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ABSTRACT
In this paper we discuss the notion of restrained ve- and ev- mixed domination on S-valued graphs.
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1. INTRODUCTION

The theory of domination in graphs was initiated by Berge [1]. In [7], Chandramouleeswaran et.al introduced the
notion of Semiring valued graphs (simply S-valued graphs). Motivated by this, we discuss the notion of vertex-edge
mixed domination [3] and edge-vertex mixed domination [4] on S-valued graphs. In our previous paper, we introduce
and discuss the notion of global ve- m-domination on S-valued graphs. In this paper we discuss the notion of restrained
ve- and ev- m-domination on S-valued graphs.

2. PRELIMINARIES
In this section, we recall some basic definitions that are needed for our work.

Definition 2.1: [2] A semi ring (S, +, .) is an algebraic system with a non-empty set S together with two binary
operations + and . such that

(1) (S, +, 0) is a monoid.

(2) (S, .) is a semigroup.

(3) Foralla,b,c € S,a.(b+c)=a.b+a.cand(a+b).c=a.c+b.c

4)0.x=x.0=0,VxeS.

Definition 2.2:[2] Let (S, +, .) be a semiring. A Canonical Pre-order < in S defined as follows: for a, b € S, a<b if
and only if, there exists an element ¢ € Ssuchthata+c=h.

Definition 2.3: [9] Let G =(V, EcV ><V) be a given graph withV E = ¢. For any semiring (S, +, .), a semi ring-
valued graph (or a S-valued graph), G®, is defined to be the graph G° = (V,E,o,p) where :v s and y:E —» S

is defined to be _ [min{o(x),a(y)}.ifo(X)=c(y)ora(y)=c(x)
v y)=1, :
,otherwise

For every unordered pair (x,y) of E <V xV  We call O, a S- vertex setand ¥ a S-edge set of G°.

Definition 2.4: [3] A S— valued graph G® = (V,E, o, i) is said to be a S-Star(S-Wheel) if its underlying graph G is a
Star(Wheel) along with S-values.

Definition 2.5: [8] Consider the S- valued graph G® = (V, E, o) . The open neighbourhood of v; in G® is defined as
the set N (v;) ={(v;,a(v;), where(v;,v;) e E,p(v;,v;) € S}.
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Definition 2.6: [4] The closed neighbourhood of v; in G® =(V,E,o,w) is defined to be the set
Ng[vi]=Ng(v;) u{(v;,o(vi)}

Definition 2.7: [4] Let G® = (V,E,o,y)be a S-valued graph. Let e E. The open neighbourhood of e, denoted by
Ns(e), is defined to be the set, Ns(e) = {(e;, ¥(e;)) / € and e; are adjacent}.

The closed neighbourhood of e, denoted by Ns[e] = Ns(e) u (&j ,¥(ei)).

Definition 2.8: [5] Consider the S-valued graphG® = (V,E,o,y). Let D C V. If every edge of G® is weight m-
dominated by any vertex in D, then D is said to be a ve- weight m- dominating set.

Definition 2.9: [5] Consider the Svalued graph G® =(V,E,o,w). Let T < E. If every vertex of G® is weight
m—dominated by any edge in T, then T is said to be a ev—weight m—dominating set.

3. RESTRAINED VE- M-DOMINATION ON S-VALUED GRAPHS

In this section, we introduce the notion of restrained vertex — edge mixed domination on S valued graphs, analogous to
the notion in crisp graph theory, and prove some simple results.

Definition 3.1: Consider the S—valued graphG® = (V,E,o,). LetD C V. If every edge of G® is m-dominated by a
vertex in D and also by a vertex in V — D, the D is said to be a restrained ve-weight m-dominating set of G°.

Example 3.2: Let (S={0, a, b, ¢}, +, .) be a semiring with the following Cayley Tables:

+ 10 |a|b|c 0l alb|c
0|0 a|b |c 0] 00|00
alalal|bl|c al0| 0 a| O
b|b|b|b |b b|0| a| b|c
cl|c|c|b |c c/0| 0] c|c

Let < be a canonical pre-order in S, given by
0 <0,0<a0=<b0<ca<aa<ba<cb=<bc=<bc=<c

Consider the S-valued graph G° = (V,E,o,w)

Define o :v — s by o(v,) = &, 6(v,) = 6(v;) = o(vs) = o(vs) = b
and y : E— S by w(e;) = y(es) = a, y(e2) = y(ey) = y(es) = y(ee) = b.

Clearly D ={ v, , v, } is a restrained ve-weight m-dominating set of G>.

Definition 3.3: Consider the S— valued graphG® = (V,E,o,). A subset D C V is said to be a minimal restrained
ve-weight m-dominating set, if

(1) D is a restrained ve-weight m- dominating set.

(2) No proper subset of D is a restrained ve- weight m- dominating set.

Example 3.4: Let (S = {0, a, b, c}, +, .) be a semiring with the canonical preorder given in example 3.2 Consider the
S-valued graph G® = (V,E,o,p)
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V{b) Véb)

Define o :v — s by o(v,) = o(v,) = 6(v;) = 6(v4) = o(vs) = o(vg) = o(v7) = b
and y : E— S by y(e;) = w(e,) = w(es) = wlea) = w(es) = wleo) = W(er) = wleg) =b.

Clearly Dy ={ v, Vs }, Do ={ v1, V3 ,Vs}, D3 ={ V3 V5, v7}, Ds ={ V1 V4, V7 }, Ds ={ V2 ,V4, Vs},

Ds ={V1.V4, V6 }, D7 ={ V2 V4, V7}, Dg ={V2, V3,5, Vs }, Do ={V1, V3,5, V7}, D1o ={V1, V3,5, Ve},
D11 ={ V,, V3 Vs, V7 Jare all restrained ve-weight m-dominating sets of G°.

However D; ={ v3, Vs } is a minimal restrained ve-weight m-dominating sets of G>.

Definition 3.5: Consider the S— valued graphG® = (V,E,o,y). A subset D C V is said to be a maximal restrained

ve-weight m-dominating set, if
(1) D is arestrained ve-weight m- dominating set.
(2) There is no restrained ve- weight m- dominating set D’ < VsuchthatD < D’ € V.

In example 3.4, Dg ={ Vy, V3 ,V5, Vg }, Dg ={V1, V3 ,V5, V7 }, D1g ={ V1, V3 ,V5, Vg }, D11 ={ Vo, V3 ,Vs, V7 }are all maximal
restrained ve-weight m-dominating sets of G°.

Definition 3.6: Consider the S—valued graphG® = (V,E,o,). Asubset D C V is said to be a restrained ve-weight

m-dominating independent set, if
(1) D is arestrained ve-weight m- dominating set.
(2) Ifu,v eDthen N  (U)N(V,o(V)) = ¢.

In example 3.2, D = {v,, v, } is a restrained ve-weight m-dominating set of G°.

Also N (v,) N{(va.b) =g and Ng (v,) N{(v,.b)} = ¢
Hence D ={ v, v, } is a restrained ve-weight m-dominating independent set of G°.

Definition 3.7: Consider the S— valued graph G® = (V,E,o,) . The restrained vertex-edge mixed domination
number of G® is defined by Ve (G3) = QD\S ,|D ) where D is a minimal restrained ve-weight m-dominating set.

In example 3.4, restrained vertex-edge mixed domination number of G® is Ve (G®) = QDl Dl\)= b,2).

.
Theorem 3.8: For a S-regular Star S,°, Yave (S,°) = (o(v),1) where o(v) € S.

Proof: Let S,° be a S-regular Star and let v be the pole of S,°.

Then all the edges of S, are m-dominated by the pole v. Also all the edges of S,° are m-dominated by a vertex in
V — {v}. Hence {v} is a restrained ve-weight m-dominating set. And no proper subset of {v} is a restrained ve-
weight m-dominating set. Therefore {v} is a minimal restrained ve-weight m-dominating set. Hence

Yrve© (S,°) = (o(v),1) where o(v) € S.
Analogously, we can prove the following results,

Corollary 3.9:
(1) For a S-regular Wheel W,°, Vave (W, %) = (o(v),1) Where o(v) €S.

(2) For a S-regular Complete Graph K,*, Vave (K%)= (o(v),1) where o(v) € S.

(3) For a S-regular Complete Bipartite Graph K, %, P (K %) = ((v),n),n<m where 5(v) €S.
RVE mn (o(v),m),m=<n

Theorem 3.10: A restrained ve-weight m-dominating set D of a S-valued graph G° is a minimal restrained ve-
weight m-dominating set of G iff every vertex v € D satisfies at least one of the following properties;
(1) There exists a vertex u € V - D such that N (u) N {D x s} = {(v o-(v))}

(2) v is adjacent to no vertex of D.
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Proof: Let v € D. Assume that v €D satisfies at least one of the above two properties. Then D — {v} is not a
restrained ve-weight m-dominating set. Therefore D is a minimal restrained ve-weight m-dominating set.

Conversely, assume that D is a minimal restrained ve-weight m-dominating set. Then for each v € D, D — {v} is not
a minimal restrained ve-weight m-dominating set of G°. Therefore there exist a vertex u €V - (D — {v}) that is
adjacent to no vertex of (D — {v}).

If u=v, then v is adjacent to no vertex of D.

If u# v, then D is a restrained ve-weight m-dominating set and u € D = u is adjacent to at least one vertex of D.
However u is not adjacent to any vertex of D - {v} = N (u) N {D xS} = {(v,o(V))}

Theorem 3.11: A subset D < V of a S-valued graph G is a restrained ve-weight m-dominating independent set iff
D is a maximal independent vertex set in G°.

Proof: Clearly every maximal independent vertex set D in G® is a restrained ve-weight m-dominating independent
set. Conversely, assume that D is restrained ve-weight m-dominating independent set. Then D is independent and
every vertex not in D is adjacent to a vertex of D and therefore D is a maximal independent vertex set in G°.

Theorem 3.12: Every maximal independent vertex set D in G® is a minimal restrained ve-weight m-dominating set.
Proof: Let D be a maximal independent vertex set in G°. Then by theorem 3.11, D is a restrained ve-weight m-
dominating independent set. Since D is independent, certainly every vertex of D is adjacent to no vertex of D. Thus,
every vertex of D satisfies the second condition of theorem 3.10. Hence D is a minimal restrained ve-weight m-
dominating set.

Combining the above two theorems, we obtain the following theorem,

Theorem 3.13: A subset D C V of G® is a restrained ve-weight m-dominating independent set iff D is a minimal
restrained ve-weight m-dominating set.

4. RESTRAINED EV- M-DOMINATION ON S-VALUED GRAPHS

In this section, we introduce the notion of restrained edge - vertex mixed domination on S valued graphs, analogous to
the notion in crisp graph theory, and prove some simple results.

Definition 4.1: Consider the S—valued graphG® = (V,E,o,). Let T C E. If every vertex of G® is m-dominated by
an edge in T and also by an edge in E — T, the T is said to be a restrained ev-weight m-dominating set of G>.

Example 4.2: Let (S ={0, a, b, c}, +, .) be a semiring with the canonical preorder given in example 3.2 Consider the
S-valued graph G® = (V,E,o,p)

b
Vi) et) v b gy

volb) 5B vlip) =gl v

Define & :v — s by 6(v,) = o(v,) = 6(v;) = o(vs) = 6(vg) = b, 6(vs) = C.
and y : E— S by w(e)) = w(e,) = y(es) = w(eg) = w(er) = b, wles) = w(es) = C.

Clearly T;={e; }, T.={es h Ts={enes } Ta={e, e} Ts={e, e }, Te={exes }, T-={exe6 },
Te={ener 1 To={es, 6} Tw={es, &7} Tu={es e 1 To={e, e}, Tiz={enee }
Tu={e1, e 65, e} Tis={ ey, es, e, e; } are all restrained ev-weight m-dominating sets of G°.

Definition 4.3: Consider the S— valued graphG® = (V,E,o,w). A subset T C E is said to be a minimal restrained

ev-weight m-dominating set, if
(1) Tis arestrained ev-weight m- dominating set.
(2) No proper subset of T is a restrained ev- weight m- dominating set.
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In example 4.2, T; = {e, }, T, = { e } are the minimal restrained ev-weight m-dominating sets of G°.

Definition 4.4: Consider the S— valued graphG® = (V,E,o,y). A subset T C E is said to be a maximal restrained

ev-weight m-dominating set, if
(1) Tisarestrained ev-weight m- dominating set.
(2) There is no restrained ev- weight m- dominating set T° € Esuchthat T < T' C E.

In example 4.2, T4 = {ey, €, €5, €7}, T1s = {e4, €5, €, €7 } are the maximal restrained ev-weight m-dominating sets of
G®.

Definition 4.5: Consider the S—valued graphG® = (V,E,o,i). Asubset T C E is said to be a restrained ev-weight

m-dominating independent set, if
(1) D is a restrained ve-weight m- dominating set.

(2) Ifef eTthen N (e)N(F,w(F)) =g

In example 4.2, T = { ey, es }s a restrained ev-weight m-dominating independent set of G°.

Definition 4.6: Consider the S— valued graph G® = (V,E,o,y). The restrained edge-vertex mixed domination
number of G® is defined by Veey S (G®) = QT\S T ) where T is a minimal restrained ev-weight m-dominating set.

In example 4.2, restrained edge-vertex mixed domination number of G® is
7REVS(GS) :QTl T1‘):qT2 Tz‘):(bj-)-

s?

s’

Theorem 4.7: For a S-regular Star S,°, Veey (S,°) = (w(e),1) Where y(e) eS.

Proof: Let S,° be an S-regular Star and let e be any edge of S,>.

Then all the vertices of S,° are m-dominated by the edge e. Also all the vertices of S, are m-dominated by an edge
in E — {e}. Hence {e} is a restrained ev-weight m-dominating set. And no proper subset of {e} is a restrained ev-
weight m-dominating set. Therefore {e} is a minimal restrained ev-weight m-dominating set. Hence

Yrev© (S,°) = (w(e)1) Where y(e) €S.
Analogously, we can prove the following results,

Corollary3.9:
(1) For a S-regular Complete Graph K,®, Yrey (K%)= (w(e),1) Where y(e) eS.

(2) For a S-regular Complete Bipartite Graph K, ,°, Yrey S (Ko n8) = (w(e),1), where v (e) € S.
(3) For a S-regular Wheel W,°, Veey S W, %) = (w(e)1) Where y(e) €S, ifeisaspoke.

Remark 4.9: For a S-regular Wheel W,5, with n >5, if e is not a spoke, then Ve W, %) = (v (e).2) where
w(e)eS.

In [3], itself we have proved with an example that, if e is not a spoke of a S-Wheel, then {e} will not be the minimal
ev-weight m-dominating set. Hence {e} will not be a minimal restrained ev-weight m-dominating set. Therefore

Yrev T W,°) = ((e),1) Wherey (e) € S.

Theorem 4.10: A restrained ev-weight m-dominating set T of a S-valued graph G® is a minimal restrained ev-weight
m-dominating set of G® iff every edge e € T satisfies at least one of the following properties;
(1) There exists an edge f €E - T suchthat N (f)N{T xS} ={(e,w (e))}

(2) eis adjacent to no edge of T.

Proof: Let e € T. Assume that e is adjacent to no edge of T. Then T — {e} cannot be a restrained ev-weight m-
dominating set. = T is a minimal restrained ev-weight m-dominating set. On the other hand, if for any e €T there
existan f € E-Tsuchthat N ()N {T %S } = {(e,z//(e))}- Then fis adjacent to e € T and no other edge of T. In

this case also, T — {e} cannot be a restrained ev-weight m-dominating set of G°.

Conversely, assume that D is a minimal restrained ev-weight m-dominating set of G°. Then for eache €T, T - {e}
is not a minimal restrained ev-weight m-dominating set of G°. Therefore there exist an edge f €E - (T — {e}) that is
adjacent to no edge of (T — {e}).
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If f = e, then e is adjacent to no edge of T.

If f = e, then T is a restrained ev-weight m-dominating set and f € T = f is adjacent to at least one edge of T.
However f is not adjacent to any edge of T —{e} = N, (f)N{T xS} = {(e,w(e))}

Theorem 4.11: A subset T < E of G® is a restrained ev-weight m-dominating independent set iff T is a maximal
independent edge set in G°.

Proof: Clearly every maximal independent edge set T in G is a restrained ev-weight m-dominating independent set.

Conversely, assume that T is restrained ev-weight m-dominating independent set. Then T is independent and every
edge not in T is adjacent to an edge of T and therefore T is a maximal independent edge set in G°.

Theorem 4.12: Every maximal independent edge set of G° is a minimal restrained ev-weight m-dominating set.

Proof: Let T be a maximal independent edge set of G°. Then by theorem 4.11, T is a restrained ev-weight m-
dominating independent set. Since T is independent, every edge of T is adjacent to no edge of T. Thus, every edge of
T satisfies the second condition of theorem 4.10. Hence T is a minimal restrained ev-weight m-dominating set.
Combining the above two theorems, we obtain the following theorem,

Theorem 3.13: A subset T C E of G® is a restrained ev-weight m-dominating independent set iff T is a minimal
restrained ev-weight m-dominating set.
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