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ABSTRACT

Acharya.B.D. and Hedge.S.M.was introduced the concept of arithmetic labeling and many research articles have
published in this topic. In this paper, we have proved that the Cartesian product of C,, X B, (where m is odd) and
P, x B, are arithmetic graphs. Also we established a general formula to find the labeling the vertices of the graph G.
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INTRODUCTION

In 1989 Acharya.B.D.andHedge.S.M. Introduced a new version of sequential graph known as arithmetic graph and is
defined as follows: Let G is a graph with g edges a and d are the positive integers. A labeling f of G is said to be (a, d)
— arithmetic if the vertices are labeled by distinct nonnegative integers and the edge labels are induced by
f(x) + f(y) for each xy are in the form of a,a+d,a+ 2d,..,a+ (q—1)d. A graph is called arithmetic if it is an
(a,d) - arithmetic for some a and d.

Definition 1.1: A graph G is an ordered pair (V(G),E(G)) consisting of a non empty set V(G) of vertices and a set
E(G), disjoint from V(G), of edges, together with an incidence function . that associates with each edge of G is an
unordered pair of (not necessarily distinct) vertices of G.

Definition 1.2: Walk is an alternating sequence of vertices and edges starting and ending with vertices.
A walk in which all the vertices are distinct is called a path.
A closed path is called a cycle.

Definition 1.3: The cartesian product of the graphs G and H is denoted by G x H and defined the vertex set of G X H
is the cartesian product VV(G) x V(H) and any two vertices (u,u") and (v, v") are adjacent in G x H if and only if either
u = v and u’ is adjacent with v" in H or u’ = v’ and u is adjacent with v in G.

Definition 1.4: A labeling or valuation of a graph G is an assignment f of labels to the vertices of G that induces for
each edge xy a label depending on the vertex labels f(x) and f(y).

Definition 1.5: A graph is said to be arithmeticif its vertices can be assigned distinct non negative integers in such a
way that the value of the edges are obtained as sum of the values assigned in an arithmetic progression.

Lemma 2.1: Let G be the graph consisting of a cycle Cy;1 = (g, Uy, -, Usps1, Uq) @Nd @ pathPy = (Uyi_q, W, Uppyq)-
Then G isan (t + 2,1), t > larithmetic graph.

Lemma 2.2: The graph B, * B, is an(2y + 1,2)- arithmetic graph for all m,n and for any non negative integer y.
where y = f(vy1)

Theorem 2.3: Let the graph G is the cartesian product of C,,, and B,. That is G = C,, X B,Wherem,n > 0and m is
odd is an (a, 1) - arithmetic graph.

Proof: Let G = C,, X B, where m,n > 0 and m is odd. Then the graph is given in (figure: 1) as below.
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Let V be the vertex set of G and is denoted by V(G) = {V;;/1 < i<m1<j<m}

Define f: V(G) — N.Now we are giving the label to the vertices of G as below
f(vzr-126-1) = m((2r — 1) = 1) + k wherel < k <™=,
1Sr£n7+1\7’oddn(0r)1£r£§Vevenn 1)

f(Warorai) =m(@r—1) = 1) + (%2) + k where 1 < k < ™=

2 2

1Sr£n—+1Voddn(Or)1SrSEVevenn 2)
2 2

f(Varaies) = m(2r) — (’"T‘l) + (ke — 1) wherel < k <™,

1Sr£n7_1‘v’oddn(0r)1£r£g\7’even 3)

f(Varak) =m@r—1)+k wherel <k < mT_l;

1SrSEV0ddn(Or)1SrSEVevenn 4)
2 2

Clearly all the vertices of G = C,,, X B, which are labeled by distinct labels from 1 to mn. The edge labels induced by
fuv) = f(uw) + f(v) for each uv are
a,a+d,a+2d,..,a+(q—1)d.

Therefore, the graph G = C,,, X B, isan(a, 1) - Arithmetic graph.
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Example 2.4: Consider the graph G = C; X Ps

(1) 12 (11) 26 (15) 40 (25) 54 (29)
Vi Vs Vi, Vi Vs,1
6 19 34 47 62
BRI 13 (3) 27 (19) 41 (22 55 (33
42 V,, Vi Va2 Vs,
5 20 35 48 63
2) 14 (12) 28 2 42 (26) s6 (Y
Vis V3 Vi3 Vas Vs3
g| s 21| 25 36] 33 491 53 o4 61
© 15 (9) 29 (20) 43 (23) 57 3(34)
Via Via Vs Vi, Vsa
9 22 37 50 65
5 16 (13) 30 (17) 44 (27) 58 (32)
Vis Vys Vis Vas Vss
10 23 38 51 66
7) 17 (10) 31 .{21 ) 45 (24) 59 (35)
V"s Vis Vi Vs Vs,.s
11 24 39 52 67
VU(-’U 18 Vz', 32 "’3,?_" 46 Vd,? ¥ 60 V5,7
(14) (18) (28) (32)
Figure: 2

Here, m=7;n=75 and g = 63
The vertex labels are given below.

Equation (1) = f(vor_12k1) =m(Q@r—1)—1) +k
wherelsksmT“; 1Srs”7“ v oddn
Whenr =1,23and k = 1,234 = f(vi1) =1 f(vy3) =2
f(Vl,s) =3; f(U1,7) =4 f(v3,1) =15; f(v3,3) = 16; f(V3,5) =17;
f(vs7) =18; f(vs1) =29; f(vss) = 30; f(vss) = 31; f(vs,) = 32.
Equation (2)= f(var_12c) = m((2r—1) —1) + (mTH) +k
where 1Sk£mT_1; 1Srs% VY odd n.

Whenr =1,23and k = 1,23 = f(v1,) =5; f(v14) = 6; f(v16) =7
f(vaz) = 19; f(vsa) = 20; f(vse) = 21 f(vs,) = 33
f(V5,4) = 34; f(vsyﬁ) = 35.

Equation (3) = £ (Vyr ze-1) = m(2r) — ("7 + (k — 1) where 1<k <™ 1<r <™=
When r=12and k = 1,234 = f(v,,) = 11; f(vy3) = 12;
f(vZ’s) = 13; f(v2’7) = 14; f(v4’1) = 25; f(v4’3) = 26; f(v4’5) = 27;
f(’l]4_'7) = 28.

Equation (4) = f(vay0) = m(@2r — 1) + k where 1 <k < mT_l; 1<r< "T_l Y oddn

When r =12and k = 1,23 = f(vy,) =8; f(v24) =9;
f(UZ’G) = 10; f(v4’2) = 22; f(174_'4_) = 23; f(V4'6) = 24‘.
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Inthisgraph,a =5andd =6 -5 = 1.

The edge labels are in the arithmetic progression
a=5a+d=6a+2d=7,a+3d=8,a+4d =9,a+ 5d = 10,
a+6d=11,a+7d =12,a+8d =13,a+9d = 14,a + 10d = 15,
a+11d =16,a+ 12d =17,a+ 13d = 18,a + 14d = 19,
a+15d = 20,a+ 16d = 21,a+ 17d = 22,a + 18d = 23,
a+19d = 24,a + 20d = 25,a + 21d = 26,a + 22d = 27,
a+ 23d =28,a+ 24d = 29,a + 25d = 30,a + 26d = 31,
a+27d =32,a+ 28d =33,a+29d = 34,a + 30d = 35,
a+31d =36,a+ 32d =37,a+ 33d = 38,a + 34d = 39,
a+35d =40,a+36d =41,a+37d = 42,a + 38d = 43,
a+39d =44,a+40d = 45,a + 41d = 46,a + 42d = 47,
a+43d =48,a + 44d = 49,a + 45d = 50,a + 46d = 51,
a+47d =52,a+ 48d = 53,a + 49d = 54,a + 50d = 55,
a+51d =56,a+52d =57,a + 53d = 58,a + 54d = 59,
a+55d =60,a+56d =61,a+57d = 62,a + 58d = 63,
a+59d = 64,a + 60d = 65,a+ 61d = 66,
a+(q—1)d=a+62d = 67.

Then the graph G = C, X Ps isan (5,1) - arithmetic graph.

Corollary 2.5: The graph G = Cyy XPyis an (t+2( f (vy11) ) ,1) — arithmetic graph.

Proof: Let the graph G is the cartesian product of C,;,; and P,V t,n > 0. Then the vertex labeling of G is given
below.
f(v1,1) = Any one positive integer.
f(var-1261) =m(@r—1 = 1) +k+ (f(v1,1) - D
where1 <k <™2;1<r<™>V oddn.

(Or)ISrsg V evenn Q)
m+1
F(vara2) = m(@r = D) = 1)+ (=) + ke + (F(r) = D)

wherelsksmT‘l;lsrs% V odd n.

©Oni1<sr s";v evenn )
m—1
F(vararn) = m(@r) = (F5=) + G = D + (F@1,) = D
WherelsksmTHASrs%v odd n.
(on1<r S%Vevenn 3)

f(VZr,Zk) =m(2r — 1) +k+ (f(vl,l) -1
WherelsksmT_lﬂSrs%v oddn

(Or)lSrS%Vevenn 4)

Clearly all the vertices which are denoted by distinct labels from f(v, ;) to (mn + f(vy,) — 1).
The edge labels induced by f(uv) = f(u) + f(v) foreachuvarea,a +d,a+ 2d, ...,a + (g — 1)d.

Then the graph G = Cy.41 X By is an (t + 2(f (v1,1)),1) - arithmetic graph.
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Example 2.6: Consider the graph G = Cs X P,.

Here, n =5;n=4and q = 35

(2) 11 (9) 21 (12) 31 (19)
Vi1
Va1 V31 Vg1
7 16 27 36
12 (7) 22 15 (17)
vyl (5) & (15) 32 )0
’ Vaz V2 Vg2
8 6 17 20 28 26 37
13 (10) 23 (13) 33 (20)
vi; O e
: Va3 V33 Va3
9 18 29 38
14 (8) 24 16 34 (18)
Via (€ »— =2 ' d
’ Va4 Vs34 Vaa
10 19 30 39
Vis @) 15 Vas § 25 (Vi 35 Vas
(11) (14) (21)
Figure: 3

The vertex labels are given below:
Letf(vlyl) = 2

Equation (1) = f(var_126-1) = m(@r —1) = 1) + k + (f(vy,) — 1)
wherel < k SmTH;l Srsg Vevenn

Whenr = 1,2andk = 1,2,3 = f(vy3) =3; f(vis) = 4
f(]]:g'l) = 12; f(v3'3) = 13; f(v?,'s) = 14’.

Equation (2) = £ (Var—126) = m(@r — 1) = 1) + ("2) + k + (F(v1,1) = 1)

-1
WherelskSmT;lﬁrS%v even n.

When r = 1,2 andk = 1,2 = f(vl,z) = 5; f(le_) = 6; f(v?,'z) = 15;
f(‘U3’4) = 16.

Equation (3) = £ (Varzi-1) = m(2r) — ("0) + (k= D + (f(v11) = 1)

WherelskSmTH;l SrS%Vevenn
When r =12 and k=123 = f(v5,) =9; f(v23) = 10; f(va5) = 11;
f(v‘l-,l) = 19; f(V4'3) = 20; f(V4_'5) = 21.

Equation (4) :f(va_Zk) =m(2r — 1) +k+ (f(vm) -1
where ISkSmT_l;1£rS %V even n.
When r =12 and k=12 = f(vy,) =7; f(v24) =8 f(va2) = 17;
f(vy,) =18
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Inthisgrapha =6andd=7-6=1

The edge labels are in the arithmetic progression
a=6,a+d=7,a+2d=8,a+3d=9,a+4d =10,a + 5d = 11,
a+6d=12,a+7d =13,a+8d =14,a + 9d = 15,a + 10d = 16,

Heret=2, (t+2 (f (v1 1)), 1) = (6,1).

Therefore, the graph G = Cs X P, is an (6,1)- arithmetic graph.

a+11d =17,a+ 12d = 18,a + 13d = 19,a + 14d = 20,
a+15d =21,a+16d =22,a +17d = 23,a + 18d = 24,
a+19d = 25,a + 20d = 26,a + 21d = 27,a + 22d = 28,
a+23d = 29,a+ 24d = 30,a + 25d = 31,a + 26d = 32,
a+27d = 33,a+ 28d = 34,a + 29d = 35,a + 30d = 36,

a+31d =37,a+ 32d = 38,a + 33d = 39,
a+ (g —1)d = a+ 34d = 40.

Theorem 2.7: Let the graph G is the cartesian product of P,andP,. That is G = B,, X B, where m,n > 0 is an (a, 2)-
arithmetic graph.

Proof: Let G = B,, X B, where m,n > 0. Then the graph is given in the (figure: 4) as below.

Vi Vi2 Vis ] Vim1 Vim
V1 V2 Vs . Vam1 Vam
Vi, Vs, Vi3 . V3 1 Vi
V. V12 Vs . Viim Vasm]
Vi1 V,, Vs . Vim1 Vim

Let V be the vertex set of G and is denoted byV (G) = {Vi,-/l <is<ml1<j< m}
Define f:V(G) — N.

Now we are giving the label to the vertices of G as below:

Clearly all the vertices of G = B,, X B, are labeled by distinct labels from 1 to g + 1.

The edge labels induced by f(uv) = f(u) + f(v) are as follows
f(Wirvigsr) = Ck+ 1) +22m -1 - 1)
wherel<i<ml<k<m-1

flvj)=C@m-1D@E-1) +j

wherel<i<n1<j<m

© 2018, IJIMA. All Rights Reserved
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f(vrjvrirj) =2m+(2j — 1) +2(2m — 1)(r — 1)
wherel<r<n-1;1<j<m.

Clearly the edges are labeled as f(E(G)) = {a’ atdat2d,.. }

a+(q—1d
Therefore, f is an arithmetic labeling.
Hence the graph G = B, X B, is an (a, 2)- arithmetic graph.

Example 2.8: Consider the graph G = P, X P,

VLI [ ] [ ] [ ]
VZ,I VS’_I Vd,]
3 17 31 4
) 16
. 0y 11 ’” 25 (16) 39 o)
e Vs, V3, Vsa
5 19 33 4
10, 17,
5 o 13 (10) 27 _.f ) a1 o)
Vis V3 Vss V.,
/ 21 35 4
y (4) . 15 Vo |11 29 Vy, L(IB} 3 Vaa o (25)
14
Figure: 5

Here, m = 4;n =4and g = 24

The vertex labels are given below.
flvi)=@m-DGE-1+jWherel1<i<m1<j<m

Wheni=1234 andj =1234=f(v11) =1 f(v12) =25 f(vi3) =3;
f(via) = 4 f(vz,l) =8; f(vz,z) =09; f(v2,3) = 10; f(v2,4) =15
f(vm) = 15; f(v3,2) = 16; f(v3_3) =17; f(v3_4) =18;
f(va1) = 22; f(vs2) = 23; f(va3) = 24; f(vas) = 25.

The edge labels are given below.
firvigsr) = Ck+ 1) +22m -1 - 1)
wherel<i<ml<k<m-1

When i =1,234and k =123 = f(vi1v1,) = 3; f(v12v13) = 5 f(vi3v14) = 7;
f(”z,ﬂ’z,z) = 17if(172,2172,3) = 19;f(172,3172,4) =21
f(V3,1v3,2) = 31if(173,2173,3) = 33;f(v3,3v3,4) = 35;
f(V4,1V4,2) = 45;f(174,2174,3) = 47;f(174,3174,4) = 49.
f(vrjvrirj) =2m+(2j — 1) +22m - D(r — 1)
where 1<r<n—-11<j<m

When r = 1,2,3andj= 1,2,34 = f(v11v51) =9 f(v21731) = 23;
f(”3,1174,1) = 37if(171,2172,2) = 11;f(172,2173,2) = 25;
f(v3,2v4,2) = 39; (v1,3172,3) = 13'f(vz,3173,3) =27;
f(V3,3174,3) = 41if(171,4172,4) = 15;f(172,4173,4) =29;
f(v3,4v4,4) =43

© 2018, IJIMA. All Rights Reserved
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Inthisgrapha =3andd =5—-3 =2

The edge labels are in the arithmetic progression
a=3,a+d=5a+2d=7,a+3d=9,a+4d =11,
a+5d=13,a+6d =15,a+7d =17,a+8d =19,a +9d = 21,
a+10d = 23,a+ 11d = 25,a + 12d = 27,a + 13d = 29,
a+14d =31,a+ 15d =33,a + 16d = 35,a + 17d = 37,
a+18d =39,a+19d =41,a + 20d = 43,a + 21d = 45,
a+22d =47,a+ (q —1)d = a + 23d = 49.

Therefore, the graph G = P, X P, is an (3,2)- arithmetic graph.

Corollary 2.9: The graph G = P,x P, is an (2y+1,2) - arithmetic graph.Where y =f(v1,1).

Proof: Let the graph G is the cartesian product of B,andP, v m,n > 0. Then the vertex labeling of G is given below.
f(vy,,) = any one positive integer

floi)=Cm-D0G-D+j+ (f(vy) — 1)

wherel<i<n1<j<m

Clearly all the vertices which are denoted by distinct labels from

f(v11) to g + f(v14).
The edge labeling of G is given as below:

f(vi,kvi,k+1) =QRk+1D)+2Cm-1)E-D+2(f(vy1) — 1)
wherel<i<nml<k<m-1

fr Vi) =2m+ (2j =D +2@m = D — D + 2(f (1) = 1)
wherel<r<n-1;1<j<m
The induced edge labels are f(E(G)) = {a,a+d,a+ 2d,a + 3d, ...,a + (g — 1)d}. Then f is an arithmetic labeling.
Hence the graph G = P, X P,is an (2y + 1,2 )- arithmetic graph. Where y = £ (v, ,).

Example 2.10: Consider the graph G = Ps X P,

L@ 15 (12) 45 (21) s (30)
1,1
Vi Vi Via
7 25 43 61
v @ 17 13) 35 22) 53 (31)
2 VZZ v3," VA‘)
g 27 45 63
(s) 19 (14) 37 (23) 55 (32)
Vis Vs Vs V.,
11 29 a7 65
, @ 21 Vol 15 z0 vy, le29) 57 Vaa ] (33
e ¥
13 31 a9 &7
7) 23 (16) 41 (25) 59 (34)
1,5 Vs Vis V.
Figure: 6

Here, n =5;n=4and q = 31
The vertex labels are given below

Let f(v11) =3
fp=0Cm—-1>GE-1D+j+(f(viy)—1)
where 1<i<ml1<j<m
© 2018, IJIMA. All Rights Reserved 59
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When i =1,2,34and j = 1,2,34,5 = f(v1,) =4 f(v13) = 5 f(vi4) = 6;

f(vs) = 7if(172,1) = 12if(172,2) = 13;f(172,3) =14;

f(v24) = 15; f(va5) = 16; f(v341) = 21; f(v3,) = 22;
f(v3,3) = 23if(173,4) = 24if(173,5) = 25;f(174,1) = 30;
f(vs2) =31 f(va3) = 32; f(vs) = 33; f(va5) = 34.

The edge labels are given below.

fivirer) = Ck+ D +22m - DG -1 +2(f(wy1) — 1)
wherel<i<nml<k<m-1

Whenl = 1,2,3,4 and k = 1,2,3,4 = f(vl,lvl,z) = 7;f(171,2171_3) = 9;

f(171,3v1,4) = 11;f(171,4171,5) = 13if(172,1v2,2) = 25if(172,2172,3) =27,
f(V2,3V2,4) = 29if(172,4172,5) = 31;f(173,1173,2) = 43;f(173,2173,3) = 45;
f(v3,3173,4) = 47if(173,4173,5) = 49;f(174,1174,2) = 61if(174,2174,3) = 63;
f(v4,3174,4) = 651f(174,4174,5) = 67.

f(0rjvriaj) =2m+(2j — 1) +22m — D — 1) + 2(f(1,1) — 1)

Wherel<r<n—-11<j<m

When r =1,2,3and j = 1,2,3,45 = f(vy,v2,) = 15; f(v51v31) = 33;

f(v3,1v4,1) = 51if(v1,2v2,2) = 17;f(172,2173,2) = 35if(v3,2174,2) =53;
f(v1,3172,3) = 19if(172,3173,3) = 37;f(173,3174,3) = 55if(171,4172,4) =21
f(vz,4v3,4) = 39if(173,4174,4) = 57;f(171,5v2,5) = 23if(v2,5173,5) =41
f(V3,5V4,5) = 59.

In this grapha =7 andd =9 — 7 = 2.

The edge labels are in the arithmetic progression

a=7,a+d=9,a+2d=11,a+3d =13,a+4d = 15,a+ 5d =17,
a+6d=19,a+7d =21,a+8d =23,a+9d = 25,a+10d = 27,
a+11d =29,a+ 12d = 31,a+ 13d = 33,a + 14d = 35,

a+15d =37,a+ 16d =39,a+ 17d = 41,a + 18d = 43,a + 19d = 45,
a+20d =47,a+ 21d =49,a + 22d = 51,a + 23d = 53,a + 24d = 55,
a+ 25d =57,a+ 26d =59,a+ 27d = 61,a + 28d = 63,a + 29d = 65,
a+(qg—1)d=a+30d = 67.

Herey = 3,2y + 1,2) = (7,2)

Therefore, the graph G = Cs X P, is an (7,2) - arithmetic graph.

CONCLUSION

In this paper we have studied about arithmetic labeling of C,,, X B, V odd m and P,, X B,. We assure that it will help to
the new researches in this area.
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