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ABSTRACT

Operations have its own value and play a vital role in the development of results in the field of Mathematics. There are
many operations by which new graphs are obtained from the old ones and are separated in to unary operations and
binary operations. In this paper we try to get a new graph from the old one by introducing a new concept (operation),
differentiability and study its various properties.
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1. INTRODUCTION

The term “operation” plays a vital role in the scientific world especially in Mathematics. Many operations are defined
in the field of Graph Theory to get new graphs from the old ones. They may be classified in to two classes namely,
unary and binary operations.

Unary operations result a new graph from a given old one by a simple local change such as addition or deletion of a
vertex or an edge, edge contraction and subdivision etc.

Binary operations result a new graph from the given two old ones such as union, intersection, conjunction, product, join
and so on.

In this paper we try to get a new graph from the old one by introducing a new operation and study its various
properties.

1.1 Construction

Let G be a graph of order p and e = uv be an arbitrary edge in G. Now consider the graph (G. e). Remove all the loops
from (G.e) if exists. The new graph is denoted as G(*). Next take G and e = uv be an arbitrary edge. Consider
(GM™. e). Remove all the loops from (G™. e) (if exists) and denote the new graph as G® and so on. Repeat the process
till we get a positive integer ‘r’ such that G™ = K;. ¢® is known as the derivative of GG~V i = 1,2 ...,r.Then this
process is known as differentiation and symbolically it will be denoted as (% where e € E(G)). Also ‘r’ is called as
the order of differentiation.

Example 1.2:
Wi W
4
®
G:
Wz Vz
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Let e = (v, V2), then G is given by,
Vg

G,

Now, let e=(v;V5, v3), then G @ is given by

G 2.

WaVaVs3

Vg

Now, let e=(V;V,vs, V4), then G is given by

GG,

WiV sy

Let e=(V1V,V3Vys, Vs), then G™ is given by
G{d’}: ®

ViVaVaVeVs - \which is isomorhic to K; .

Observation 1.3:
1) If Gisanempty graphthenr =0
2) If G isadisconnected graph with “m” components ,then there exists an ‘r’ such that
G™M = mkK,.

Remark 1.4: If at each (G®.e),i =1,2,..,r — 1, the resultant graph is simple then the given graph G is said to be
simply differentiable and in all other cases it may be called partially differentiable.

Definition 1.5: A graph G is said to be differentiable if it is either simply differentiable or partially differentiable.

Example 1.6:

W,
W 4

®
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Vg

G-
[ ]
ViVa
Wz
G@: Ve
ViVzVs

{7 '[3:}: ®

ViV VazVWa

Observation 1.7: Every graph is differentiable.
2. SOME RESULTS
In this section we give some results related to this concept.

Result 2.1: Let G be a connected graph of order p. If there exists an “r’ such that ™ = K, then r must be equal to
p—1.

Proof: Let G be a graph of order p. If we contract an edge in G and delete all loops from it, we get a new graph ¢ of
order p — 1. Again we contract an edge in ¢ Mand delete all loops from it we get a new graph say G of order p — 2.
Continue this process until we get an‘r” such that 6™ = K,

Now G is a graph of order p — r. Since G = K;, p — r must be equal to1.
Thatisp—r=1
Thereforer = p — 1.

Result 2.2: Let G be a disconnected graph of order p with “m’ components, each of whose order is py,ps, .., Pm
respectively. If there exists an ‘r” such that ™ = mK;, then ‘r’ must be equal to p — m.

Proof: Let G = (p,q) be a disconnected graph with m components G,, G,,....G,,, of order p,, p,,...p.,, respectively.
Since each G; is connected, then by the above result, if there exists an ‘r;” such that G, = K, thenr, =p; — 1.
Again since G, is connected if there exists an “r,’ such that G, = K, thenr, = p, — 1. Continuing like this there
exists an‘r;,” such that G,,™ = K, then 7, = p,, — 1

IR

Letr =7 + 71, + . +7,. Thuswe get G ™ = mK;.

Sincer; =p; —1,itfollowsthatr =p, —1+p, -1+ +p,, — 1
=Ep1tpetotpp—m
=p-—-m.

Theorem 2.3: Let G, and G,be two graphs with m and n components respectively. Then
G,™vG, ™ = Kmn.
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Proof: Let G, be a graph with “m’ components and G, be a graph with ‘n’ components respectively.
Then G, = mkK, and G, = nkK,
Clearly G,"V v G, has (m + n) verticesand each of m vertices in G, " is adjacent to all ‘n” vertices in G,2.
Therefore, G,™ v G, = Km,n.

Remark 2.4:
1) If G, and G, are connected graphs then, G, "VvG,"™ = K, that is K, ;
2) Let G, and G,be two graphs such that one is connected and the other has n components then G, “VvG, ) = K, ,

Result 2.5: Let G, and G, be arbitrary graphs. Then (G,vG,)™ % G,"™vG,"?"

Proof: We shall prove this by exhibiting the following example
U3
V1

Gl:

uz Us Wz V3

Then G, =K, and G,"® =K, .
Let

G 1 (ry) . G2 (rz) .

X @ ® v

Then,G, "™vG, " is
That is G, "VvG,™is K, (or Ky ;).

Now,
Us Vi

G]_VGZ:

Uz Vs

Therefore (G,vG,)™ = K,

Hence (G;vG,)™ 2 G, "™vG, ™),

Theorem 2.6: If G, and G, be two arbitrary graphs, then (G, U G,)® = 6, u G,
Proof: To prove this theorem, we have to consider two cases.

Case-(i):G; and G, are connected

Then G, U G, has two components
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Therefore (G, U G,)™ = 2K,.
Also, G, = K; and G, =K,
Therefore G, u G, = 2K,
In this case (G, U G,)™ = 6, u G,.

Case-(ii): G, and G, are disconnected graphs

Let G;has m components and G, has n components.
Then G, = mK,and G, = nK,.
Since G;NG,= ¢,G; U G, has (m + n) components.
Therefore(G, U G,)™ = (m + n)K;.

Also,G, " U 6, = (m + n)K,.
In this case also(G, U G,)™ = G, u G,.

Theorem 2.7: If (G, U G,)™ = 6, UG,  thenr =17,
Proof:

Case-(i):G; and G, are connected

Let G; and G,be of order p; and p,respectively.

Then G,P1™Y = K, and G,P>™Y = K,

Also, G, U G, is of order p, +p, and has two components.

Therefore (G, U G, )P1+P2=2) = 2K, .
Gl(prl) U Gz(pz—l) = 2K,.

Since(G, U G,)™ = G, U 6,7, (G, U G,)P1+P2D) = G, P17V y G, P2~
Now, p; +p,—2=p;, —1+p,—1

Thatisr =nr, + 1.

Case-(ii): G, and G, are disconnected graphs.

Let order of G, be p; and order of G, be p,.

Let G, has m components each of whose order is m;, m,, ..., m,, and G, has n components, each of whose order is
Ny, Ny, e, Ny

Then G,?*™Y = mK,and G,P>™Y = nK,.
Therefore, G, ™™ U G, P2 V=(m + n)K,
Now G; U G, has (m + n) components and order of G; U G, is p;+p,.

Therefore, (G, U G,)®P1+P2=(m+1) =~ (1m 4 n)K,

Since(G, U G,)™ = 6, U 6,2, (G, U G,)Prtpz-(mim) ~ ¢ (Pr=m) g P2~
Now, p; +p, —(m+n) =p, —m+p, —n.

Thatisr =1, + 1.
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Result 2.8: Let G, and G, be two subgraphs of G such that they have some vertices in common. Then (G, U G,)™) 2
GI(H) UG, (r2)

Proof: We shall prove this by exhibiting an example.

Let G be the graph given by

1 Us
®
Ug
a:
Liz Uz
Let G, and G, be two subgraphs of G,
Uz Uz Uz
e  J
Gy fe
e [ J
us Lz Lsg
Now G; U G, is,
Uy
[R5}
Usg
Gl L Gz:
L
Lz Uz

Here (G, UG,)™ =K, ,G,"™ = K,, 6,7 = K;, G/ u G{'? = 2K;.

Therefore,(G, U G,)™) 2 6, u 6,1,

Result 2.9: Let G,,G,,...,G, be n disjoint graphs of order p,, p,,...,p, respectively. Then
(G,UG,U..UG)M =6, ™ ug, @ u..ug,™,

wherer =nr +r,+ 15+ +1n,.

Proof: We will prove the result by using mathematical induction.

Whenn=1, 6,7 = 6,®.

Therefore the result is true for n=1.
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When n=2, (G, U G,)™ = 6, UG, and r =1, +r, (From previous theorem)

Therefore, the result is true for n=2.
Now assume that the result is true for fewer than n graphs

That is,
(GLUG,U ..UGp ) =6,"YuG," U ..U G,_, ™7 where,
r=nt+nr+rt+o+r_

=p1+p,+p3+t oo — (- 1).

Next consider n graphs. Then we have,
(GLUG,U ..UG)M =[(G,UG,U ..UG,_,)UG,]"

=(G,UG,U..UGr )™ UG, "™ ;r=r+r,
=6,y G,y .G, ™1 UG, and

r=n"+r,0 + . +r,_,© by assumption.

Now,r =7 + 1,
= rl(’) + rz(’) + o4 rn—l(,) + 7
Epitpetps ot p—(-D+p, -1
Ep1tptpst et prpgtp—n
=T'1+T2 +T'3+'“+T'n.
Therefore the result is true for n graphs. Hence the result is true for all n>1.

Theorem 2.10: Let G, and G, be two connected graphs. Then, (G1[G,])™ = (G,"V[6,"?]).

Proof:
Since G, and G, are connected graphs, G,[G,] is also connected.

Therefore,(G,[G,]) = K;.
Since G, is connected, G, ™ = K, and since G, is connected, G, = K;.

Therefore, G, [G,7?] = K;.Hence the theorem.

Remark 2.11: If any one of G, and G,is disconnected, then (G,[G,])™ need not be isomorphic to (G, [6,T]).

Example 2.12:
U:[ u4
o
Gli G_‘J
L o
Uz Uz

Here, G,V = 2K, and G, = 2K;.
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Let
G {Tﬂ‘:
1 [ ] and GE{TZ}: )
X y )
Therefore, G, [6,72] is
(x,u) @ ® (xv)
(v, u) L o (y,v)
That is G, "[G,"?] = 4K;.
Now,
(us,v)

Gl [Gz] . {Uz,\l"ﬂ

(uz,v1)

(us,v2)

{u4,\r1).—. ® (usvs)

Therefore, (G,[G,])™ = 3K,

Hence (G1[G,])™ 2 (6,"V[6,?])

Theorem 2.13: Let G, and G, be any two graphs. Then (G, x G,)™ = G,™ x G,?.
Proof: We shall consider two cases.

Case-(i): Let G, and G,be connected graphs.

Then, G, X G, is also connected and (G; x G,)™ = K,

Now, G, = K,and G, = K,.

Therefore, G, ™ x G, = Kk,

Hence, (G, x G,)® = ¢,™ x G,

Case-(ii): Let G; has m components and G,has n components.
Then, G; X G, has mn components.

Therefore, (G, X G,)™ = mnK,.

Also, G, = mK,and G, = nK,.

Therefore, G, ™ x G, = mnk,

Hence, (G, X G,)™ = Gl(rl) x Gz(rz)_
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Conjunction : The conjunction of two graphs G,and G,, denoted by G,AG, is a graph with vertex set V, x V, and
u = (uq,u,) is adjacent to v = (v, v,) if u, is adjacent to v, in G; and wu, is adjacent to v, in G,.

Result 2.14: Let G, and G, be two arbitrary graphs. Then, (G, A1G,)™ % G,V A G,T2.
Proof: We shall prove this by exhibiting an example.

Let G, and G, be,

Ll1. Vi
Gl Gz:
¢ 9
Lz Uz Ve
Then,
(ua,va) {ua,va)
G]_/’.GZ .

{uz,vq) {U2FV2:|
(uz,v:) (uz,v2)

Therefore, (G,1G,)™ = 2K,
Now, G,V = K, and G, =K,
Therefore, G, ™ AG,"? = K,
Hence, (G;1G,)™ % G, ™ AG, .
REFERENCES
Harary, “Graph Theory”, Narosa Publishing House, Delhi.

1. F
2. G .Suresh singh, “Graph Theory”, PHI, New Delhi.
3. J. A. Bondy and U S R Murty, “Graph Theory with Applications”, Elsevier Science Publishing Co.Inc.

Source of support: Proceedings of National Conference January 11-13, 2018, on Discrete & Computational
Mathematics (NCDCM - 2018), Organized by Department of Mathematics, University of Kerala, Kariavattom
Thiruvanathapuram-695581.

© 2018, IJMA. All Rights Reserved 45

CONFERENCE PAPER
National Conference January 11-13, 2018, on Discrete & Computational Mathematics (NCDCM - 2018),
Organized by Department of Mathematics, University of Kerala, Kariavattom Thiruvanathapuram-695581.




