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ABSTRACT 
For any two vertices u  and v  in a connected graph G , the detour distance ( ),D u v  is the length of a longest vu −   

path in G . A vu −  path of length ( ),D u v   is called a vu − detour. A set VS ⊆  is called an edge detour set ofG
if every edge in G  lies on a detour joining a pair of vertices of S . A connected edge detour set of a graph G  is a edge 
detour set S such that the sub graph >< S  induced by S  is connected. The minimum cardinality of a connected edge 
detour set of G  is a connected edge detour number, denoted by ( )1cdn G  of G  and any connected edge detour set of 

order ( )1cdn G  is called a connected edge detour basis of G .  A connected edge detour set S in a connected graphG  

is called a minimal connected edge detour set of G  if no proper subset of S is a connected edge detour set of G . The 
upper connected edge detour number ( )1cdn G+  of G is the maximum cardinality of a minimal connected edge detour 

set of G .  In this paper the upper connected edge detour number of certain classes of graphs is determined. It is proved 
that for each pair ba,  of integers with ba ≤≤5  $5, there is a connected graph G  with ( )1cdn G a=  and

( ) bGcdn =+
1 . It is also proved that for every pair ba,  of integers with ba <<2 , there exists a connected graph 

G  with ( )1cdn G a+ =  and ( )1cdn G b+ = S . 
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INTRODUCTION 
 
By a graph ( )EVG ,= , we mean a finite undirected connected simple graph. The order and size of G  are denoted by 
n and m  respectively. For basic definitions and terminologies, we refer to [1, 4].  
 
For vertices u  and v  in a connected graph G , the distance ( )vud ,  is the length of a shortest vu −  path in G .  A 

vu −  path of length ( )vud ,  is called a vu −  geodesic. For a vertex v   ofG , the eccentricity ( )ve  is the distance 
between v   and a vertex farthest from v .  
 
The minimum eccentricity among the vertices of G  is the radius, ( )Grad of G and the maximum eccentricity is its 

diameter, ( )diam G  of G . 
 
A vertex x   is said to lie on a vu −  detour P  if x  is a vertex of P  including the vertices u and v .  A set VS ⊆   is 

called a detour set if every vertex v  in G  lies on a detour joining a pair of vertices of S . The detour number ( )Gdn
of G  is the minimum cardinality of a detour set and any detour set of order ( )Gdn  is called a detour basis of G . A 

detour set S  in a connected graph G  is called a minimal detour set if no proper subset of S  is a detour set. The upper  
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detour number ( )dn G+  is the maximum cardinality of a minimal detour set of G . The upper detour number of a 
graph was introduced and studied by Chartrand et.al [3].   
 
A set VS ⊆  is called a connected detour set of G if S  is a detour set of G  and the subgraph >< SG   induced by S  

is connected.  The connected detour number ( )Gcdn  of G  is the minimum cardinality of its connected detour set and 

any connected detour set of order ( )Gcdn  is called a connected detour basis of G .  A connected detour set S  in a 

connected graph G  is called a minimal connected detour set of G  if no proper subset of S  is a connected detour set 
of G . The upper connected detour number ( )Gcdn+  of G  is the maximum cardinality of a minimal connected 

detour set of G .  In 2009, the upper connected detour number of a graph was introduced and studied by Santhakumaran 
and Athisayanathan [5].  
 
A set VS ⊆ is called an edge detour set of G  if every edge in G  lies on detour joining a pair of vertices of S . The 

edge detour number ( )Gdn1  of G  is the minimum cardinality of its edge detour sets and any edge set of order

( )Gdn1 is an edge detour basis of G .  An edge detour set S  in a connected graph G  is called a minimal edge detour 

set of G  if no proper subset of S  is an edge detour set of G . The upper edge detour number ( )Gdn+  of G  as the 

maximum cardinality of a minimal edge detour set of G .  In 2011, the upper edge detour number of a graph was 
introduced and studied by Santhakumaran and Athisayanathan [6, 7]. 
 
A set VS ⊆ is called a connected edge detour set of G  if S is an edge detour set G  and the subgraph >< S  induced 

by S  is connected. The connected edge detour number ( )Gcdn1 , of G  is the minimum order of its connected edge 

detour sets and any connected edge detour set of order ( )Gcdn1  is called a connected edge detour basis of G . These 
concepts were studied by Prabakar and Athisayanathan [8].  
 
The following theorems are used in sequel. 
Theorem 1.1[7]: All the end-vertices and the cut-vertices of an edge detour graph G belong to every connected edge 
detour set of G .   
 
Theorem 1.2[7]: Let G  be the complete graph nK )3( ≥n   or cycle ( )3≥nCn . Then a set VS ⊆  is a connected 

edge detour basis of G  if and only if S  consists of any three adjacent vertices of G . 
 
Theorem 1.3[7]: Let G  be the complete bipartite graph ( )nmK nm ≤≤2. .  Then a set VS ⊆  is a connected edge 

detour basis of G  if and only if S  consists of any three vertices of G  such that two vertices from one partition and one 
from other partition of G . 
 
Theorem 1.4[7]: IfT  is a tree of order 2≥n  , then ( ) nTcdn =1 .   
 
Theorem 1.5[7]: 

(a) If G is the complete graph nK , then ( ) 31 =Gcdn .  

(b) If G  is the complete bipartite graph ( )nmK nm ≤≤2, , then G ( ) 31 =Gcdn . 

(c) If G  is the cycle nC , then ( ) 31 =Gcdn . 

Throughout this paper G  denotes an edge detour graph with at least two vertices.  
 
2. UPPER CONNECTED EDGE DETOUR NUMBER 
Definition 2.1: A connected edge detour set S  in an edge detour graph G  is called a minimal connected edge detour 
set of G if no proper subset of S  is a connected edge detour set of G . The upper connected edge detour number 

( )Gcdn1 of G  is the maximum cardinality of a minimal connected edge detour set of G . 
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Example 2.2: For the edge detour graph G  given in Figure 2.1, },,,,,{ 6543211 vvvvvvS =

},,,,,,{ 651093212 vvvvvvvS = , },,,,,,,{ 654873213 vvvvvvvvS =  are the minimal connected edge detour sets of

G  so that ( ) 71 =Gcdn . Moreover, the sets 21,SS  and 3S   contain the cut-vertices 3v  and 5v of G  and end-

vertices 1v  and 2v   of G . Thus, every minimal connected edge detour sets of an edge detour graph must contain cut-

vertex and end-vertex of an edge detour graph G . 

 
Figure-2.1 

 
Example 2.3: For the edge detour graph G  given in Figure 2.1, it is clear that the set },,,,{ 947211 vvvvvS =  is a 

minimal connected detour set of G  so that ( ) 51 =Gdn .  Also the set },,,,,{ 6543211 vvvvvvS =  is the minimal 

connected edge detour set of G  so that ( ) 71 =Gcdn . Hence the minimal edge detour set and minimal connected edge 

detour set of an edge detour graph G  are different. 
 
Example 2.3: For the edge detour graph G  given in Figure 2.2, },,,,,{1 vtyxsuS = and },,,,{1 vtwsuS =   are the 

minimal connected edge detour sets of G  so that ( ) 51 =Gcdn  and ( ) 61 =+ Gcdn . 

 
Figure-2.2 

 
Remark 2.4: Every minimum connected edge detour set is a minimal connected edge detour set, but the converse is not 
true.  For the edge detour graph G  given in Figure 2.2, },,,,,{1 yxtsvuS =  is a minimal connected edge detour set 

of G  but not a minimum connected edge detour set of G .  
 

Theorem 2.5: For any edge detour graph G of order 2≥n  , ( ) ( ) nGcdnGcdn ≤≤≤ +
112 . 

 
Proof: A connected edge detour set needs at least two vertices so that ( ) 21 ≥Gcdn . Let S  be any connected edge 

detour basis of G .  Then S  is also a minimal connected edge detour set of G  and hence the result follows. 
 

Corollary 2.6: Let G  be an edge detour graph G  of order n . If ( ) nGcdn =1 , then ( ) nGcdn =+
1 . 

 
Remark 2.7: The bounds in Theorem 2.5 are sharp.  For the complete graph ( )2≥nKn  and the cycle ( )3≥nCn , 

( ) ( ) 311 == + GcdnGcdn .  Also for the edge detour graph G  given in the Figure 2.2, ( ) ( )GcdnGcdn +< 11 . 
 

Now, we proceed to determine ( )Gcdn +
1  for some classes of an edge detour graphs. 
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Theorem 2.8: Let G  be the complete graph ( )2≥nKn  or cycle ( )3≥nCn  . Then a set VS ⊆ is a minimal 

connected edge detour set of G  if and only if S  consists of any three adjacent vertices of G . 
 
Proof: If S  consists of any three adjacent vertices of G , then by Theorem 1.2, S is a connected edge detour basis of

G  so that S  is minimal. Conversely, assume that VS ⊆  be a minimal connected edge detour set of G .  If 2=S , 

then S  is not a connected edge detour set of G . Let 4≥S . Let 1S  be any subset of S  with 31 =S .  Then by 

Theorem 1.2, 1S is a connected edge detour set of G  so that S  is not a minimal connected edge detour set of G , 

which is contradiction. Thus S  consists of any three adjacent vertices of G .   
 
Theorem 2.9: Let G  be the complete bipartite graph ( )mnK mn ≤≤2, .  Then a set VS ⊆  is a minimal connected 

weak edge detour set of G  if and only if S consists of any three vertices of G  such that two vertices from one partition 
and one from other partition of G . 
 
Proof:  If S  consists of any three vertices of G  such that two vertices from one partition and one from other partition 
of G , then by Theorem 1.3, S  is a connected edge detour basis of G   so that S   is minimal. Conversely, assume that

VS ⊆  be a minimal connected edge detour set of G  such that 4=S . Then there exists a subset },,{1 wvuS =  of

S  such that two vertices from one partition and one from other partition of G . Then by Theorem 1.3, 1S  is a 

connected edge detour set of G , which is a contradiction.  
 
Theorem 2.10:  Let G  be an edge detour graph of order n . 

(a) If G  is the complete graph ( )2≥nKn  then ( ) ( ) 311 == + GcdnGcdn .  

(b) If G  is the complete bipartite graph ( )mnK mn ≤≤2, , then ( ) ( ) 311 == + GcdnGcdn . 

(c) If G  is the cycle ( )3≥nCn  then ( ) ( ) 311 == + GcdnGcdn . 

(d) If G  is any tree of order 2≥n , then ( ) ( ) nGcdnGcdn == +
11 . 

 
Proof: 

(a) This follows from Theorem 1.5(a) and Theorem 2.8. 
(b) This follows from Theorem 1.5(b) and Theorem 2.9. 
(c) This follows from Theorem 1.5(c) and Theorem 2.8. 
(d) This follows from Theorem 1.4 and Corollary 2.6. 

The following theorem gives a realization result.  
 
Theorem 2.1:  For every pair ba, of integers with ba <<5 , there exists an edge detour graph G  with ( ) aGcdn =1  

and ( ) bGcdn =+
1 . 

 
Proof:  Let ba <<5 .  Let G  be an edge detour graph obtained from the cycle 1421 ,....,: vvvvC ab +−  of order 

4+− ab  by adding 3−a  new vertices 321 ,....., −auuu  and joining 1u  to 1v  and each ( )3(2 −<< aiui   to 3+−abv  

of C . The edge detour graph G   is connected of order 1+b  and is shown in Figure 2.4. Let },....,{ 232 +−= abvvvX ,

}....,,,....,{ 321332 +−−= aba vvvuuuY  and }{ 4+−= abvZ .  
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Figure-2.4 

 
First, we show that ( ) aGcdn =1  . By Corollary 1.1, every connected edge detour set of G  containsY  . ClearlyY  is 

not a connected edge detour set of G  and so ( ) aYGcdn =+≥ 11 .  On the other hand, let ZYS ∪= . Then every 

edge of G  lies on detour joining a pair of vertices S . Also, >< SG   is connected. Hence S is a connected edge 

detour set of G  and so ( ) aSGcdn =≤1 . Therefore ( ) aGcdn =1 .  
 

Now, we show that ( ) bGcdn =+
1 . Let YXS ∪=′ .  Then it is clear that S ′  is a connected edge detour set of G  .  

We show that S ′  is a minimal connected edge detour set of G .  Assume, to the contrary, that S ′  is not a minimal 
connected edge detour set of G . Then there is a proper subsetT  of such thatT  is a connected edge detour set of G  . 
Since T  is a proper subset of S ′ , there exists a vertex Sv ′∈ and Tv∉ .  By Theorem 1.1, every connected edge 
detour set containsY  and so we must have Xvv i ∈=   for some ( ))2(2 +−<< abii . Then it is clear that

>< TG   is not connected and soT   is not a connected edge detour set of G , which is a contradiction. Thus S ′  is a 

minimal connected edge detour set of G  and so ( ) bSGcdn =′>+ . Now, if ( ) bGcdn >+ , then let M  be a 

minimal connected edge detour set of G  with 1+≥ bM . Since G  has 1+b  elements and S ′  is a minimal 

connected edge detour set of G  , it follows that M  is not a minimal connected edge detour set of G , which is a 
contradiction. Therefore ( ) bGcdn =+ .  
  
Theorem 2.12: For every pair ba,  of integers with ba <<3 , there exists an edge detour graph G  with ( ) aGdn =1  

and ( ) bGcdn =+ . 
 
Proof: For any tree of order b  with a end-vertices is the desired graph.   
 
Theorem 2.13: For every pair ba, $a$, $b$ of integers with ba <<2 , there exists an edge detour graph G $G$ with

( ) aGdn =+  and ( ) bGcdn =+ . 
 
Proof: Let G  be an edge detour graph obtained from the path avvvP ,......,: 21   of order a  by adding

abwww −,......, 21   of order ab −   new vertices joining 1v  and 2v . Let abuuu −,......, 21 of order ab −  $ new vertices 

joining 1v  and abw − . The edge detour graph G  is connected of order ab −2  and shown in the Figure 2.5. Let

},......,{ 21 avvvX = , },......,{ 21 abwwwY −= , },......,{ 21 abuuuZ −= . For we show that ( ) aGcdn =+ . By 

Corollary 1.8, XS =  is connected detour set of G . Clearly S  is also a minimal connected detour number of G .  
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Now, we show that ( ) bGcdn =+ . Let }{ YXS ∪=′ .  Then it is clear that S ′  is a connected edge detour set of G .  

We show that S ′  is a minimal connected edge detour set of G . Assume, to the contrary, that S ′ is not a minimal 
connected edge detour set of G . Then there is a proper subset T  of S ′  such thatT  is a connected edge detour set of 
G . SinceT   is a proper subset of S ′ , there exists a vertex Sv ′∈ and Tv∉  . By Theorem 1.1, every connected edge 
detour set contains Y  and so we must have Xvv i ∈=   for some ( )aii <<1  . Then it is clear that >< TG  is not 

connected and soT  is not a connected edge detour set of G , which is a contradiction. Thus S ′ is a minimal connected 

edge detour set of G  and so ( ) bSGcdn =′>+ . Now, if ( ) bGcdn >+ , then let M  be a minimal connected edge 

detour set of G   with 1+≥ bM . Since G  has 1+b elements and S ′  is a minimal connected edge detour set of G , it 

follows that M  is not a minimal connected edge detour set of G , which is a contradiction. Therefore, ( ) bGcdn =+ . 

 
Figure-2.5 

 
Remark 2.14: The edge detour graph G  in Figure 2.6 contains exactly 2 minimal connected edge detour sets namely

YX ∪   and ZY ∪ . Hence this example shows that there is no ``Intermediate Value Theorem'' for minimal connected 

edge detour sets, that is, if k  is an integer such that ( ) ( )GcdnkGcdn +<< 11 , then there need not exist a minimal 

connected edge detour set of cardinality k  in G . 
 
Using the structure of the graph G  constructed in the proof of Theorem 2.12, we can obtain a graph nH  of order n  

with ( ) 51 =Gcdn  and ( ) 1−=+ nGcdn  for all 6>n . Thus we have the following. There is an infinite sequence

nH  of edge detour graphs nH G  of order 6>n  such that ( ) 51 =nHcdn , ( ) 1−=+ nHcdn n ,

( )
0lim 1 =∞→ n

Hcdn n
n   and 

( ) 1lim 1 =
+

∞→ n
Hcdn n

n .  

 
Let nH  be the graph obtained from the cycle 1121 ,.....,: vvvvC n−  of order 2−n  by adding two new vertices 21,uu
and joining 1u  to 1v  and each 2u  to 3−nv  of C . The graph nH is connected and is shown in Figure 2.6. Let

}.....,{ 432 −= nvvvX , }.....,{ 312 −= nvvuY   and }{ 2−= nvZ . It is clear from the proof of Theorem 2.12 that the 

graph nH contains exactly 2 minimal connected edge detour sets namely YX ∪  and ZY ∪ so that 

( ) 1−=+ nHcdn n  and ( ) 51 =Gcdn . Hence the theorem follows. 
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Figure-2.6 
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