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ABSTRACT

In this paper, we prove a unique common fixed point theorem for generated contractive in complete cone metric spaces
without normal cone. Our results generalize and extension of some of the recent results existing in the literature.
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1. INTRODUCTION AND PRELIMINARIES

In 2007, Huang and Zhang [3] have generalized the concept of a metric space, they replacing the set of real numbers by
ordered Banach space and obftained some fixed point theorems for mapping satisfying different contractive conditions.
Subsequently many authors like Abbas and Jungck [1] and Abbas and Rhoades [2] have studied common fixed point
theorems in cone metric spaces. (see also [4.5]). In 2008, Rezapour, and Hamlbarni [4] generalized fixed point results
of Huang and Zhang [3] proved fixed point theorems without normal cone. In this paper, we proved a unique common
fixed point theorem for generalized contractive condition without normal cone. Our result extended and generalized the
results of Rezapour and Halbarani [4].

The following definitions are due to Huang and Zhang [3].

Definition 1.1: Let B be a real Banach space and P a subset of B .The set P is called a cone if and only if:
(@) Pisclosed, non —empty and P£{0}

(b) ab€R ab>0,xy €Pimpliesax+by€ P;
(c) x€Pand-x€ P implies x = 0.

Definition 1.2: Let P be a cone in a Banach space B, define partial ordering ‘<’ with respect to P by x < y if and only
if y-x € P . We shall write x<y to indicate x< Y but x # Y while x<<y will stand for y-x € Int P, where Int P denotes
the interior of the set P. This cone P is called an order cone.

Definition 1.3: Let B be a Banach space and P < B be an order cone .The order cone P is called normal if there exists
L>0 such that for all x, ye B, 0 < x <y implies || x| <L]y].

The least positive number L satisfying the above inequality is called the normal constant of P.

Definition 1.4: Let X be a nonempty set of B .Suppose that the map d: X x X — B satisfies:
(d1). 0 <d(x,y) forallx,y € X and
d(x,y)=0ifandonly ifx=vy;
(d2). d(x,y)=d(y, x) forall x,ye X ;
(d3). d(x,y)<d(x, z) +d(y, z) forallx,y,ze X .

Then d is called a cone metric on X and (X, d) is called a cone metric space.
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The concept of a cone metric space is more general than that of a metric space.

Example 1.5: ([3]) Let B=R? P = {(x, y)ep such that : x, y > 0} R% X = R and d: X x X—B such that
d(x,y) =( | X-y | , O | X-y | ), where a > 0 is a constant. Then (X, d) is a cone metric space.

Definition 1.6: Let (X, d) be a cone metric space. We say that {x,} is
(i) a Cauchy sequence if for every ¢ in B with ¢>>0,there is N such that for all n, m>N, d(X, Xm)<<C;
(ii) convergent sequence if for any ¢ >>q, there is an N such that for all n>N, d(x, X) <<c, for some fixed x in X .

We denote this X, — X (as n— o) .

Lemma 1.7: Let (X, d) be a cone metric space, and let P be a normal cone with normal constant L. Let {x, } be a
sequence in X .Then

(i) {x,} converges to x if and only if d(X,, X)— 0 (n—> ).

(i) {x,} is a Cauchy sequence if and only if d (X,, Xy )—0 (as n, m—o0).

2. MAIN RESULTS

Theorem 2.1: Let (X,d) be a complete cone metric space and the mapping T:X—X satisfy the contractive condition
d(Tx, Ty) <ad(x, y) + B [d(x, TX) + d(y, Ty)] + v [d(x, TX) + d(y, Ty)] for all x, yeX. where a, B, y € [0,1) is constant
a+2B+2y<1 Then T has a fixed point in X. Also the fixed point of T is unique whenever a +  +vy <1,

Proof: Let xoe X and n>1, constants x;=TX,and X,.;=Tx,=T""x, then
d(Xn+1,%n) = d( TXn Xp-1)
< ad(Xp Xn-1) T BLA(Xn, TXn) + d(Xn-1, TXn-)] + Y[A(Xn, TXn-1) + d(Xn-1, TXn)]
< ad(Xp Xn-1) + PLA(Xn Xns1) + A(Xn-1,Xn)] T 7[d(Xn Xn) + d(Xn-1 Xn41)]
< od(Xp Xn-1) + B[d(xn,TXnﬂ) + d(xn—l,xn)] + Y[d(xn-l,xn) + d(Xn,Xn+1)]
< (otBHy) d(xn, TXne1) + (BHy) d(Xns1,Xns1)
= 1-(B+y) d(Xn+1,Xn) < (OH_B'H/)d(Xn,Xn-l)
d( Xne1,Xn) < ((fffﬁi?) <
= d(Xn+1,Xn) < bd(xn Xn-1)
<b" d(x1 Xo)
Then for n > m, we have
d( Xn Xm) < d( XnXn-1) + A( Xn-1 Xn2)Fevnenennn + d(Xm+1,Xm)
<b(s"t 8"+ 8™ 4+ 4+s™ ) d(Xe Xo)
< 2= d(x, %)
< ad(xp.1X) + Bld(Xn-1.X) + d(X, Xn)+d( X, TX)] + y[d(X-1.X) + d(X,Xn)] + d(Xn X)]
< (atBry) d(xn.1 X) + (L+B+y) d(xa X) + (B+y)d(x TX)
= 1-(B+y) d(Tx X) < (a+B+y) d(Xp1, X) + (1+B+y)d(xq, X)

(o+p+) (A+p+y)
a(Txx) < (1(1 (B+Y) 0002 * 71 (B+Y) 00, )

Let 0<<c, choose a natural number n, such that
c 1-(B+1)

d(Xp-, Xn) << = arbhy there exists n, eN such that
<€ i B+1)
000 X) << 5 g

= d(Txx) << S+ -=¢

Let 0<<c be given, choose a natural number k;, Such that d(x1 Xo) << for all m > k;.
Thus d(X, Xm) <<C,n>m

Therefore {x,} is a Cauchy sequence in (X, d)
Since (X, d) is a complete,

There exists xeX, X, =X,
d(Tx X) < d(xn, TX) + d(Xn X)
< d(Txn1, TX) + d(Xn, X)
< ad(Xp1X) + Bld(Xn1, TXn1) + d(X, T X)] + y[d(xXn.1, TX) + d(X, TXp.0)] + d(Xp, X)
< ad(Xp1X) + Bld(Xn1. %) + d(X, TX)] + y[d(xq1.X) + d(X, TX) + d(X X3)] + d(Xp, X)
Thus d(Tx x) << ; forallr>1
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Hence f—d(Tx, x) e pforall r>1.

Since f — 0 (as r—o0) and p is closed, - d(Tx X) e p.

Butd(Tx x) e p

Therefore d(Tx x) = p.
= Tx=x.

Therefore T has a fixed point.

Uniqueness: Let X, be another fixed point of X. Then
d(Tx x) =d( TX x)

<ad(x Xq) + BLA(XTxX) + d(X TX)] + v [d(x Txy) + d(X TX)]
< ad(xXq) + Bld(x X) + d(XX1)] + y[d(x X1) + d(X1 X)]

< (o+2y) d(x X1)

< (o+2y) d(x X1)

= d(xx)=0
= X=X; since ot2y<I.

Therefore T has a unique fixed point.

Remarks 2.2: If we choose 0=B=0 at y = k and ke[0,1/2) in the above theorem 2.1, then we get Theorem 2.6 of [4]

Remarks 2.3: If we choose a=y=0 at § = k and ke[0,1/2) in the above theorem 2.1, then we get Theorem 2.7 of [4]

CONCLUSION

We have generalized and extended the results of [4].
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