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ABSTRACT

In this paper we first define concept of interval-valued-intuitionistic —fuzzy n-normed space and then we obtain some
results in this newly defined space.
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1. INTRODUCTION

The theory of Fuzzy sets was introduced by L.Zadeh [13] in 1965. Subsequently a progressive development was made
in the theory of interval-valued fuzzy subsets in [14]. J.H.Park[9] studied the notion of intuitionistic fuzzy metric
spaces. Many authors introduced the definition of fuzzy inner product space and fuzzy normed linear space in [4, 5, 6].
The origin and development of intuitionstic fuzzy set theory can be found in [7, 10, 11, 12]. The motive of this paper is
to introduce the notion of interval- valued — intuitionistic —fuzzy n-normed space as generalization of intuitionstic-
fuzzy n-normed space [20] and we obtain some results in this space. Further we introduce the generalized Cartesian
product of the interval-valued-intuitionistic —fuzzy n-normed space and prove some of its properties.

2. PRELIMINARIES

In this section we provide the essential definitions and results necessary for the development of our theory.

Definition 2.1 [14]: An interval number on [0, 1], saya, is a closed sub interval of [0, 1] of the form 5 = [a—, at],
where 0 <a— <a+ < 1. Let D [0, 1] denote the family of all closed sub-intervals of [0, 1], that is,

D[0,1]={a =[a—, at]:a— <atanda—, a+ € [0,1] }

a"1eD|0, 1] forall ie Q, Q an index set.

Definition 2.2 [14]: Let &; = [a,
Define
@inf {ai:ie Q=] infa,"infa" ]
(b)sup'{ @i :ie @} =[sup &, ,sup a,"]
ieQ ieQ
In particular, whenever 5 = [a-, at], B = [b—, b+], in D [0, 1], we define
() @ <b ifand only if a— <b— and a+ < b+
(i) @ = b ifand only if a— = b— and a+ = b+
(iii) 5 < 6 if and only if a— < b— and a+ < b+.
(iv) min' {@, b }= [min {a—, -}, min {a+, b+} ]
(v) max {a, b} = [maxfa—, b—}, max{a+, b+}].
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Definition 2.3 [14]: Let X be a set. A mapping A:X— D[O, 1] is called an Interval-valued fuzzy subset (briefly, an

i-v fuzzy subset) of X, where A (x) = [A—(X), A+(x)], and A— and A+ are fuzzy subsets in X such that
A—(x) <A+(x) for all xe X.

Definition 2.4 [14]: Let A be an interval-valued fuzzy subset of X and [ t;,t,] € D [0, 1]. Then the set

U (K; [t,,,D)={x e X: A (x) = [t,,t,]1} is called an upper level subset of A.

Note that

U (A;[t,t,])=U (A t,) N U(A+t,) where

UA-t)={xe X:A-(x) > t, } and

UA+ 1) ={xe X:A+(x)> ,}.

Definition 2.5 [2]: Let V denote a vector space of dimension n over a field F. A fuzzy subspace is a fuzzy subset x of V

such that
wlox + By) > u(x) Auy), x,ye V, a, B € F(field), where A stands for intersection.

Definition 2.6: Let V denote a vector space of dimension n over a field F. A intuitionstic fuzzy subspace is a fuzzy
subset i, 77 of V such that

nox + By) = p(x) A p(y)
and nex+p)< nx) V n(y) xye V,a B eF(field),

where Aand V stands for intersection and union respectively.

Remark 2.7: A subset { X;, X5 ,....... y Xip } of V is intuitionstic-fuzzy linearly independent if it is linearly independent

and u( Y ;) = Au(X),

i=1

respectively.

Definition 2.8 [20]: An intuitionistic fuzzy n-normed linear space (or) in short i-f-n-NLS is an object of the form

A= LXK N(Xy Xy e VX £, M(X , Xp g X B) 5 (X Xy e, ,X,)e X"}
where X is a linear space over a field F and N, M are fuzzy sets on X"x (0,1), N denotes the degree of membership and
M denotes the degree of non-membership of ( X;, X, ,....... , X, ) € X"x(0,1) satisfying the following conditions:
(1) N(Xp, Xy e 1 Xp s 1) FM(X Xy pennnee. X ) < 15
(1) N(Xp ) Xy e X, ) >0;
(i) N( Xy, X5 peeeeen. y X ot) = Lifand only if X, X,,....... , X,, are linearly dependent;
(iv) N(Xp 5 X5 e , X,,,t) is invariant under any permutation of X, X, ,....... X,
(V) N(X Xy peeene yCX 1) = N(X Xy e ,Xn,ﬁ), ifc #0, c € F(field).
C

(Vi) N(X, Xy, -ens ,xn+xn',s+t)2min{N(x1,x2, ...... xn,s),N(xi,xz,....,xn',t)}

(Vi) N(X , X5 pennns X £ 1(051) - [0; 1] is continuous in t;

(Viil) M( X[, Xy e X, 1) >0;

(iX) M( X, X5 yeeenee  Xp, ) =0ifand only if X, X,,....... , X, are linearly dependent;
(X) M( X}, Xy yeeennnn y X, ,t) is invariant under any permutation of X, X, ,....... ' Xy -
(Xi) M( X, X5 e y CXy 1) = M(X, Xy e,  Xp, L), ifc#0, ¢ € F(field),

c]
(X)) M (X, Xy, ey X, + X, S+1) Smax{M(xl,xz, ...... xn,s),M(xl,xz,....,xn',t)}
(xiii) M( Xp, Xy ,.eeenn. y X011 (0;1) - [0; 1] is continuous in t.
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Remark 2.9:
(i) LetV be a vector space over a field F and let U;,U,,...... ,U, be the subspaces of V. V is said to be direct
sumof U;,U,,......,U, if every element ve V can be written in one and only one way
v=U, +U, +....... +U, where U, € U, anddenotedasV=U, ®U, @........ @uU,.

(i) LetV and W be vector spaces over a field F. Then the tensor product of two vectors is denoted by V® W and

given te V&® W, t can be uniquely written as , t = Ztij X; ® Y where the sum is taken over all i, j for which
i
t; =0.
3. INTERVAL-VALUED-INTUITIONSTIC- FUZZY-n-NORMED LINEAR SUBSPACES

As a generalization of definition 2.8 we have the following notion of interval- valued-intuitionstic-fuzzy n-normed
linear subspaces.

Definition 3.1: Let X be a linear space over a field F. An interval-valued fuzzy subsets N,M of X" xR iscalled an
interval-valued- intituitionstic fuzzy n-norm if and only if

1. N(xl,xz, ..... ,xn,t)+M(x1,x2, ...... ,xn,t)si
2. Forallte Rwitht < 0, N(X;, Xy, X, 1) = 0.
3. Forall t € Rwitht>0, N(Xl,xz, ..... X, t) =1 iff X5 Xy yeereens , X,, are linearly dependent.

4. N(X;, Xy,eeeeny Xy, ) is invariant under any permutation of X;, X, ,.c...... VX,

— — t
5. ForallteRwitht>0 N(X;,X,,....,CX,,t) = N(X;, X,,..... ,Xn,ﬂ),ifc;to,ceF(field).
C

6. Foralls,t € R ﬁ(xl,xz, ..... ,xn+xn',s+t)2mini{ﬁ(x1,x2, ...... xn,s),ﬁ(xl,xz,....,xn',t)}

7 N(Xl, Xy y.eeeey X1, ) is @ non decreasing function of te R and Iimﬁ(xl, Xy, eeen, X, 1) =1
t—owo
8. Forallte Rwitht <0, M(Xl,xz, ..... ,Xn,t)>6.
9. Forallt € Rwitht>0, M(Xl,xz, ..... X, t) =0 iff Xps Xo yereenens , X,, are linearly dependent.

— — t
11. ForallteRwitht>0 M (X;, X, ..., €, , 1) = M (X, X, .0, X, ) , if € # 0, € F(field).

"l

Then (X, N, M ) is called an interval- valued Intuitionstic fuzzy n-normed linear space in short i-v-i-f-n NLS.
The following example agrees with our notion of i-v-i-f-n-NLS

Example 3.2: Let (X, ||0,0, ........ ,0||) bean n-normed space . Define

N (X, X yerer X, 1) = 0 whent <[x;, Xp v Xy
v I whent S|xg, X X, |

1 whent <||X;, X, e X, |

M (X, Xy ooy X ) = 22
and (X1, X, X, 1) 0 Whent>||X1,X2, ..... ,Xn”

Then (X, N, M) is an i-v-i-f-n-NLS where 6:[0,0] and i:[l,l].

Now, we give a result that intersection of two i-v-i-f-n-NLS, and hence result holds for finite intersection of i-v-i-f-n-
NLS.
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Theorem 3.3: Let (X, N_l, M_) and (X, N_z, M_) be two i-v-i-f-n-NLS. Define
N (X5 Xy pereanns , n,t)-( N, ﬂN2 )Xy Xpperennne , n,t)

and

forall (X;, Xy ,eeeene ) € X" xR.Then (X, N, ﬂNz,M ﬂM )or(XN M ) is an i-v-i-f-n-NLS.

1 n i

Proof: (1) Since N, (X;, Xy yevveer X; o £) + M (X, X yoveves

£) + M, (X, X, pone.

t)<L
)<L

)nv

and N, (X}, X, 1o

1na an)

It follows that

and M, (X;, Xy peveeee X, £) <L =Ny (X, Xy yeree X, o 1)

By definition

max {i N, L (X5 Xy e t)l N, 2 (X3 Xy e X t)}.
> max' {M (Xs Xpyeeeey X,y

= min‘{Wl(xl,xz, ..... X ) NG (X, Xy e, n,t)}

ln1

-1(max ~N, (Xs Xp yerenry n,t)l N, 5 (Xyy Xp yereny n,t)}

< 1— max’ {W(xl,xz, ..... X 1), M, (X, Xy e ,xn,t)}.
= MiIn’ N (X0, X eveee Xy 1), N (K Xy e X, ) |

+ max’ {M (X, Xy reenes X £)y M (X Xy o ,xn,t)}si
:N(xl,xz, ........ , n,t)+M(xl,x2, ........ X ot)= 1

X, 1) = 0and N, o (X[, Xy ey X, 1) =0
= min {W(xl,xz, ..... : n,t) N, (X, Xy yeeeeny n,t)}

= N(X;, Xy e X, 1) = 0.
(3) Since forallt € R witht >0, N_l(Xl,XZ, ..... X, t) = lTand N, 5 (Xs Xy peeeey X, 1) —1iff Xps Xy yereenens , X, are
linearly dependent.
= mini{Nl(Xl,Xz, ..... X 1), N, 2 (Xpy Xy perenny n,t)} Liff X, Xy e , X,, are linearly dependent.
= N(Xl,xz, ..... X, t) = 1 iff Xp5 Xy yeeeeenns , X, are linearly dependent.
(4) Since N_l(xl,xz, ..... ,X,,t)and N, 5 (X, X5 yeery X, , 1) s invariant under any permutation of X, X, ,........ VX
= min' {N_l(xl,xz, ..... X, 1), N, 5 (Xps Xy yereny n,t)}lSéﬂSO invariant under any permutation of
X,y Xy yevreenns X,
:>N(X1,X2, ..... , X, t) is invariant under any permutation of X, X ,........ VX,
— — t t
(5) Since for all teR with t > 0, N1(X;, X,,....,CX,, 1) = N (X, X, ,..... ,xn,—|) and N, (X, Xy, ..... ,xn,—|), if
c c

¢ # 0,c e F(field).
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:>min‘{N_1(x1,x2, ..... ,0X, 1), N, (X)) Xy e ,cxn,t)}

i t t
min {Nl(x1 Xy yeennny X, \c\)'NZ(Xl Xy yerennny X, ‘ )}
= N(X, Xy, ,cxn,t):ﬁ(xl’x2 _______ x. \L\)
C

6 Foralls,t € R N(X.,X,,..... ,xn+xn',s+t)2min‘{ﬁ(x1,x2, ...... X 15), N(X(, Xy yeeom, n,t)} since
N (X,, Xy oo ,xn+xn',s+t):mini{N71(xl,x2, ...... xn+xn',s+t),N_2(x1,x2,....,xn+xn,t+s)}and
min‘{N_l(xl,xz, ...... X, XS +1), Ny (X, Xy ooy X, + X, t+s)}

> min' min' {N; (X, Xg eee X8, Ny (X Xg e Xo 3 MINEN (X1 Xy X1, ), N (X1 X s Xy 1)
Zmin‘{mini{N_l(xl,xz, ...... X 18)s N (X0, Xy yeeeny X, S) 3, MINTINL (Xg, Xy eres X 8), N (X, Xy yeveny X, ,t)}}

Zmin‘{ﬁ(xl,xz, ...... X.,5), N(X., X, ... ,n,t)}

(7 N_l(xl,xz, ..... X, t), N, 5 (X, X, yeer, X, 1) is @ non decreasing function of te R and
!ile(xl,xz, ..... X ) =1, IlmN(x,x, ..... X, =1
= N(Xl,xz, ..... , X,,,t) is anon decreasing function of te R and !ImN(X1 Xyyeenn ,Xn,t):]_.
(8) Forall te Rwitht < 0, M1(X,, X,yeres X, £)> 0, M, (X;, Xy yeeeny X, £)> O and

M (Xy, Xy e X0 )= (M ﬂM ) (Xgs Xy perrennn X ot)
= max' {W(xl,xz, ..... X 1), M, (X Xy e n,t)}
= M (X}, Xy yoeeony X, 1) > 0.

(9) Forall t € Rwitht>0, M (X, X,,.....
linearly dependent. So,

M (Xs Xp e Xy )= (MM, ) (X, Xp e, ,Xq0t)
= max’ {W(xl,xz, ..... X0 M (X Xy e n,t)}
iff X, Xy, » X,, are linearly dependent.
(10) By definition ofM(Xl,Xz, ..... , X,,,t) , and using the fact that M, L (X5 Xy ey X, 1), M, 5 (X, Xy ey Xy, 1) s
invariant under any permutation of X, X,,........ y X, -1t is clear that M (Xl,xz, ..... , n,t) is invariant under any

permutation of X, X, ,........ J X

Ly and M, (X, Xy ey X ) =

n’C| !

(11) For all teR with t > 0 M, (X, Xy ooy OX, 1) = M (X, X, e X

t
. ,H) if ¢ # 0,c & F(field).

= M (X;, Xgpereenny O i) = (M VM, )( X, Xgyernrisy CX, )

max’ {E(xl,xz, ..... ,0X,, 1), My (X, Xy e ,cxn,t)}.
ax' {E(xl,xz, ..... ,xn,lt),M_z(xi,xz, ...... ,xn,i)}
i i

1
<
~—~~
x
<
x
N
>
~-+
N—r
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(12) Foralls,t € R M (X, Xy ooy X, + X, S +1) <max’ {W(xl,xz, ...... X, 8), M (X0, Xy reem X, ,t)}
and

M, (X;, X erreey X, + X, , S +1) <max’ {'VTz(Xsz, ...... X, ,8), M, (X, Xy e n,t)}
= M (X, Xy e X, X, S +1) = (M My ) Xpy Xy yeoenereny X, + X, 5+)
= max' {M_l(xl,xz,...,x +x',s+t),M_(x1,x2,...,x +x',s+t)}.

< max’ {max‘{M_l(xl,xz, ...... X, 8), My (X0, Xy 0o X D), max M, (X, Xy ...

!nl

gmaxi{max‘{M_l(xl,xz, ...... X 19), M, (X, Xy ooy X, S)F, MaX {M (X, X, 1.ees X, ,t) M, (xl,xz, ..... X, ,t)}}

< max‘{ﬁ(xl,xz, ...... X1 8), M (X, Xy yeeomy X, ,t)}
Hence (X, N, N, , M, M, )or (X, N, M ) is an i-v-i-f-n-NLS.

Remark 3.4: Let (X,N_l, M_) and (X, N_2 M_) be two i-v-i-f-n-NLS. Define

N(xl,xz, ........ , n,t)_(N uN Y(X s Xy e y X t)
= max' {Nl(xl,xz, ..... X 1) NG (X Xy e, n,t)}
and
M (X, Xy yenenns : n,t)-(M uMz)( X1y Xy yeeernnns , X, 0t)
= min' {M (X Xy reneer X 1)y M (X X oo n,t)}
for all (X, Xy ,eeeeeee X, ) € X" xR.Then (X, N, UNZ, M UM, ,)or (X, N .M ) is an not i-v-i-f-n-NLS.

4. GENERALIZED CARTESIAN PRODUCT OF THE INTERVAL-VALUED-INTUITIONISTIC FUZZY-n-
NORMED LINEAR SPACES

We now proceed to our new notion of generalized cartesian product of the Interval-valued-intuitionistic fuzzy n-
normed linear spaces in the following theorem.

Theorem 4.1: Let

S={(X, ( A1 (X, Xpyeerres 1) B (X, Xgyeerrens Xoo 0); (Xgs Xgyerreony X ) € X7}

] n H
and

T={Y, A2 (Y1, Ypreroor Yo 1) B2 (Yys Yoreowons Yoo 0 (Y Yoreoeeon ¥ ) € Y}

be two interval-valued-intuitionistic fuzzy n-normed linear spaces. Then

S X, o THXX Y, A (Z, Zyserees 20,y B (21,2 ey Ly D); (24, Zg yevveny ) € (XX Y )} is a1 iv-icf
n-NLS with
A (2, 2y )= AL (X, Xy oo Xg ) 5 A2 (Y, Ygreeroons Yy o D)
and
B (2,,Zyee 2, 1) = B (X, Xgpeeeeien X0 1) O B2 (Y, Yy rerreeens Yo O
where Z; = (X, Y;), i=1,2,......,n
Proof: As E(xl,xz, ..... , n,t)+B (Xys Xp yenee ,xn,t)si 1)

and it follows that

B, (X, Xy yeeeny n,t)<1 Ai(xl,xz, ..... VX, 1)
and B_Z(xl,xz, ..... )<1 A(xl,xz, ..... X, t)
So,

A=A (X, Xy oo n,t))<>(1 A, (X, Xy ey X0 1)) = BL(X, Xy e X, £) OB (Xg, Xy vy X, 1)

1\
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=1 (L= AL (X) Xy yeveons Xy 1) 01 = A (X, Xy X o 1))

< 1-(B, (X, Xg yorenn £) 0 By (X;, X yerre X, 1)) 0

) n!
Thus,

E(xl,xz, ..... , n,t)()A(xl,xz, ..... X 1) < 1(B(Xgy Xg yeeneny n,t)<>B(x1,x2, ..... X, 1))

n

wherea O b=1-((1-a) O (1-h))isdefined as the dual t-norm with respect to ¢ So if

OO Sy W CARVARNVAN ) B N 0 00 SO n,t)<>A(yl,y2, ...... Yoob)
then by (2), we have,

AL Xg s X 1) % A (Y, Yooy Y ) S 1B (X X X D) O By (Y, Yoy Vi 1)
(AL (X, Xy ey X, ) % Az(yl,yz, ...... Yo 1) +(B (X, Xy e n,t)<>B (Y1, Yoreeen ¥ 1)) <1
A2 2y 2,0+ B(Z0, 2oy Z,,1) S 1

Similarly we can verify the other conditions. Thus, S x, , T is an i-f-n-NLS.

Theorem 4.2: The generalized Cartesian product of the interval-valued-intuitionistic-fuzzy n-normed linear spaces is
commutative. In other words if S and T are two interval-valued-intuitionistic-fuzzy n-normed linear spaces. Then

S=T=Sx,,T=Tx,,S.

ALKy X ey X 1) # A(yl,yz, ------ Yoo t) = A (X Xy e X 0) 2 ALYy Y v Vi)
and B, (X, Xy ey n,t)<>B (Y1, Yoreeeen Yoo 1) = By (X, X5 e,y n,t)<>B(xl,x2, ..... X, t)

S={(x,(A1(x1,x2, ....... X, 1), Bl(Xl,XZ, ....... X D) AL (Xgy Xy yereeen X D= 2

T={(, Kz(xl,xz, ....... X,
B, (X0, Xy reeriees X ) = 8 1 (X, X yeerreony X ) € X}

t), Bz(xl,xz, ....... , Xq, 1); Az(xl,xz, ....... X))= 7,

Then
AL (X Xg ey X, 1) % Az(xl’xz’ ------ X t) = 0‘*7/ 7/*05 A(Xl’XZ’ ----- X, 1) * A1(y1’y27 ------ Yo t)

and

B_l(xl,xz, ..... t)<>B (X;, Xy e t) = ,805 50,8 B(xl,xz, ..... , n,t)<>B (Xys Xy yeeney X, 1)

So, we obtain S x, , T=T x,, S, but S T, if a# 7/ or ﬁ’ =65,

’nl )na

Theorem 4.3: The generalized Cartesian product of the interval-valued-intuitionistic-fuzzy -n-normed linear spaces is
distributive with respect to union and intersections. In other words if

S={(X, ( AL (X, Xgyeerron X o ) B (Xs X yerrreens Xp s 0); (X, Xy yoreenny X, ) € X}
and  T={Y, Az (Y Ypre Voo B2 (Vg Yoreeroon Yoo 0): (Vi1 Yareeonions Yo )€ Y}
and U:{(Y! A3(yl’y2! """" lynvt); B3(yl’y2! """" lynvt));(yliyZI """" 7yn)EYn}

are the interval-valued-intuitionistic-fuzzy n-normed linear spaces, then
S X0 (TAU)=(S X, T) (S X, V)
and  Sx,, (TUU)=x,, HUESx,, V)
Proof: We have,
S x,, (TN V)=
{XXY, AL (X, Xy yerrey X, ) F MInL AL (Y, Vgseeeeons Yoo 0 A3 (Ve Yo rernns Y 10}

B, (X, Xg eveens Xy D) O Max'{ B, (Y1, Vg reveowons Yo ) B2y Zy oo Z)M( 2y Zg oo Z,) €( X X Y)"}
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and
(S %o TN (S X, o Uy ={XXY, AL (X, Xpremees Xy 0 F A5 (Vi Varererons Yoo 1),

B_l(xl,xz, ..... X, 1) 0
B, (V1) Ygroooris Yo ) (Zgs Zyrereiion Z,) € (XXY)H ) LXXY, AL (Xg, X pevreenny X, 1) %

A (Vi Yoreoemeon Yoo B BL(XG Xy serrean X o8O By (Yys Yareeneens Yoy )y (Zy Zgyeveienns Z,) € (XXY)}
= {XXY, ML AL (X, Xy oo X)) 35 A (V1 Yo rerreoons Yo o 00 AL (X Xy yerennr X, 1)

As (Y, Vg ' Yoo D) maxi{B_l(X17X2’ ----- X, 1) 0 B_Z(yliyZl ------- v Yo ob), B_l(X17X2’ ----- X, 1) 0
By (Y1, Ypieene Yo ) (21,2550 yZ,) € (XxY)}
So_it is enough to prove that, L L
A (X, Xy e, oo ) Emind AL (Yo, Yoy V7R R A N (VA VA A}
=M AL (Xg, Xy X 1) 3 AL (Vis Yorerereon Yoo D0 AL (Xg, X pereeen X o 1) % A

(Yis Yoo Yoo 03 @)
and _
By (X;, Xg yeeeey X ) O Max'{ B, (Vg Yoyeererns Yoo oDy By (Vis Voreevnns ¥ 10}

= max'{ By (Xy, Xy reeeens X, ) O By (Vi1 Yareeeernr Yoy o)y By (Xgy Xy venees Xy 1) 0 By (Vg Yireeeroos Yy D)3 @
Let

Az (Y1 Yareenen Yoo ) = A3 (Y1 Yareeenen ) 3)
Then _
AL (X X oo X 1) % A (Y1, Ygrereoeons Yy o 1)
< AL (X, Xp oo X ) % AL (Ygs Yareerioons Yo V) )

Therefore by (3) and (4),

LHS of (1) _ S

Al (X, Xy ey Xy ) =ML AL (Vs Yoreeen Yoo 0 A (Yo, Yoo Yoo 03

= AL (X, Xy oo X ) % A (Vg Yoreeeeons Yy o D)

= min'{ AL (X, Xy peeoee X o 1) 3 S (Vg Ygreoerr Yoo 0 AL (Xgy X peveenny X 1) % A

(yl,yz, ....... ,yn,t)}
= RHS of (1).

Let

Ao (Y1 Yaree Yoo D> Ag (Vi Yo Yoo O (5)

So, Kl(Xl,Xz, ....... ,Xn,t)* AQ (yl;yga ------ !ynvt)

> AL (X, Xy X0 1) % AL (Vg Yareeeenn Yo ) (6)
Therefore by (5) and (6),

LHS of (1)
AL (X, Xy X ) =M L AL (Vg Yoreeeon Yoo 00 Ag (Vis Yareeeeons Yoo 03
= AL (X Xy oo X ) % A (Vg Ygreeroons Yy o D)
=i { AL (X, Xy e X ) 5 A (Y Yorerereons Yoo D0 AL (X X yoreene X 1) % A

(Y1 Yoo ' Yo O}
= RHS of (1).
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Thus equality holds in (1).
Let

B, (Vg Yaoreerons Yo DS By (Vi) Yprererons Yo o) 7
Then

By (X X ey X 1) O By (Y Vareovnss Vo 0 < By (K X0 X 1) 0 By (Y, Voo Vo O (8)
Therefore by (7) and (8),
LHS of (2)

=B, (X}, Xy yerrees X, 1) O max'{ B, (Yy, Ypreoerens Yo o) Bs (Vi Ypieen Y, 0}

By (X Xgevvees X 1) O By (Y, Y vvveons Y D),

= max' { B, (X, Xy yeveees X, 1 8) O By (Vs Ygrevennos Yoy o) By (Xs Xgyevons X, 8) O By (Vg Ygreveonns Yy D)3
- RHS of (2)
Let

B, (V1) Yareoowir Yo 0> By (Y1 Ygrereorns Yoy o) 9)

So,

By (X, X reeeees X 1) 0 By (Vi Yaveeeeions Vo 0% By(Xys X reeeoes Xy 1) 0 By (Vg Yoo Yo ) (20)
Therefore by (9) and (10),
LHS of (2)

=B, (X, X, yeeeee, X, 1) O max{B (Y1, Yp e Yo o) By (Vi Yo Y0}

= By (X Xp ey X, 1) 0 B (Y5 Yormeen Yo oD)

= max'{ B, (X, Xy yeeeens Xy 1) 0 By (Y1, Vg reoeewier Yo ) BL(X( Xgyereons Xy 1) 0 By (Yy, Vg reeoeees ¥y D)}
= RHS of (2).

Thus equality holds in (2). Finally from (1) and (2), we have
S X,, (T NU)=(S x,, T) (S x,, U). Similarly, we can prove that

Sx,, TUU)=(s x,, Y UG %,, V)

Theorem 4.4: The generalized cartesian product of the interval-valued- intuitionistic fuzzy n-normed linear spaces is
distributive with respect to diference. In other words If

S={(X, ( AL (X, Xgyeerron X o ) B (Xs X yerrreans Xp o 0); (X, Xy yoreenny X, ) € X}
and  T={Y, Az (Y, Yaren Voo B2 (Y1, Yoreeroeen Yoo 0): (Vi1 Yareeerions Yo ) € Y}
and U= {(Y, A3 (Y, Yy Yoo D) B3 (Y, Yy Yoo ) (Y1 Yoo yYa)E Y}

are the interval-valued-intuitionistic fuzzy n-normed linear spaces, then
S X, (T\U) € (S x,, H\(S %x,, U)

T={(Y, A2 (Y Yoo Yo =L, B2 (Y1, Yo Yo 0 =00 (V) Vv Yo ) € Y
U S, = =min, ¢ =max, then equality holds.
Proof: We need to prove, S x, , (T\U) < (S x,, T)\ (S x,, U). Itis enough to prove,
AL (X Xy e X ) M L AL (Ygs Yarerreoons Yoo 00 By (Y1 Yo reeneions Yy o D}
<min' { AL (X, Xgreoenen X0 1) % A2 (Y, Vgreoreons Yo o D),

B (X, X Xy ) O Bz (Yp, Yrereenens Yy 0} (1)
and

AL (X, Xy eereeas X ) % AG (Vg Ypreeenny Yoo D3 @)
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Case-(i): Let

Az (Y, Y Yo < Bz (Y, Yo Yoo ) 3)
and using the fact
a =+ b<min{a,b}<a<max{ac}<adc. 4)
Then (4),

17)
AL (X, Xy e X ) % A2 (Vg Ygreoerons Yo 1)
< AL (X Xy oo X ) 3 Bz (Vg Yoo Yo ) < Bz (Yy, Yoreeoeins Yy o V)
< AL (X Xy e X, 1) O Bz (Yg, Yorereenn Yo 1) ©)
= AL (X, X rereeen X 1) % A (Vg Ygreoerions Yo 1)

< AL (X Xy oo X 1) O B3 (Yg, Ypreeoerens Yy o V)

Therefore by (3) and (5),
LHS of (1)

= AL (X, Xy yerreeey X 1) = MIn{ A2 (Yy, Yoreooon Yoo )y B3 (Y1) Yareoweonr ¥,y 03
= AL (X, Xy rerreen X 1) % A2 (Vg Vgreorroons Yo 1)
Min' £ AL (Xy, Xy e Xy ) % A2 (Vgy Yyrereeoons Yoo 0y AL (X0, Xgyerreeesy Xy ) O
Bz (Y, Yy Yy 0}
= RHS of (1),
Thus equality holds in (1).
Case-(ii):Et

Az (Y, Yy Yo 2 Bz (Vg Ygreooron Yo 1) (6)
Thus,

AL (X Xy peeriea X ) 8 AL (Vg Y reeeerns Yy o D)
> AL (X Xgreoeres X0 1) % Bz (Y, Yyreerioons Yoo V) )
Therefore by (6) and (7),
AL (X, Xy e Xy ) i { A2 (Vg Voreeros Yy o ) B3 (Y, Ygreorons Yy D}
= AL (X, Xy oo X ) % Bz (Vg Yareeonrons Yo 1)
< AL (X, Xy oo X0 1) % A (Vg Vg reereons Yo 1)
= AL (X, Xg e X, ) F ML B2 (Vg Ygreeeens Yoo ) Bz (Y1, Yo reeeroons Yo O}
< AL (X, Xy pereeen X ) 3 A2 (Vg Ygreoerons Yo 1) ®)
By (4) and (6),
AL (X, Xy e Xy ) M { A2 (Vg Voreeros Yy o ) B3 (Y, Yoreoreons Yy D}
= AL (X, Xy oo X1 ) 3 B3 (Vg Ygreooron ¥y o 1)
< Bz (Y, Yy Yo ) € B (X, Xy oo X0 1) O Bz (Y, Yyrerroen Yy o 1) 9)

From (8) and (9) we have,
AL (X, Xy ey X, ) MIin' L B2 (Y1, Yy Yoo ) Bz (Y1, Yoo Yy o 03
<min' £ AL (X, X ooy Xp o 1) 3 A2 (Y, Yoreeoenony Yoo ) B (X, Xp e X, ) 0 B2
(Vs Yarenens Yoo O3
Thus we have proved (1) and (2) can be proved similarly. So,
SX,, (TVU) € (SXx,, (S x,, V).
Let
T={Y, Az (Y, Yo Yoo D) B2 (Y, Y. v Y D) (Y1 Yoo Ya)E Y
U cS, * =min, ¢=max,
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LHS of (1)
= AL (X, Xy Xy 1) ML A2 (Vg Yoo Yoo 0 B3 (Vg Yoo Yoo OF
AL (X, Xy oo X, ) min {1, Bz (Yg, Ypreeerons Yy o O}
AL (X Xy e X ) % Bz (Vg Yy Yoo 1)
min'{ AL (X, Xy yeereees Xpu 0 Bz (Y, Yy reeieen Yo O3

RHS of (1)
=min' { Az (Xg, Xy e X ) A2 (Ve Y Yoo ) Ba (X, Xy e X, )0 Bas

(Y11 Yy reeneen: Y. O}
= min' {min' { A (X, Xy yeeeeeey X0 1), 11 max { B (X, Xppeeeeeos X 1) O Bz (Vg Ypreoeeonr ¥y 03}
= min' { Ax (X0, Xy ooy X0 1), B (Yg, Ygreoeriony Yo O}

Thus equality holds in (1).Similarly we can prove the equality in (2).
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