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ABSTRACT

In the present paper, we introduce fuzzy pre open (closed) sets, fuzzy pre-closure (interior) operators and fuzzy pre-
continuity in Sostak fuzzy topological space. Also we investigate their significant characteristic properties.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [9] and later Chang [1] defined fuzzy topological spaces. Sostak [8]
introduced a new fuzzy topological space exploiting the idea of partial openness of fuzzy sets. This generalized fuzzy
topological space was later rephrased by Chattopadhyay et.al. [2], Ramadan [6] etc.

The concepts of fuzzy strong preopen sets and strong pre continuity (see [4]), fuzzy preopen sets and fuzzy
precontinuity (see [7]) etc. have been introduced in case of classical fuzzy topological spaces introduced by Chang [1].
In the present paper, we introduce fuzzy preopen (closed) sets, fuzzy p-pre closure and p-pre interior operators and
fuzzy pre continuity in the Sostak fuzzy topological space redefined by Chattopdhyay [2]. We denote this generalized
fuzzy topological space as So-fuzzy topological space for brevity of notation. We investigate significant characteristic
properties of fuzzy pre open (closed) sets and also the p-pre closure (interior) operators. Further we establish interesting
properties of fuzzy-p-pre continuous mappings.

2. PRELIMINARIES

Let X be a non-empty set and I = [0, 1] be the unit closed interval of real line. Let I* denote the set of all fuzzy sets on
X. Afuzzy set A on X is a mapping A: X — I, where for any x € X, A(x) denotes the degree of membership of element
x in fuzzy set A. The null fuzzy set 0 and whole fuzzy set 1 are the constant mappings from X to {0} and {1}
respectively.

A family t of fuzzy sets on X is called a fuzzy topology (see [1]) on X if (i) 0 and 1 belong to z, (ii) Any union of
members of 7 is in 7, (iii) a finite intersection of members of 7 is in 7. The system consisting of X equipped with fuzzy
topology t defined on it is called a fuzzy topological space and is denoted as (X,7). Now we define the So-fuzzy
topological space (see [2], [8]).

A So-fuzzy topology on a non-empty set X is a family t of fuzzy sets on X satisfying the following axioms with respect
to a mapping : 1¥ = I,

) (@M=t =1

(ii) (AN B) = 1(4) At(B); forany A, B € I%;

(iii) T(Uie] A) > Ay T(4A;), for any arbitrary family {4; : i € J} € I*.

The system (X, t) is called So-fuzzy topological space and the real number t(A) is called the degree (or grade) of
openness of fuzzy set A. We note that
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Proposition 2.1: Let X be a non-empty set. Then the map 7 : I¥ - I given by 7(0) = 1 and
T(4) = inf {A(x) : x € supp A} if A # 0, satisfies the axioms of gradation of openness.

If (X, 7) is a So-fuzzy topological space, then we observe that (see [2]) for any p € [0, 1], the family 7, = {A € I :
T(A) = p} is actually a fuzzy topology in sense of Chang [1] and it is called p-level fuzzy topology on X with respect
to the gradation of openness 7. All fuzzy sets belonging to 7, are called fuzzy-p-open sets and their complements are

called fuzzy-p-closed sets.

For any fuzzy set A, the interior and closure of A with respect to 7, are defined as follows:
Int,(A) =U{G € I*:G S Aand G € 1,}
Cl,(A)=n{Ke€I*:Ac Kand K° € 1,}

Proposition 2.2: Clearly we observe that
(i) Int,(A) = Aiff A is fuzzy-p-open set; and
(ii) Cl,(A) = Aiff Ais fuzzy-p-closed set.

3. Fuzzy-p-Pre open (Closed) Sets

In this section, we define fuzzy-p-pre open sets and fuzzy-p-pre closed sets in So-fuzzy topological space and
investigate their properties.

Definition 3.1: Let (X, 7) be a So-fuzzy topological space and A € I* be a fuzzy set. Then for any p € I, a fuzzy set A
is said to be a

() Fuzzy-p-pre opensetin X iff A < Int,(Cl, (4))

(i) Fuzzy-p-pre closed setin X iff A 2 Cl,(Int, (4))

Clearly fuzzy sets 0 and 1 are both trivially fuzzy p-pre open as well as fuzzy p-pre closed sets in X.

Proposition 3.1: In a So-fuzzy topological space, forany p € I,
(i) Every fuzzy-p-open set is a fuzzy-p-pre open set;
(ii) Every fuzzy-p-closed set is a fuzzy-p-pre closed set.
But converse of these may not be true in general.

Proof:

(i) Let (X, 7) be a So-fuzzy topological space and A be a fuzzy-p-open set on X, so that 7(4) = p. Since Int,(4) = A
(Proposition 2.1) and A € Cl,(A), we have Int,(A) < Int, (Clp (A)), so that Int,(A) = A € Int, (Clp (A)).
Hence A € Int, (Clp (A)).

Thus A is a fuzzy-p-pre open set in X.
(i) Let A be a fuzzy-p-closed set in So-fuzzy topological space (X,), so that t(A°) = p and A = Cl,(A4). Also

Int, (A) € A, itfollows Cl, (Intp(A)) C Cl,(A) = A. Hence A is a fuzzy-p-pre closed set.

The fact that converse of (i) and (ii) may not be true in general can be shown through the following example.

Example 3.1: Let X = {a,b}and A, B,C, D, E, F € IX be fuzzy sets defined as follows:

A ={(a,0.6),(b,0.3)} B ={(a,0.4), (b,0.5)} C ={(a,0.6),(b,0.5)}
D ={(a,0.4),(b,0.3)} E ={(a,0.5),(b,0.4)} F ={(a,0.5),(b,0.6)}
Define a map 7 : I*¥ — I as follows:
(1 if F=0,1
0.3, if F=AD
(F) =< 04, if F=B
LO.S ifF=C
0, otherwise

Suppose p = 0.1. We see that fuzzy set E is a fuzzy-p-pre open set because Cl,(E) = B¢ and Int,(B¢) = C. Hence
Int, (Clp (E)) = C 2 E. Thus E is a fuzzy-p-pre open set, but it is not a fuzzy-p-open set (because t(E) = 0 » 0.1).

Similarly we observe that fuzzy set F is a fuzzy-p-pre closed set because Cl, (Intp(F)) =Cl,(B) =C° S F. Thus F

is a fuzzy-p-pre closed set. But it is not a fuzzy-p-closed set.
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Theorem 3.1: Let (X, ) be a So-fuzzy topological space. Then for any p € I,
a) Any union of fuzzy-p-pre open sets is a fuzzy-p-pre open set;
b) Any intersection of fuzzy-p-pre closed sets is a fuzzy-p-pre closed set.

Proof:

(&) Let {A; : i € J} be an arbitrary collection of fuzzy-p-pre open sets in So-fuzzy topological space (X, t). Then for
each i € J, we have A; < Int,(Cl,(4;)). Hence
Uies Ai € Uie) Int, (CL,(A)) € Int,(Uie; CL,(AD) € Inty(Cly(Uie; AD)
Thus U;¢; 4; is a fuzzy-p-pre open set.

(b) Let {4; : i € J} be an arbitrary collection of fuzzy-p-pre closed sets in So-fuzzy topological space (X, t). Then for
each i € ], we have A4; 2 Cl,(Int,(4;)).
Hence Nic; 4; 2Nig; Cl, (Int,(4)) 2 Cly(Int,(Nie; A)
Thus  N;ej A is a fuzzy-p-pre closed set.

Definition 3.2: Let (X, t) be a So-fuzzy topological space and A € I* be a fuzzy set. Then for any p € I, fuzzy-p-pre
interior and fuzzy-p-pre closure of fuzzy set A denoted as P-int,(A) and P-cl,(A) are defined as follows:

P-int,(A) =V {G € I*:G € Aand G is a fuzzy-p-pre open set in X}

P-cl,(A)=n{K € 1*:K 2 Aand K is a fuzzy-p-pre closed set in X}

Theorem 3.2: Let (X, 1) be a So-fuzzy topological space and A € I¥ be a fuzzy set. Then for any p € I,
(i) P-cl,(1—A)=1-P-int,(A)
(i) P-int,(1—A) =1—P-cl,(4)

Proof:
(1) Suppose {G;};e; is the family of all fuzzy-p-preopen sets in X contained in A. Then
P-intp(A) = UiE] Gi =1 —ﬂiE] GLC

Since G; € A, we have G; 2 A%,V i € ]. Thus {G };¢, is the collection of all fuzzy-p-preclosed sets containing A°.
Hence Nie; Gf = P-cl,(A°) = P-cl,(1 — A).
Thus P-int,(4) = 1 — P-cl,(1 — A)

Hence P-cl,(1 — A) = 1 — P-int,(A). This proves (i).
(if) can be proved in a similar manner.

Theorem 3.3: Let (X, 7) be a So-fuzzy topological space. Then forany p € I, afuzzy set A € I¥ isa
a) Fuzzy-p-pre open set iff P-int,(A) = 4;
b) Fuzzy-p-pre closed set iff P-cl,(A) = A.

Proof:

(a) Let A be fuzzy-p-pre open set in X. Let {G;};¢; be the family of all fuzzy p-pre open sets which are contained in A.
Since each G; € A, i € ], we have U;¢; G; < A. Therefore
P-int, = U, {G; € 1¥ : G; € Aand G; is a fuzzy-p-preopen set } C A (3.3.1)

Since A € A and A is a fuzzy-p-preopen set in X, hence A € {G;};¢;. Therefore
A € Ui; G; = P-int,(4) (3.3.2)

From equations (3.3.1) and (3.3.2), A = P-int,(A).

Conversely; suppose 4 is a fuzzy set in So-fuzzy topological space (X, 7) such that A = P-int,(A). Then
A = P-int,(A) =U {G; € I* : G; € Aand G; is a fuzzy-p-pre open set } (3.3.3)

Since any union of fuzzy-p-preopen sets is a fuzzy-p-preopen set, in view of (3.3.3), set A4 is a fuzzy-p-pre open
setin X.
(b) This can be proved in a similar manner.
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Theorem 3.4: Let (X, 1) be a So-fuzzy topological space. Then for any p € I, the following properties hold for fuzzy-
p-pre closure:

(i) P-cl,(0)=0

(i) P-cl,(A) is a fuzzy-p-pre closed set in X

(i) P-cl,(A) € P-cl,(B), if ASB

(iv) P-cl,(P-cl,(A)) = P-cl,(A)

(v) P-cl,(AUB) 2 P-cl,(A) U P-cl,(B)

(vi) P-cl,(ANn B) < P-cl,(A) n P-cl,(B)

Proof: Let (X, t) be a So-fuzzy topological space and A, B be fuzzy setson X. Let p € I.

(i) Inview of Definition 3.2,
P-cl,(0) =n {K; € I* : K; 2 0 and K; is a fuzzy-p-pre closed set in X }
We know 0 is a fuzzy-p-pre closed set. Thus 0 is a fuzzy-p-pre closed set containing 0. Hence 0 € {K; };¢;.
Therefore N;e; K; = 0. Thus P-cl,(0) = 0.

(i) By definition, P-cl,(A) is the intersection of all fuzzy-p-pre closed sets containing A and in view of Theorem 3.1,
any intersection of fuzzy-p-pre closed sets is a fuzzy-p-pre closed set. Thus P-cl,(A) is a fuzzy-p-pre closed set in
X.

(i) Let A and B be two fuzzy sets in X such that A < B. Consider the collection {K;};c; such that K; is a fuzzy p-pre
closed set and contains A for each i € J; so that P-cl,(A) =N;¢; {K;}. Now consider P-cl,(B). We know that
P-cl,(B) = Ny, {F, : F, 2 B and F) is a fuzzy-p-pre closed set in X}

Since B 2 A,F; 2 A,V L € L. Therefore n,¢, F; 2 B 2 A. Thus P-cl,(B) is a fuzzy p-pre closed set in X, which
contains A. Therefore P-cl,(B) € {K}¢;-

Hence N¢; K; € P-cl,(B).

Thus P-cl,(A) € P-cl,(B). This proves (iii).

(iv) We know by (ii) that for every A in I*, P-cl,(A) is a fuzzy p-preclosed set in X. Therefore in view of Theorem 3.3
(b), we conclude that P-cl,(P-cl,(A)) = P-cl,(4).

(v) Inview of (iii), we know that if P < Q in X, then P-cl,(P) < P-cl,(Q). NowA S AUuBand B € AUB.
Therefore P-cl,(A U B) 2 P-cl,(A) and P-cl,(A U B) 2 P-cl,(B).

Hence P-cl,(AU B) 2 P-cl,(A) U P-cl,(B)

(vi) SinceAnB < Aand An B < B. We have
P-cl,(AnB) € P-cl,(A) and P-cl,(ANnB) < P-cl,(B)

Therefore, P-cl,(A N B) < P-cl,(A) N P-cl,(B).

Similarly we have the following:
Theorem 3.5: Let (X, ) be a So-fuzzy topological space and A4, B € I* be fuzzy sets. Then for any p € I,
(i) P-int,(1) =1
(i) P-int,(A) is a fuzzy-p-pre open set in X
(iii) P-int,(A) < P-int,(B), if AC B
(iv) P-int,(P-int, (A)) = P-int,(A)
(v) P-int,(AU B) 2 P-int,(A) U P-int,(B)
(vi) P-int,(A N B) < P-int,(A) N P-int,(B)
4. Fuzzy-p-Pre Continuous Map

In this section, we define a fuzzy-p-pre continuous map from one So-fuzzy topological space to another and investigate
its characteristic properties. We know fuzzy-p-continuous map is defined (see [2]) as follows:

Definition 4.1: Let (X,t) and (Y,o) be two So-fuzzy topological spaces. A map f:X - Y is said to fuzzy-p-
continuous map if 7(f~*(B)) = o(B), for each fuzzy set B € I¥ such that o(B) = p.

Now we define fuzzy-p-pre continuous map as follow:

Definition 4.2: Let (X, t) and (Y, o) be two So-fuzzy topological spaces. A map f from X to Y is called a fuzzy-p-pre
continuous map iff f~(B) is a fuzzy-p-pre open set for any fuzzy set B € IY such that o(B) = p.

Proposition 4.1: Every fuzzy-p-continuous map is a fuzzy-p-pre continuous map, but converse may not be true.
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Proof: Let (X,t) and (Y, o) be two So-fuzzy topological spaces and f: X — Y be a fuzzy-p-continuous map. Suppose
B € I" is a fuzzy-p-open set in Y, so that 6(B) = p. Then t(f~*(B)) = o(B) = p. Hence f~*(B) is a fuzzy-p-open
set in X. Since every fuzzy-p-open set is a fuzzy-p-pre open set, f~1(B) is a fuzzy-p-pre open set in X. Thus f is a
fuzzy-p-pre continuous map.

But converse of this may not be true in general. This can be exemplified as follows:

Example 4.1: Let X = {a, b}, Y = {u,v}and A4, B,C,D € I*, € I' be fuzzy sets defined as follows:

A ={(a,0.7),(b,02)} B = {(a,0.5), (b, 0.6)} C = {(a,0.7), (b,0.6)}
D = {(a,0.5), (b, 0.2)} E = {(u,08),(v,0.7)}
We define fuzzy topologies 7 : I1¥ - I and o: 1Y — I as follows:
1, if F=0,1
02, IifF=AD
T(F) =405, if F=B
0.6 ifF=C
0, otherwise
1, if F=0,1
o(F)=1{0.7, if F=E
0 otherwise

Consider a map f: (X,7) — '(Y, o) defined as f(a) = u, f(b) = v. Suppose p = 0.1. We see that CL,(f*(E)) =1
and Int,, (Clp(f‘l(E))) = 1. Thus f~%(E) € Int,(CL,(f~*(E))). Hence f ~'(E) is a fuzzy-p-pre open set. Similarly

f71(0) =0 and f~1(1) = 1 are also fuzzy-p-pre open sets. Thus f is a fuzzy-p-pre continuous map. But f is not a
fuzzy-p-continuous map because we observe that f ~*(E) = {(a,0.8), (b,0.7)} and (f"*(E)) = 0 £ o(E) = 0.7.

Theorem 4.2: Let (X,7) and (Y, o) be two So-fuzzy topological spaces and p € I be a real number. If f: X — Y be a
mapping such that t*(f~(B)) = p, for each B € IY with *(B) > p, then f is a fuzzy-p-pre continuous map.

Proof: Let f:(X,7) > (Y,0) be a map such that =*(f~1(B)) = p, for each B € I' for which ¢*(B) = p. Since
f1(B) e I*and o (F71(B)) = ((f *(B))") = (f~1(B)) = p, we conclude that £ ~*(B¢) is a fuzzy-p-open set in
X. Since every fuzzy p-open set is a fuzzy p-pre open set, f~1(B°) is a fuzzy-p-pre open set in X. Further o(B¢) =
*(B) = p. Thus f~1(B¢) is a fuzzy-p-pre open set in X for each B¢ € I' such that o(B¢) = p. Therefore f is a
fuzzy-p-pre continuous map.

Theorem 4.3: Let f: (X.7) — (Y, 0) be a map from one So-fuzzy topological space to another. Then for any p € I,
following statements are equivalent:

a) fisafuzzy-p-pre continuous map;

b) f~Y(B) is a fuzzy-p-pre closed set for each fuzzy-p-closed set B in Y;

) Cl, (Intp(f‘l(B))) c f71(CL,(B)), for each fuzzy set Bin Y;
d f (Clp (Intp(A))) C Cl,(f (A)), for each fuzzy set A in X.

Proof: Let (X, t) and (Y, o) be two So-fuzzy topological spaces. We will prove this theorem in following steps:

(i) (a) = (b): Let f: X - Y be a fuzzy-p-pre continuous map for any p € I. Let B be a fuzzy-p-closed set in Y.
Then B¢ is a fuzzy-p-open set in Y so that ¢(B¢) = p. Since f is a fuzzy p-continuous map, we find that £ ~1(B¢)
is a fuzzy-p-pre open set in X. Therefore (f‘l(BC))C = f~1(B) is a fuzzy-p-pre closed set in X for each B € I¥
which is a fuzzy p-closed set.

Thus (a)=(b).

(i) (b) = (a): Let f: X — Y be a map such that f~1(B) is a fuzzy p-pre closed set in X if B is a fuzzy p-closed set
in Y. Let C be any fuzzy p-open in Y. Then C¢ is a fuzzy p-closed set in Y. Therefore by (b), f~1(C¢) is a fuzzy
p-pre closed set in X. Therefore (f~1(C¢))¢ = f~1(C) is fuzzy p-pre open set in X. Thus if C is fuzzy p-open set
inY, then f~1(C) is fuzzy p-pre open set in X. Hence map f: X — Y is fuzzy p-pre continuous map.

(iiif) (b) = (c): Let B be a fuzzy setinY, then Cl,(B) is a fuzzy-p-closed set in Y and hence by (b), f‘l(Clp(B)) isa

fuzzy-p-pre closed set in X. Therefore by definition, f~! (Clp(B)) 2 Cl, (Intp (f‘1 (Clp(B)))> 2
Cly(Int, (f ~(B))), because B < Cl, (B). Thus Cl,, (Int,(f1(B))) € f~*(Cl,(B)).
(iv) (c) = (d): Let A € I* be any fuzzy set, then f(A) € IY. Now by (c),
Cl, (Intp(f_l(f(A)))) S fHCLUA))

© 2018, IJMA. All Rights Reserved 200



Jyoti Gupta* & M. Shrivastava /
Fuzzy Pre-Closure (Interior) Operators and Fuzzy Pre-Continuity in So-Topological Spaces / IIMA- 9(4), April-2018.

It implies Cly (Int,(4)) € F1(Cly(f(A))).

Now Clo(r) 2 £ (£ (¢t (Fa)))

Therefore £ (czp (Intp(A))> cf (f—l (cL(r@)) < clran
Hence f (Clp (Intp(A))) C Cl,(f (A)) foreach Ain X.

(v) (d) = (b): Let B € I' be a fuzzy-p-closed set, then f~1(B) € I*. Now from (d) we have
f (czp (Intp(f—l(B)))) c ¢, (FF* ®)) < C1,(B) = B.

Thus f (cz,, (lnt,,(f—l(B)))) cB
Therefore £ (czp (1ntp(f—1(3)))) c F-1(B)
It implies cl, (Int,(F1(B))) € £ (B).

Thus f~1(B) is a fuzzy-p-pre closed set in X for each fuzzy-p-closed set B in'Y.
This completes the proof of the theorem.

Theorem 4.4: Let (X,1), (Y,0) and (Z,§) be three So-fuzzy topological spaces and let p € I be any real number. If
f:X - Y is a fuzzy-p-pre continuous map and g: Y — Z is a fuzzy-p-continuous map, then g o f: X — Z is a fuzzy-p-
pre continuous map.

Proof: Suppose (X,7),(Y,0) and (Z,8) are So-fuzzy topological spaces and supoose f:X — Y is a fuzzy-p-pre
continuous map and g:Y — Z is a fuzzy-p-continuous map. Let C be a fuzzy-p-open set in Z so that §(C) = p, then
o(g‘l(C)) > §(C) = p, because g is a fuzzy-p-continuous mapping. Thus g~*(C) is a fuzzy-p-open setin Y.

Since f is a fuzzy-p-pre continuous map, we get that f~1(g1(C)) is a fuzzy-p-pre open set in X. Now
FH(g71(C)) = (g o £)71(C). Hence (g  £)71(C) is a fuzzy-p-pre open setin X,

Now g o f: (X,t) = (Z,8) is a map and we have derived that for any fuzzyp-open set C in Z, fuzzy set (g o f)~1(C) is
a fuzzy-p-pre open set in X. Hence (g o f) is a fuzzy-p-pre continuous map.

CONCLUSION

In the present paper, we have defined fuzzy pre open (closed) sets, fuzzy pre-closure (interior) operators and fuzzy pre-
continuity in Sostak fuzzy topological space. The concepts is introduced as extensions of concepts of fuzzy preopen
sets introduced in [7]. Several significant results have been obtained.
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