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ABSTRACT 
An attempt has been to investigate the effect of thermal radiation on free convective  heat transfer flow of nanofluid 
fluid in a non-uniformly heated corrugated pipe in the presence of a constant heat source.The non-linear governing 
equations have been solved by using perturbation with the slope δ of the boundary of the pipe as  perturbation 
parameter. The effect of thermal radiation and waviness of the boundary on all flow characteristics are discussed 
graphically. The stress and Nusselt number on the boyndary have been evaluated numerically for different variation. It 
is found that higher the amplitude of the non-uniform boundary temperature reduces the axial velocity and enhances 
the secondary velocity and temperature. Higher the dilation of the boundary larger the velocity and temperature in the 
flow region. 
 
Key Words: Non-uniform temperature, Constricted Wavy pipe, Heat source, nanoparticle concentration, Thermal 
radiation. 
 

 
1. INTRODUCTION 
 
Present days, researchers are more concentrating on enhancement of heat transfer. The low thermal conductivity of 
conventional heat transfer fluids, such as water, is considered a primary limitation in enhancing the heat transfer 
performance. Maxwell's review [11] demonstrated the possibility of increasing the thermal conductivity of fluid-solid 
particles. Subsequently, the particles with micrometer or considerably millimeter measurements were utilized. Those 
particles caused several problems such as abrasion, clogging and pressure losses. During the past decade the technology 
of producing particles in nanometer dimensions was improved and a new kind of solid-liquid mixture that is called 
nanofluid was established by Choi [3]. The dispersion of a small amount of solid nanoparticle in conventional fluids 
such as water or Ethylene glycol changes their thermal conductivity remarkably. In general, in most recent research 
areas, heat transfer enhancement in forced convection is desirable [7], but there is still a debate on the effect of nano-
particles on heat transfer enhancement in natural convection applications. Natural convection of Al2O3-water and CuO-
water nanofluid inside a cylindrical enclosure heat from one side and cooled from the other side was studied by Putra  
et al., [13]. Wen and Ding [17] investigated the natural convection of TiO2-water in a vessel composed of two discs. 
Jou and Tzeng [7] conducted a numerical study of natural convection heat transfer in rectangular enclosure filled with 
the stream function-vorticity formulation. Mokhtari Moghari et al. [12] quested two phase mixed convection Al2O3-
water nanofluid flow in an annulus.  Abu-Nada et al. [1] studied natural convection heat transfer enhancement in 
horizontal concentric annuli using nanofluid. Abu-Nada [2] investigated the effect of variable viscosity and thermal 
conductivity of Al2O3-water nanofluid on heat transfer enhancement in natural convection. Das et al. [4] have studied 
mixed convective magneto hydrodynamic flow in a vertical channel filled with nanofluids. Sreedevi et al. [14] has 
investigated mixed convective heat and mass transfer flow of nanofluids in concentric annulus with constant heat flux. 
Sudarsana et al., [16] have analyzed the Soret and Dufour effects on MHD convective flow of Al2O3-water and TiO2-
water nanofluids past a stretching sheet in porous media with heat generation with heat generation/absorption. Recently 
Madhusudhana Reddy et al., [10] have presented Numerical study of Convective Flow of CuO-water and Al2O3-water 
Nanofluids in cylindrical annulus. 
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In most of the investigations the boundaries are uniform in cross-sections as well as the boundary temperatures. 
However, there are a few physical situations which warrant the assumption of non-uniformity in either the boundaries 
or the boundary temperatures. In a convection flow through a channel such a non-uniformity creates a secondary flow. 
This secondary flow is of vital importance to technological processes. For example, the process of modified chemical 
vapour deposition (MCVD) has been suggested in drawing optical glass fibres of extremely low and wide band width. 
The heat transfer in a flow through a pipe in the presence of additional internal heat source has direct application to the 
modified chemical vapour deposition process. This analysis has been discussed by many researchers [5, 8, 9] in 
different configurations. 
 
In this paper, we analyse the effect of thermal radiation on combined heat transfer of Al2O3-water nanofluid fluid in a 
non-uniformly heated constricted wavy pipe in the presence of a constant heat source. Using a perturbation method the 
equations ave been solved to analyse the velocity, temperature, stress, Nusselt number for different parametric 
variations. 
 
2. FORMULATION OF THE PROBLEM 
 
We consider the steady axisymmetric flow of an incompressible, viscous 
nanofluid in a vertical pipe of variable cross section maintained at non-
uniform temperature γ(δx/a). The Boussinesq approximation is used so that 
the density variations will be retained only in the buoyancy force. The 
viscous dissipation is neglected in comparison to the heat flow by 
convection. The concentration on these walls is taken to be constant. The 
cylindrical polar system(r, x) is chosen with x-axis along the axis of the 
pipe. The boundary of the pipe is assumed to be  
  )/( axafr δ=     
where ‘a ‘ is characteristic radial length, f is twice differentiable and ‘δ’is a 
small parameter proportional to the boundary slope. The flow is maintained 
by a constant flow for which a characteristic velocity U is defined as 

( / )

2 0

2 af x a
U urdr

a
δ =  

  ∫       (1) 

 
The properties of nanofluid such as thermal diffusivity, dynamic viscosity, 
effective density, specific heat coefficient of thermal expansion, heat 
capacitance and thermal conductivity are given as follows:   
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where the subscripts nf, f and s represent the thermo physical properties of the nanofluid, base fluid and the nanosolid 
particles respectively and φ is the solid volume fraction of the nanoparticles.  

 
Table-1: The thermo physical properties of the nanofluid are given in Table 1. 

Physical 
properties Fluid phase CuO 

(Copper) 
Al2O3 

(Alumina) 
TiO2 

(Titanium dioxide) 
Cp(j/kg K) 
ρ(kg m3) 

k(W/m K) 
βx10-5 1/k) 

4179 
997.1 
0.613 

21 

385 
8933 
400 
1.67 

765 
3970 

40 
0.63 

686.2 
4250 

8.9538 
0.85 

 
The equations of flow and heat transfer with Rosseland approximation are 
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 The boundary conditions relevant to the problem are  

( , ) 0, 0, 0 0vv r x on r
r r

θ∂ ∂
= = = =

∂ ∂
 

( , ) 0, ( )eu r x T T x on r aγ δ= − = =                                       (5) 
 
Equations (2)-(4) constitute a system of three equations for the three unknowns u, v and θ. These may be reduced to 
three equations for the Stoke’s stream function ψ(r,x) is given by  

 
1 1,u v
r r r x

ψ ψ∂ ∂
= − =

∂ ∂
 

(The subscripts x and r denote the respective partial derivatives). 
 
Taking the curl of the former to eliminate the pressure, equation (2) and (3) reduce to 
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These coupled equations (6) & (7) are to be solved subject to non dimensional boundary conditions. 
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The value of ψ on the boundary assures the constant volumetric flow in consistence with the hypothesis (1) and 
conditions (8) & (9) corresponds to axial symmetry of the flow. 
 
3. ANALYSIS OF THE FLOW 
 
Introducing the transformations 
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assumewe ≈
∂
∂

≈
∂
∂ δ  for small values of δ ,the flow develops slowly along the axial 

direction with gradient )(δO . Making use of the above transformation the equations (6) & (7) reduce to 
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Taking the transformation
)(xf

r
=η the above equations reduce to  
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η η η
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We use the asymptotic expansions  
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Substituting (16) in equations (14) & (15) and separating the like powers of δ , the equations corresponding to the 
zeroth order are 
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 The corresponding conditions on ψ0, θ0, and φ0 are 
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The corresponding conditions on ψ1, θ1 are 
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The equations to the second order are 
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The corresponding conditions on ψ2, θ2, and φ2 are 
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4. SOLUTION OF THE PROBLEM 
  
Solving the coupled equations (17) & (18) subject to the corresponding boundary conditions (19a)-(19d), we get the 
expressions for zeroth order 
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Solving the coupled equations (20) & (21) subject to the corresponding conditions (23)-(24), the solution for 
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where a1,a2,…………………,a71, B1, B2 are constants involving parameters. 
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5. SHEAR STRESS, NUSSELT NUMBER  
 
The stress tensor for the motion on the pipe  
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The shear stress on the pipe r = f(x), in the non-dimensional form is given by 
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In terms of non-dimensional variables, we obtain the non-dimensional shear stress is  
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The local rate of heat transfer coefficient (Nusselt number) on the boundary of the pipe is calculated using the formula 
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where  B3, B4, B5, B6 ………B11, P11, P12  are constants involving governing parameters. 
 
6. DISCUSSION OF THE NUMERICAL RESULTS 
 
The aim of the analysis is to study of the effect of radiation on convective heat transfer flow of Al2O3-water nanofluids 
in a non-uniform pipe which is maintained at non-uniform temperature in the presence of a constant heat source/sink. 
The coupled equations governing the flow and heat transfer have been solved using a perturbation technique. The 
velocity and the temperature distributions in the fluid region are analytically evaluated and their behaviour with 
reference to variations in the governing parameters G, R, α1, β, φ, N1, Pr, x has been analyzed numerically. For 
computational purpose the geometry of the pipe wall in the non-dimensional form is assumed to be η = f )(x = 1 + β 
exp(-x2) and the prescribed wall temperature γ )(x  is chosen to be α1 sin )(x . β > 0 corresponds to dilation and β < 0 
corresponds to constriction of the pipe. In this analysis we confine our study in a constricted pipe. An increase in the 
Grashof number (G) /Reynolds number (R) reduces the primary velocity and enhances the secondary velocity and 
temperature in the flow region (figs.2, 10, 18). The effect of heat sources on the velocity components and temperatrure 
can be seen from the figs.3, 11, 19. The primary velocity and temperature enhances, the secondary velocity reduces 
with increase in the strength of the heat source while in the case of heat sink (α < 0), the primary velocity enhances and 
the temperature reduces in the flow region. The secondary velocity reduces with α < - 4, the secondary velocity reduces 
and enhances with higher α ≥ - 6 (fig.11). 
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FIG.2. VARIATION OF u WITH G&R 
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FIG. 3.  VARIATION OF u WITH α 
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FIG. 4.  VARIATION OF u WITH α1 

 
 

I II III IV 
α1 0.3 0.5 0.7 0.9  

0

0.5

1

1.5

2

0 0.2 0.4 0.6 0.8 1

I
II
III
IV
V

r

u

 
FIG. 5.  VARIATION OF u WITH β 
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FIG.6.  VARIATION OF u WITH φ 
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FIG.7.  VARIATION OF u WITH N1 
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FIG.8.  VARIATION OF u WITH Pr 
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FIG.9.  VARIATION OF u WITH X 
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An increase in the amplitude α1 reduces the primary velocity and enhances the secondary velocity and temperature 
(figs.4, 12, 20) .higher the constriction of the wavy pipe smaller the velocity components and temperature 
(figs.5,13,21). The secondary velocity and temperature enhance while the primary velocity reduces with increase in 
radiation parameter N1 (figs.7, 15, 23).The secondary velocity and temperature enhances while the primary velocity 
reduces with increase in the nanoparticle concentration φ (figs.6, 14, 22). Lesser the thermal diffusivity smaller the 
primary velocity, larger the secondary velocity and temperature in the flow region (figs.8, 16, 24). Moving along the 
axial direction the primary velocity and temperature enhance while the secondary velocity reduces in the flow region 
(figs.9, 17, 25). 
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FIG.10. VARIATION OF V WITH G&R 
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FIG. 11.  VARIATION OF V WITH α 
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FIG. 12.  VARIATION OF u WITH α1 
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FIG. 13.  VARIATION OF V WITH β 
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FIG. 14.  VARIATION OF V WITH φ 
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FIG. 15.  VARIATION OF V  WITH N1 
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FIG. 16.  VARIATION OF V WITH Pr 
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FIG. 17.  VARIATION OF V WITH X 
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FIG. 18. VARIATION OF θ WITH G&R 
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FIG. 20.  VARIATION OF θ WITH α1 
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FIG. 21.  VARIATION OF θ WITH β 
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FIG. 22.  VARIATION OF θ WITH φ 
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FIG. 23.  VARIATION OF θ WITH N1 
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FIG. 24.  VARIATION OF θ WITH Pr 
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An increase in the amplitude α1 increases the stress and Nusselt number on the surface η=1. Higher the constriction of 
the pipe/constriction of the wavy pipe, larger the stress and the Nusselt number. The variation of stress with 
nanoparticle volume faction φ shows that the stress and the Nusselt number experiences a depreciationon the pipe with 
increase in φ. Higher the radiative heat flux smaller the stress and Nusselt number on the surface of the pipe. Lesser the 
thermal diffusivity (Pr ≤ 3.71) larger the stress and Nusselt number and for further lowering of the thermal diffusivity   
(Pr ≥ 7.0) smaller the stress and nusselt Number at the surface of the wavy pipe. 
 

Skin friction(τ), Nusselt Number(Nu) on r=1-(Al2O3-water nanofluid) 
G R α α 1 β N1 φ Pr τ(1) Nu(1) 

100 3.5 2 0.3 -0.3 0.5 0.1 0.71 -3.58124 3.25325 
200 35 2 0.3 -0.3 0.5 0.1 0.71 -3.59345 3.31081 
300 35 2 0.3 -0.3 0.5 0.1 0.71 -3.60625 3.36920 
100 70 2 0.3 -0.3 0.5 0.1 0.71 -3.56601 2.05165 
100 140 2 0.3 -0.3 0.5 0.1 0.71 -3.54646 1.24704 
100 35 4 0.3 -0.3 0.5 0.1 0.71 -3.65569 -3.47398 
100 35 -2 0.3 -0.3 0.5 0.1 0.71 -3.98718 -3.60409 
100 35 -4 0.3 -0.3 0.5 0.1 0.71 -3.60645 -3.44528 
100 35 2 0.5 -0.3 0.5 0.1 0.71 -3.58124 3.25325 
100 35 2 0.7 -0.3 0.5 0.1 0.71 -3.60540 3.83567 
100 35 2 0.3 -0.5 0.5 0.1 0.71 -3.58124 3.25325 
100 35 2 0.3 -0.7 0.5 0.1 0.71 -4.01482 4.44077 
100 35 2 0.3 0.9 0.5 0.1 0.71 -3.95658 5.86664 
100 35 2 0.3 -0.3 1.5 0.1 0.71 -3.63894 3.44470 
100 35 2 0.3 -0.3 5.0 0.1 0.71 -3.5777 -3.40342 
100 35 2 0.3 -0.3 0.5 0.3 0.71 -3.59360 3.30548 
100 35 2 1 -0.3 0.5 0.5 0.71 -3.58844 3.25838 
100 35 0.2 1 -0.3 0.5 0.1 3.71 -3.60712 4.09873 
10 35 0.2 1 -0.3 0.5 0.1 7.00 -3.58124 3.25325 

 
7. CONCLUSIONS  
 
We analyse the effect of thermal radiation on combined heat transfer of Al2O3-water nanofluid fluid in a non-uniformly 
heated constricted wavy pipe in the presence of a constant heat source. Using a perturbation method the equations ave 
been solved to analyse the velocity, temperature, stress, Nusselt number for different parametric variations. 
 An increase in the amplitude α1 reduces the primary velocity and enhances the secondary velocity and temperature.  
 Higher the constriction of the wavy pipe smaller the velocity components and temperature. 
 The secondary velocity and temperature enhance while the primary velocity reduces with increase in radiation 

parameter N1.  
 The secondary velocity and temperature enhances while the primary velocity reduces with increase in the 

nanoparticle concentration φ.  
 An increase in the amplitude α1 increases the stress and Nusselt number on the surface η=1. 
 Higher the constriction of the pipe/constriction of the wavy pipe, larger the stress and the Nusselt number.  
 The variation of stress with nanoparticle volume faction φ shows that the stress and the Nusselt number 

experiences a depreciation on the pipe with increase in φ.  
 Higher the radiative heat flux smaller the stress and Nusselt number on the surface. 
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FIG. 25.  VARIATION OF θ WITH X 
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