices of G such that two vertices from one partition and one
from other partition of G .

Theorem 1.4[7]: If T is atree of ordern>2 , thencdn, (T )=n.

Theorem 1.5[7]:
(@) If G isthe complete graph K, then Cdnl(G): 3.
<

(b) IfG is the complete bipartite graph K | | (2 <m n), then G Cdnl(G)z 3.
(c) If G isthecycleC, , then Cdnl(G) =3.

Throughout this paper G denotes an edge detour graph with at least two vertices.

2. UPPER CONNECTED EDGE DETOUR NUMBER
Definition 2.1: A connected edge detour setS in an edge detour graph G is called a minimal connected edge detour
set of G if no proper subset of S is a connected edge detour set of G . The upper connected edge detour number

Cdnl(G)of G is the maximum cardinality of a minimal connected edge detour set of G .
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Example 2.2: For the edge detour graph G given in Figure 2.1, S, ={V,,V,,V;,V,,V,V}
S, ={v,,V,, V5, Vg, Vi, Ve, Ve b, S; ={V,,V,,V,,V,,Vg,V,, Vs, Ve } are the minimal connected edge detour sets of
G so thatcdn,(G)="7. Moreover, the sets S,,S, and S, contain the cut-vertices V, andVof G and end-

verticesV; andV, of G . Thus, every minimal connected edge detour sets of an edge detour graph must contain cut-

vertex and end-vertex of an edge detour graph G .

Uy U10

Figure-2.1

Example 2.3: For the edge detour graph G given in Figure 2.1, it is clear that the set S, ={v,,V,,V,,V,,V} is a
minimal connected detour set of G so thatdnl(G):5. Also the setS; ={V,,V,,V;,V,,Vs,Vs} is the minimal

connected edge detour set of G so that Cdnl(G) =7 . Hence the minimal edge detour set and minimal connected edge
detour set of an edge detour graph G are different.

Example 2.3: For the edge detour graph G given in Figure 2.2, S, ={u,s, X, y,t,v}and S, ={u,s,w,t,v} are the
minimal connected edge detour sets of G so thatcdn, (G)=5 andcdn, (G)=6.

T Y

G
Figure-2.2

Remark 2.4: Every minimum connected edge detour set is a minimal connected edge detour set, but the converse is not
true. For the edge detour graph G given in Figure 2.2, S1 ={u,Vv,s,t, X, y} is a minimal connected edge detour set

of G but not a minimum connected edge detour set of G .
Theorem 2.5: For any edge detour graph G ofordern>2 , 2< cdnl(G) <cdn,” (G)S n.

Proof: A connected edge detour set needs at least two vertices so that Cdnl(G)Z 2. LetS be any connected edge
detour basis of G . Then S is also a minimal connected edge detour set of G and hence the result follows.

Corollary 2.6: Let G be an edge detour graph G of ordern . Idenl(G) =n, thencdn,” (G) =n.

Remark 2.7: The bounds in Theorem 2.5 are sharp. For the complete graph Kn(n 2> 2) and the cycle Cn(n 2> 3),
cdn,(G)=cdn," (G)=3. Also for the edge detour graph G given in the Figure 2.2, cdn, (G )< cdn,* (G)

Now, we proceed to determine Cdnl+ (G) for some classes of an edge detour graphs.
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Theorem 2.8: LetG be the complete graph Kn(nZZ) or cycIeCn(n23) . Then a setS <V is a minimal

connected edge detour set of G if and only if S consists of any three adjacent vertices of G .

Proof: If S consists of any three adjacent vertices of G , then by Theorem 1.2, S is a connected edge detour basis of

G so thatS is minimal. Conversely, assume that S <V be a minimal connected edge detour set of G . If|S| =
then S is not a connected edge detour set of G . Let|S| >4 . LetS, be any subset of S With|31| =3. Then by

Theorem 1.2, |Sl| is a connected edge detour set of G so that S is not a minimal connected edge detour set of G ,

which is contradiction. Thus S consists of any three adjacent vertices of G .

Theorem 2.9: Let G be the complete bipartite graph K (2 <n< m). Then asetS —V is a minimal connected

weak edge detour set of G if and only if S consists of any three vertices of G such that two vertices from one partition
and one from other partition of G .

Proof: If S consists of any three vertices of G such that two vertices from one partition and one from other partition
of G, then by Theorem 1.3, S is a connected edge detour basis of G so that S is minimal. Conversely, assume that

S <V be aminimal connected edge detour set of G such that|S| =4 Then there exists a subset S, ={u,V, W} of

S such that two vertices from one partition and one from other partition of G . Then by Theorem 1.3, Sl is a
connected edge detour set of G , which is a contradiction.

Theorem 2.10: LetG be an edge detour graph of ordern .
(a) IfG is the complete graph K (n > 2) then cdn,(G)=cdn,"(G)=3.
(b) I1fG is the complete bipartite graph K , (2 <n<m), then cdn (G)z cdn,” (G)z 3.
(©) If G isthe cycle C,(n>3) then Cdnl(G) dn,"(G)=3.
(d) 1fG isany tree of order N = 2 then cdnl(G) cdn +(G) =n.
Proof:
(@) This follows from Theorem 1.5(a) and Theorem 2.8.
(b) This follows from Theorem 1.5(b) and Theorem 2.9.
(c) This follows from Theorem 1.5(c) and Theorem 2.8.
(d) This follows from Theorem 1.4 and Corollary 2.6.
The following theorem gives a realization result.
Theorem 2.1: For every pair a,b of integers with5 < a < b, there exists an edge detour graph G with cdnl(G) =a

andcdn,”(G)=b.

Proof: LetS5<a<b. LetG be an edge detour graph obtained from the cycle C:V,,V,...V, ..,,V, of order
b—a+4 by adding a—3 new verticesUy,U,,....U,_, and joiningU, toV, and eachu,(2<i<(@-3) to v, .,
of C The edge detour graph G is connected of order b +1 and is shown in Figure 2.4. Let X ={V,,V;,....V; , .},

Y ={u,,Ug,...U, 4,V;,Vy.Vy 4p b andZ ={v, ., }.
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Figure-2.4

First, we show that cdnl(G)= a . By Corollary 1.1, every connected edge detour set of G containsY . ClearlyY is
not a connected edge detour set of G and so Cdnl(G)Z |Y| +1=a. On the other hand, letS =Y U Z . Then every

edge of G lies on detour joining a pair of verticesS . Also, G < S > is connected. Hence S is a connected edge
detour set of G and so cdn, (G) < |S| =a. Thereforecdn, (G)=a.

Now, we show thatcdn,” (G)=h. LetS'= X UY . Then it is clear that S’ is a connected edge detour st of G .

We show that S’ is a minimal connected edge detour set of G . Assume, to the contrary, thatS’ is not a minimal
connected edge detour set of G . Then there is a proper subset T of such thatT is a connected edge detour set of G .
Since T is a proper subset of S’, there exists a vertexV e S"andV T . By Theorem 1.1, every connected edge
detour set containsY and so we must havev=Vv, € X for somei(2<i<(b—a+2)). Then it is clear that

G <T > s not connected and so T is not a connected edge detour set of G , which is a contradiction. Thus S’ is a
minimal connected edge detour set of G and so cdn*(G)>|S’|:b. Now, if cdn®(G)>b, then letM be a
minimal connected edge detour set of G With||\/||2b+l. Since G hasb+1 elements and S’ is a minimal

connected edge detour set of G , it follows that M is not a minimal connected edge detour set of G , which is a
contradiction. Therefore cdn™ (G) =b.

Theorem 2.12: For every pair a,0b of integers with3 < a < b, there exists an edge detour graph G with dn1 (G) =a
and Cdn+(G): b.

Proof: For any tree of orderb with a end-vertices is the desired graph.

Theorem 2.13: For every pair a,b $a$, $b$ of integers with 2 < a < b, there exists an edge detour graph G $G$ with
dn"(G)=a andcdn’(G)=b.

Proof: LetG be an edge detour graph obtained from the path P :Vv,,V,,....v, of order & by adding
W, W,,.....W,_, of orderb—a new vertices joiningV, andV,. Let U, U,,.....U, ,of orderb—a $ new vertices
joining V; andW,_,. The edge detour graph G is connected of order2b—a and shown in the Figure 2.5. Let
X ={v,,VynV,} Y =W, W, W, .}, Z={U,,U,,...U, ,}. For we show thatcdn®(G)=a. By
Corollary 1.8, S = X is connected detour set of G . Clearly S is also a minimal connected detour number of G .
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Now, we show thatcdn”(G)=h. LetS’ ={X UY}. Thenitis clear that S is a connected edge detour set of G .
We show thatS’ is a minimal connected edge detour set of G . Assume, to the contrary, that S'is not a minimal
connected edge detour set of G . Then there is a proper subset T of S” such thatT is a connected edge detour set of
G .Since T isa proper subset of S’ there exists a vertex V&€ S andV ¢ T . By Theorem 1.1, every connected edge
detour set contains Y and so we must have V=V, € X for some i(1< I < a) . Then it is clear thatG < T > is not
connected and so T is not a connected edge detour set of G , which is a contradiction. Thus S’ is a minimal connected
edge detour set of G and socdn”(G)> |S’| =b. Now, ifcdn*(G)>b, then let M be a minimal connected edge

detour set of G With||\/| | >b+1.SinceG has b+1elementsand S’ is a minimal connected edge detour set of G | it

follows that M is not a minimal connected edge detour set of G , which is a contradiction. Therefore, cdn”™ (G) =b.

Wp_g

Up—qa

Figure-2.5

Remark 2.14: The edge detour graph G in Figure 2.6 contains exactly 2 minimal connected edge detour sets namely
X UY andY U Z . Hence this example shows that there is no ~Intermediate VValue Theorem" for minimal connected

edge detour sets, that is, ifK is an integer such that cdnl(G)< k< cdnf (G) then there need not exist a minimal
connected edge detour set of cardinality K inG .

Using the structure of the graph G constructed in the proof of Theorem 2.12, we can obtain a graph H , of order N
with Cdnl(G): 5 and Cdn+(G): n—1 for alln > 6. Thus we have the following. There is an infinite sequence
H, of edge detour graphsH G of ordern>6 such thatcdn,(H,)=5, cdn*(H,)=n-1,

fim_ SOuHD) o jim__ ©9m (Ha)

s =L

Let H, be the graph obtained from the cycle C :V,,V,....V, ;,V; of ordernN—2 by adding two new vertices U,,U,
and joining U, toV, and eachU, toV, , of C. The graph H, is connected and is shown in Figure 2.6. Let
X ={v,,v;..v, ,.}.,Y ={u,,v,...v, ,} andZ ={v, ,}. It is clear from the proof of Theorem 2.12 that the

graph H, contains exactly 2 minimal connected edge detour sets namely X UY and Y UZso that

cdn*(H,)=n—-1 and cdn,(G)=5. Hence the theorem follows.
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