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ABSTRACT 
The present paper deals with a study of trans-Sasakian manifolds satisfying certain curvature conditions on contact 
conformal curvature tensor. It is shown that the trans-Sasakian manifold satisfying the curvature conditions 

,0).,(0 =RXC ξ 0).,( 00 =CXC ξ and 0).,(~
0 =CXC ξ is contact conformally semi-symmetric manifold.  
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1. INTRODUCTION 
 
In [5], authors studied on the sixteen classes of almost Hermitian manifolds and their linear invariants. They considered 
unitary group )(nU on a certain space W and studied that the representation of )(nU  on W has four irreducible 

components, .4321 WWWWW ⊕⊕⊕=  Among these components 43 WW ⊕  corresponds to the class of Hermitian 
manifolds.  A new class of almost contact metric structure, called trans-Sasakian structure was studied in [9] which is 
an analogue of a locally conformal Kaehler structure on an almost Hermitian manifold. An almost contact metric 
structure ),,,( gηξϕ  (where the symbols have their usual meanings) on M is trans-Sasakian [9] if ),,( GJRM ×  

belongs to the class ,4W  where J is the almost complex structure on RM ×  defined by 















 −=

dt
dXfX

dt
dfXJ )(,, ηξϕ                                              (1.1) 

for any vector field X on ,M where G  is the product metric on .RM ×  Trans-Sasakian manifold is the trans-
Sasakian structure of type ),,( βα  where α  and β  are smooth functions on .M Trans-Sasakian manifold of type 

)0,(),0,0( α  and ),0( β are cosympletic [1], α -Sasakian and β -Kenmotsu manifold [2,7] respectively. Trans-
Sasakian manifolds have been studied in [3], [10] and by others. 
 
In [6], contact conformal curvature tensor field was introduced and defined by Jeong et al. in a )12( +n -dimensional 
Sasakian manifold.  
 
2. PRELIMINARIES 
 
Let M be a )12( +n -dimensional differentiable manifold with an almost contact metric structure ),,,,( gηξϕ where 
ϕ  is a (1, 1) tensor field, ξ is a vector field, η is a 1-form and g is a compatible Riemannian metric such that [1] 

,)()(2 ξηϕ XXX +−= ,0)(,0,1)( === Xϕηϕξξη                                           (2.1) 
),()(),(),( YXYXgYXg ηηϕϕ −=                                             (2.2) 

),(),(),,(),( XXgYXgYXg ηξϕϕ =−=                                            (2.3) 

for all ., TMYX ∈ The fundamental 2-form Φ  of the almost contact metric structure ( )g,,, ηξϕ  is defined as  
),,(),(),( YXgYXgYX ϕϕ −==Φ                                              (2.4) 
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Since ϕ  is a skew-symmetric with respect to .g   
 
An almost contact metric manifold M is called trans-Sasakian manifold if [9] 

( ) },)(),({})(),({ XYYXgXYYXgYX ϕηξϕβηξαϕ −+−=∇                 (2.5) 
where ∇ is Levi-Civita connection of Riemannian metric g and βα , are smooth functions on .M   
 
From (2.5) it follows that 

},)({ ξηβαϕξ XXXX −+−=∇                                                                          (2.6) 

).,(),()( YXgYXgYX ϕϕβϕαη +−=∇                                                           (2.7) 
 
In a )12( +n -dimensional trans-Sasakian manifold ,M the following relations hold [3]: 

( )
),()()(])()([2                 

)()()(])()([),(
2

222

XYXYYXXY
YXYXYXXYYXR

ϕβϕαϕηϕηαβ
ϕβϕαηηβαξ

++−+
−−−−=

               (2.8) 

),)(,(])()[(                  
))(,()(])(                  

),([2])(),()[(),( 22

βϕϕξηβ
αϕϕαϕη

ξϕαβηξβαξ

gradYXgXXY
gradXYgXYXY

XYgXYYXgYXR

−−+
++−

+−−=
               (2.9) 

,0)(2 =+ ξααβ                                                                                                    (2.10) 

),)(12())(()()]()(2[),( 22 βαϕηξββαξ XnXXnXS −−−−−=              (2.11) 
),,),(()),(( ZYXRgZYXR ξη −=                                                                        (2.12) 

,0),(()),(()),(( === ξξηξξηξη XRXRYXR                                           (2.13) 

).,())(()),(( 22 YXgYXR ϕϕξββαξη −−=                                           (2.14) 
 
In a )12( +n -dimensional trans-Sasakian manifold if we put ,)12()( βαϕ gradngrad −= then some of the above 
relations are reduced to 

,0)( =ξβ                                                                                                   (2.15) 

),()(2),( 22 XnXS ηβαξ −=                                                                        (2.16) 

),,()()),(( 22 YXgYXR ϕϕβαξη −=                                                         (2.17) 

},)(){(),( 22 XXXR −−= ξηβαξξ                                                         (2.18) 
.),(),( ξξξξ XRXR −=                                                                                      (2.19) 

 
We shall calculate all the results under the condition .)12() ( βαϕ gradngrad −=   
 
In a )12( +n -dimensional trans-Sasakian manifold the contact conformal curvature tensor field 0C and the concircular 

curvature tensor C~ of type (1, 3) are defined by 

0
1

( , ) ( , ) { ( , ) ( , ) ( , )
2

                    ( , ) ( , ) ( ) ( , ) ( )

                    ( ) ( ) ( ) ( ) ( , )

                    ( , ) ( , ) ( ) ( ,

C X Y Z R X Y Z S Y Z X S X Z Y g Y Z QX
n

g X Z QY S X Z Y S Y Z X

X Z QY Y Z QX S X Z Y

S Y Z X g X Z Q Y g Y Z

η ξ η ξ

η η η η φ φ

φ φ φ φ φ

= + − +

− + −

+ − +

− + −

2

) ( )

                    2 ( , ) ( ) 2 ( , ) }
1 ( 2)

                    {2 2 }{ ( , )
2 22( 1) 2

1 (3 2)
                    ( , ) 2 ( , ) } { 2 }

2 ( 1) 2

                     {

Q X

g X Y Q Z S X Y Z
n r

n n g Y Z X
n n n

n r
g X Z Y g X Y Z n

n n n

φ

φ φ φ φ

φ φ

φ φ φ φ

+ +

+
+ − − +

+
+

− − + + −
+

× 21 (3 2)
( , ) ( , ) } {4 5 2 }

2 ( 1) 2

                     { ( ) ( ) ( ) ( ) ( , ) ( ) ( , ) ( ) }

n r
g Y Z X g X Z Y n n

n n n

Y Z X X Z Y g Y Z X g X Z Yη η η η η ξ η ξ

+
− − + + −

+

× − + −                           

 (2.20) 

where QSR ,, and r denote the curvature tensor, the Ricci tensor, the Ricci operator and the scalar curvature respectively 
[6] and 
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}),(),({
)12(2

),(),(~ VZUgUZVg
nn
r

ZVURZVUC −
+

−=                           (2.21) 

for all )(,,,, MVUZYX χ∈ respectively [4]. 
 
From (2.20), we have 

},)()(){2(),(),( 22

0 YXXYYXRYXC ηηβαξξ −−−+=                           (2.22) 

},)(),(){2(),(),( 22

0 XYYXgYXRYXC ηξβαξξ −−−+=             (2.23) 
)},(),()(),(){2()),(()),(( 22

0 YZXgXZYgZYXRZYXC ηηβαηη −−−+=            (2.24) 

,0)),(( 0 =ξη YXC                                                                                     (2.25) 

)}.()(),(){1(2)),(( 22

0 YXYXgYXC ηηβαξη −−−=                           (2.26) 
 
From (2.21), we also have 

}.)(),({
)12(2

),(),(~ VZZVg
nn
r

ZVRZVC ηξξξ −
+

−=                            (2.27) 

 
Definition: A )12( +n -dimensional trans-Sasakian manifold M is said to be an Einstein manifold if its Ricci tensor S
of type (0, 2) is of the form 

),(),( YXgYXS λ=                                                                                     (2.28) 
where λ is a scalar function on .M  
 
3. TRANS-SASAKIAN MANIFOLD SATISFYING 0).,(0 =SXC ξ  
 
Now, we prove the following result  
 
Theorem 3.1: If a trans-Sasakian manifold M of dimension )12( +n  satisfies the condition ,0).,(0 =SXC ξ then the 

manifold is an Einstein manifold and its scalar curvature is ).)(12(2 22 βα −+= nnr  
 
Proof: Let M be a )12( +n -dimensional trans-Sasakian manifold which satisfies the condition  

.0),)().,(( 0 =VUSXC ξ                                                                                       (3.1) 
(3.1) implies that 

.0)),(,(),),(( 00 =+ VXCUSVUXCS ξξ                                                          (3.2) 
 
Putting ξ=V in (3.2) and using (2.16) and (2.23), we obtain 

).,()(2),( 22 UXgnUXS βα −=                                                                         (3.3) 
 
Let 12,...,2,1},{ += niei be an orthonormal basis of the tangent space at any point of the manifold. Putting ieUX ==  
in (3.3) and summing over ,121, +≤≤ nii we get 

).)(12(2 22 βα −+= nnr                                                                                       (3.4) 
 
In view of (3.3) and (3.4) it follows that the manifold M is an Einstein manifold with scalar curvature 

).)(12(2 22 βα −+= nnr This completes the proof of the theorem. 
 
4. TRANS-SASAKIAN MANIFOLD SATISFYING 0).,(~

0 =CXC ξ  
 
Theorem 4.1: Let M be a )12( +n -dimensional trans-Sasakian manifold. If M satisfies the condition 

,0).,(~
0 =CXC ξ then the manifold is contact conformally semi-symmetric.  

Proof: By definition we have 

00 0 0( , ) ( , ) ( ( , ) , ) ( , ( , ) ) ( , ) ( , ) 0C X C U V Z C C X U V Z C U C X V Z C U V C X Zξ ξ ξ ξ− − − =   

         
(4.1) 
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Using (2.21) in (4.1) we get 

0 0

0 0

0

0

( , ) ( , ) { ( , ( , ) )
2 (2 1)

( ( , ) ) } ( , ) { ( , ) ( ) },
2 (2 1)

, ( , ) { ( , ) ( ) }
2 (2 1)

( , ) ( , ) { ( , ) ( ) } 0
2 (2 1)

r
R X C U V Z g X C U V Z

n n

rC U V Z X C R X U g X U U X V Z
n n

rC U R X V g X V V X Z
n n

rC U V R X Z g X Z Z X
n n

ξ ξ

η ξ ξ η

ξ ξ η

ξ ξ η

−
+

− − − −
+

− − −
+

− − − =
+

 
 
 

 
 
 

 
 
   

Or,                       

0 0 0

0 0

0 0 0

0 0 0

0

[ ( , ) ( , ) ( ( , ) , ) ( , ( , ) )

( , ) ( , ) ] [ ( ( , ) )
2 (2 1)

( , ( , ) ) ( , ) ( , ) ( ) ( , )

( , ) ( , ) ( ) ( , ) ( , ) ( , )

( ) ( , ) ] 0

R X C U V Z C R X U V Z C U R X V Z
r

C U V R X Z C U V Z X
n n

g X C U V Z g X U C V Z U C X V Z

g X V C U Z V C U X Z g X Z C U V

Z C U V X
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ξ η

ξ ξ η

ξ η ξ

η

− −

− +
+

− + −

+ − +

− =  

Or,                     ( )0 0( , ). ( , ) [ ( ( , ) )
2 (2 1)

r
R X C U V Z C U V Z X

n n
ξ η+

+
    

                         
0 0 0

0 0 0

0

( , ( , ) ) ( , ) ( , ) ( ) ( , )

( , ) ( , ) ( ) ( , ) ( , ) ( , )

( ) ( , ) ] 0.

g X C U V Z g X U C V Z U C X V Z

g X V C U Z V C U X Z g X Z C U V

Z C U V X

ξ ξ η

ξ η ξ

η

− + −

+ − +

− =

                                                           (4.2) 

 
Putting ξ=Z in (4.2) and taking inner product on both sides by ξ we get 

.0]),(()),(,([
)12(2

),),().,(( 000 =−−
+

+ XVUCVUCXg
nn
r

VUCXRg ηξξξξ             (4.3) 

 
Using (2.22) and (2.24) in (4.3), we get 

)].),(()),(,([
)12(2

),),().,(( 0 XVURVURXg
nn
r

VUCXRg ηξξξξ −−
+

+              (4.4) 

 
In view of (2.8), (2.12) and (4.4) we obtain 

.0),().,( 0 =ξξ VUCXR                                                                                       (4.5) 
Equation (4.5) implies that the manifold is contact conformally semi-symmetric. This completes the proof of the 
theorem. 
 
5. TRANS-SASAKIAN MANIFOLD SATISFYING 0).,( 00 =CXC ξ  
 
Theorem 5.1: Let M be a )12( +n -dimensional trans-Sasakian manifold. The manifold M satisfying the condition 

0).,( 00 =CXC ξ is contact conformally semi-symmetric if 

.0),(),),((}),(),(),(2){( 22 =−−−−− ZVXRXZVRgVZXgZVXgXZVg ξξβα  
 
Proof: Let M be a trans-Sasakian manifold of dimension )12( +n which satisfies the condition  

,0),().,( 00 =ZVUCXC ξ then by definition we have 

0 0 0 0 0 0 0 0( , ) ( , ) ( ( , ) , ) ( , ( , ) ) ( , ) ( , ) 0 .C X C U V Z C C X U V Z C U C X V Z C U V C X Zξ ξ ξ ξ− − − =
 
(5.1) 

 
Using (2.23) in (5.1) we get 

.0]),()(
),(),(),()(),(),(

),()(),(),()),((
)),(,()[2(),().,(

0

000

000

0

22

0

=+
−+−
+−−

−−+

XVUCZ
VUCZXgZXUCVZUCVXg
ZVXCUZVCUXgXZVUC

ZVUCXgZVUCXR

η
ξηξ

ηξη
ξβαξ

              (5.2) 
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Taking inner product on both sides of (5.2) by ξ and using (2.25) we obtain 

.0)]),(()()),(()(
)),((),()),(()(
)),((),()),(()(

)),(,()[2(),),().,((
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00

00

0

22

0
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ξηηη

ξηηη
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              (5.3) 

 
Putting ξ=U in (5.3) and using (2.23), (2.24) and (2.26), we get 

.0)}],()(
),()(2),()(){()),((

),),(()[2(),),().,((
22

22

0

=+
−−++

−−+

ZXgV
ZVgXVXgZZVXR

XZVRgZVCXRg

η
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                            (5.4) 

  
Equation (5.4) implies that  

].),(                                 
),),((}),(),(                                 

),(2){)[(2(),().,( 2222

0

ZVXR
XZVRgVZXgZVXg

XZVgZVCXR

−
−−−

−−−=
ξξ

βαβαξξ

              

(5.5) 

 
From (5.5) it follows that the manifold M is contact conformally semi-symmetric if the right hand side vanishes i.e., if 

2 2( ){2 ( , ) ( , ) ( , ) } ( ( , ) , ) ( , ) 0 .g V Z X g X V Z g X Z V g R V Z X R X V Zα β ξ ξ− − − − − =             (5.6) 
 
This completes the proof of the theorem. 
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